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Abstract

This document contains theoretical considerations, additional simulation details,
and supplementary figures to “Data-based RNA-seq Simulations by Binomial
Thinning.”

S1 Theoretical Considerations

S1.1 Target Correlation

Theorem S1 Let (ui, zi) be iid jointly standard normal with correlation ρ for

i = 1, 2, . . . , n. Let wj be iid standard normal for j = 1, 2, . . . , n. Suppose we match

the wj’s onto the ui’s by order statistics, resulting in (wi, ui) pairs such that the

rank of wi is the same as the rank of ui. Then cor(wi, zi) →
n→∞

ρ.

Proof For a fixed proportion p, we note that u(dnpe) and w(dnpe) converge in prob-

ability to the theoretical p-quantile of the standard normal distribution [1, e.g.].

Since the order statistics converge to the same values, and we match by order

statistics, this implies that ui − wi
P→ 0. Thus, by Slutsky’s theorem, we have that

uizi − wizi
P→ 0.

We note that |uizi − wizi| ≤ |uizi| + |wizi|, by the triangle inequality. The term

on the right has finite expectation as (using Cauchy-Schwarz)

E[|uizi|+ |wizi|] ≤ E[u2i ]
1/2 E[z2i ]1/2 + E[w2

i ]
1/2 E[z2i ]1/2 = 2. (S1)

Thus, by the Lebesgue dominated convergence theorem, we have E[|uizi−wizi|]→
0. Since −|uizi − wizi| ≤ uizi − wizi ≤ |uizi − wizi|, this implies that E[uizi] −
E[wizi]→ 0, and the theorem is proved.

To place the results of Theorem S1 in context of the matching in Procedure 2,

note that the ui’s are the elements of U , the zi’s are the elements of Ẑ, the wi’s are

the elements of X3, ρ is the target correlation between the one column in X3 and

the one column in Ẑ, and Π is the permutation matrix that results in the matching

of the wi’s and the ui’s.

The results of Theorem S1 can be generalized to non-standard normal distribu-

tions by appealing to the weak law of large numbers and Slutsky’s theorem.

mailto:dgerard@american.edu
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S1.2 Generalizing the Poisson Assumption

For simplicity, we stated a Poisson distribution as the modeling assumption in (1).

However, our methods are equally valid under more general conditions. We begin by

showing how our methods are valid when using the negative binomial distribution,

which is perhaps the most common distribution used to analyze RNA-seq counts

[2–4]. To see this, we prove the following simple lemma which, though less well-

known than Lemma 1, can still be found in some elementary texts (or at least a

version of the following lemma) [exercise 4.32 of 5, e.g.].

Lemma S1 Suppose y ∼ NB(µ, φ), where we are using the parameterization such

that E[y] = µ and var(y) = µ(1 + µφ). Also suppose that ỹ|y ∼ Bin(y, p). Then

ỹ ∼ NB(pµ, φ).

Proof Using the hierarchical characterization of the negative binomial distribution,

we have that

λ ∼ Gamma(1/φ, µφ) (S2)

y|λ ∼ Poisson(λ), (S3)

where 1/φ is the shape parameter and µφ is the scale parameter. This implies

that ỹ|λ ∼ Poisson(pλ). But pλ ∼ Gamma(1/φ, pµφ) by elementary properties of

the gamma distribution. Hence, by the hierarchical characterization of the negative

binomial distribution, we have that ỹ ∼ NB(pµ, φ).

The zero-inflated negative binomial distribution is sometimes used to model single-

cell RNA-seq data as it can account for the abundance of zeros observed in such data

[6–8]. A random variable y is distributed zero-inflated negative binomial, denoted

y ∼ ZINB(π, µ, φ), if it is generated by the following hierarchical process:

z ∼ Bern(1− π), (S4)

y|z = 0 ∼ δ0 (S5)

y|z = 1 ∼ NB(µ, φ), (S6)

where δ0 is the degenerate distribution with a point-mass at 0. In words, the counts

are either 0 with probability π or follow a negative binomial distribution with prob-

ability 1− π. Our methods are equally valid in the zero-inflated negative binomial

case.

Lemma S2 Suppose y ∼ ZINB(π, µ, φ) and ỹ|y ∼ Bin(y, p). Then ỹ ∼
ZINB(π, pµ, φ).

Proof It’s sufficient to note that

ỹ|z = 0 ∼ δ0, and (S7)

ỹ|z = 1 ∼ NB(pµ, φ). (S8)
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Finally, our simulation methods preserve the count distribution in the rich class

of distributions which are mixtures of binomial and negative binomial distributions

(some examples within this class of distributions are plotted in Supplementary

Figure S1).

Lemma S3 Let π0, π1, . . . πM and τ1, τ2, . . . , τL be non-negative mixing propor-

tions such that

M∑
m=0

πm +

L∑
`=1

τ` = 1. (S9)

Suppose that y has a PMF which is a mixture of binomial and negative binomial

PMF’s

f(y) = π0δ0(y) +

M∑
m=1

πm NB(y|µm, φm) +

L∑
`=1

τ` Bin(y| ν`
n`
, n`), (S10)

where NB(y|µm, φm) is the negative binomial PMF with mean µm and dispersion

φm, and Bin(y| ν`n`
, n`) is the binomial PMF with mean ν` and success probability

ν`/n`. Suppose that ỹ|y ∼ Bin(y, p). Then

E[ỹ] = pE[y], and (S11)

f(ỹ) = π0δ0(ỹ) +

M∑
m=1

πm NB(ỹ|pµm, φm) +

L∑
`=1

τ` Bin(ỹ|pν`
n`

, n`). (S12)

Proof Equation (S11) is just a consequence of the law of total expectation. To prove

(S12), note that if y ∼ NB(µm, φm) then ỹ ∼ NB(pµm, φm) and if y ∼ Bin(ν`/n`, n`)

then ỹ ∼ Bin(pν`/n`, n`). The proof follows by conditioning on the latent mixing

group.

S2 Additional Simulations
S2.1 Correlation Estimator

We explored the effects of changing the target correlation on the true correlation.

We varied the sample size, N ∈ {6, 10, 20, 500}, and the target correlations between

z and the two columns in ΠX3, r ∈ {(0, 0), (0.5, 0), (0.9, 0), (0.5, 0.5)}. We did not

implement simulations for r = (0.5, 0.9) because the resulting correlation matrix

would not be positive definite. Under each unique combination of simulation pa-

rameter settings, we iterative drew z ∈ RN from a standard normal. We also drew

X3 ∈ RN×2 according to two schemes:

1 Normal: Each element of X3 is independently drawn from a standard normal

distribution, and

2 Indicator: The first column of X3 consists of (1, 0, 1, 0, . . . , 1, 0)ᵀ, and the

second column of X3 consists of (1ᵀ
N/2,0

ᵀ
N/2)ᵀ.

Each replicate, we used Procedure 4 to estimate the correlation between ΠX3 and

z. We did this for a total of 100 replications for each combination of simulation

parameters.
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The results are presented in Supplementary Figure S15. Because we are approx-

imating the expected (conditional on z) Pearson correlation between the columns

of ΠX3 and z, the true correlations between ΠX3 and z are approximately the

mean of the estimates over the 100 replications (see (17)). From Supplementary

Figure S15, we note that the true correlation is generally closer to 0 than the target

correlation. When the sample size is 20, there seems to be very little variability in

the correlation estimates.

S2.2 Single Cell Factor Analysis Simulations

In this section, we evaluate the same five factor analysis methods from Section

3.3 using a single cell RNA-seq dataset. We used a dataset of Peripheral Blood

Mononuclear Cells (PBMC) from 10X Genomics [9], providing the same filters as

the tutorial for Seurat [10, 11], available at https://satijalab.org/seurat/v3.

1/pbmc3k_tutorial.html. Specifically, we removed cells that have unique feature

counts either over 2500 or less than 200, and we removed cells that have more than

5% mitochondrial counts. After filtering cells, we kept the 4000 features with the

greatest cell-to-cell variation in the dataset, where variation was measured after

normalizing each cell. This resulted in a dataset of 4000 features on 2638 cells.

To simulate single-cell RNA-seq data, we took the filtered PBMC data, assumed

model (9), then generated data using seqgendiff such that (19) holds. We simu-

lated the components of x3 and the non-zero components of b3 from independent

normal distributions. We varied the following parameters of the simulation study:

1 The signal strength: the standard deviation of the loadings (the b3g’s) was set

to one of {0.4, 0.8}, with higher standard deviations corresponding to higher

signal.

2 The sparsity: the proportion of loadings (the b3g’s) that are 0 was set to one

of {0, 0.9}, and

3 The target correlations of the added factor with the first unobserved factor:

r ∈ {0, 0.5}.
We fixed the number of genes to be 1000 and the number of cells to be 500. Thus, we

had eight different simulation settings under evaluation. We ran 100 replications for

each simulation setting, each time fitting one of the five factor analysis methods. We

applied all factor analysis methods to the log2-counts, after adding half a pseudo-

count. The number of factors was estimated using parallel analysis [12].

We used the same three metrics to evaluate the different factor analysis methods

as in Section 3.3. The results are presented in Figures S18, S19, and S20. We have

the following conclusions:

1 PEER generally performed poorly, only excelling in estimating the loadings

in high-signal and low-sparsity regimes.

2 ICA had difficulty estimating the factors in high sparsity, high correlation

regimes.

3 PCA, SSVD, and flash all performed comparably.

Based on these conclusions, we would suggest researchers explore PCA, SSVD, or

flash.

https://satijalab.org/seurat/v3.1/pbmc3k_tutorial.html
https://satijalab.org/seurat/v3.1/pbmc3k_tutorial.html
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S2.3 SimSeq Simulations

We ran the SimSeq simulation software [13] using the GTEx muscle data [14].

SimSeq requires the presence of a group indicator variable to create differentially

expressed genes. So we used the individual’s sex as this indicator variable. We

simulated data so that 90% of genes are non-differentially expressed, using 10000

genes and a sample of size 10 individuals each replication (5 for each group). For

each of 500 repetitions, we calculated the false positive rate and the power when

using DESeq2 [4], edgeR [15], and voom-limma [16].

Since the performance of SimSeq depends on the quality of the indicator variable

used, we estimated the proportion of non-null genes between sexes using voom-

limma-eBayes [16] and ash [17]. Ash estimated that 98.2% of genes are differentially

expressed, indicating that sex is an appropriate indicator variable to use for SimSeq.

Many of these observed associations are likely due to unwanted variation [18]. But

for the purposes of the SimSeq simulation method, it is only important to have an

indicator variable that is marginally associated with gene expression.

SimSeq is unable to control the strength of the signal between two groups. So

for accurate comparison with seqgendiff, we needed to estimate the distribution

of effect sizes. We used ash to estimate the standard deviation of effect sizes in

the GTEx muscle data, resulting in an estimate of 0.334. We then ran seqgendiff

using a sample size of 10 (5 for each of two groups), 10000 genes, setting 90%

of the genes to be null, and drawing the effect sizes of the non-null genes from

a normal distribution with mean 0 and standard deviation 0.334. We did this for

500 repetitions, each time calculating the false positive rate and power when using

DESeq2, edgeR, and voom-limma.

The results are presented in Figure S16. There, we see that false positive rates and

powers are distributionally similar when using either seqgendiff or SimSeq. Thus,

when seqgendiff uses effect sizes approximately similar to the indicator variable

that SimSeq uses, the results are about the same.
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Figure S1 Some distributions in the class of mixtures of binomial and negative binomial
distributions, demonstrating the flexibility of this class. The mean was set to 10 for all mixing
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0e+00

3e+05

6e+05

9e+05

0 10 20

log(count + 0.5)

fr
eq

ue
nc

y Dataset

GTEx

powersimR

seqgendiff

Figure S2 Frequency polygons for the log2 counts for the dataset simulated by seqgendiff
(blue), the dataset simulated by powsimR (orange), and the GTEx muscle dataset (black). The
seqgendiff and GTEx count distributions are almost exactly the same.



Gerard Page 7 of 20

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

● ●

●●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●
●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●●

●

●

●
●●

●
●

●

●

●●

●

●●

●

●
●

●

●
●

●

●

●
●

●
●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●

●

● ●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●●

●

●
●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●
●●

●
●

●

● ●

●

●

●

●

●

●

● ●

●

●
●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●

−0.08

−0.04

0.00

0.04

−0.1 0.0 0.1

PC1

P
C

4

Group

●

●

0

1

Figure S3 First principle component (x-axis) versus the fourth principle component (y-axis) in
the seqgendiff dataset. The fourth principle component seems capture group membership.

●●●

●

●

●

●

●

●
●

●

●
●●●

●

●●●

●

●●●
●●

●

●

●

●●●●●

●

●●

●

●●●

●

●
●●●●●●

●

●●

●

●

●

●

●●●●●●●●

●

●●●

●

●●●●●●●

●

●
●

●

●

●

●●●●
●
●●●

●

●●●
●

● ●

●

●●●●●●●
●●●
●
●●●●●●●

●

●

●

●●●
●●

●

●

●

●

●●●

●●

●
●

●

●

●
●●
●

●

●
●●
●●
●
●

●

●

●

●●

●

●●

●

●

●

●

●

●●●

●

●●●●●●●
●●●

●

●●
●
●

●

●●●

●

●●●

●

●

●

●●

●

●●

●
●●●●●●

●
●●

●

●●●●●●
●

●

●●

●

●●●●●●●●

●

●

●
●●

●

●
●●

●

●●
●●●●●●
●●●●●

●
●

●●
●●●

●

●●●
●

●
●

●
●●
●●

●

●●●
●

●
●

●●●●●●●●

●

●●●●●●
●●●

●

●●●●●●
●

●

●●●

●

●

●●●

●

●
●
●●●
●●●●

●

●●

●
●●●
●●
●

●

●

●
●

●
●

●
●●

●

● ●
●
●

●

●●●●●

●

●●

●

●

●●●●

●

●●
●
●●●●
●●

●

●

●

●
●
●●

●

●

●●●●●
●

●
●

●

●●●

●
●●

●

●●
●●●
●
●●

●

●

●●

●

●●●●

●

●
●●●●●●

●

●●
●●
●●

●

●

●

●●
●●●●
●

●
●●●●

●

●

●

●

●

●

●●●
●

●

●●●●

●

●●
●●●●●●●●●●●
●●●●●●●●●●●●●

●

●●

●

●●●●

●

●

●●

●

●
●●●

●

●

●

●

●

●●

●

●●●●

●

●
●●●●●

●
●

●

●●

●

●●

●

●●●
●

●

●●
●●

●

●

●

●●
●

●

●●

●

●
●

●

●●

●

●●

●

●

●

●
●●
●

●

●

●

●

●

●

●

●●●●●●
●
●●

●

●
●●●●●●

●

● ●

●

●

●●

●

●
●

●
●

●
●●●

●

● ●
●●●●●●

●
●●●●●●
●●

●
●●●

●

●●

●

●●●●
●●●●●

●

●

●

●

●
●●

●

●

●●
●●

●

●

●

●

●

●
●●●

●

●●●

●

●●
●

●
●
●
●●●●

●

●●●●● ●●
●

●●●

●

●

●

●●

●

●

●

●

●●

●

●

●
●

●

●

●

● ●
●
●●●●●

●

●
●

●

●●●
●●

●

●●●●
●

●
● ●

●
●●●●

●

●●●
●●●
●●
●●●●

●

●●●●
●

●

●●
●●

●

●●●
●

●

●●

●

●

●

●●●
●

●

●●●
●●

●
●

●●●

●

●●●
●

●
●

●● ●●●●●

●

●●●●●
●
●●

●

●
●●●

●

●●●●●●

●

●

●

●

●

●

●●●●●●
●
●●
●●

●

●
●

●●
●

●

●●●●● ●
●

●

●●●●●
●●

●

●●
● ●

●●●●

●

●●●

●

●
●●●●
●●●●●●
●●●●●●

●

●●

●

●●

●

●●●●

●

●●

●

●●

●

●

●
●

●●●●

●

●

●

●
●

●●●●●●
●●●●●

●

●

●

●●●●●●
●●
●●●●

●

●

●●

●

●

●●

●

●

●
●●

●

●

●

●
●●●●
●

●

●●●
● ●

●

●●●
●●●
●

●

●

●
●

●

●●
●●
●

●

●●●

●

●
●
●

●

●●●

●

●●●●●●●●
●

●

●●●

●

●

●

●●●●●
●
●

●

●

●

●

●
●
●
●●
●●

●

●

●

●●●●

●

●
●●

●

●

●
●●
●
●
●
●
●● ●●

●

●

●

●

●●●●
●●

●

●●●●●●

●

●●●●●
●

●●●

●

●

●

●
●●

●

●●●
●

●●
●

●●●●
●●

●

●

●

●

●●●●
●●

●

●

●

●

●

●

●●●●

●

●

●

●
●●

●
●●

●

●●●●●●

●

●●●

●

●
●

●

●

●

●
●

●

●●●●●●●●●●

●

●

●●●●●●●●

●

●●●

●

●
●●

●

● ●
●●
●

●

●●

●

●●

●

●
●●●

●

●
●
●

●

●●●●
●●●●●●●●●

●

●●

●

●●

●

●●●
●
●

●

●

●●●●●●●

●

●

●

●

●●●●●

● ●

●●●●●●

●

●

●

●●
●
●●●

●
●●●
●

●

●
●●●●

●

●●●●
●●
●●●

●●●

●

●
●

●

●●●
●

●

●

●

●

●

●

●

●

●

●

●●●●

●

●●

●

●●●●●

●

●

●

●
●●
●●
●
●●
●●
●

●●●●
●●●

●

●
●●●●●

●

●●●
●
●●●●

●
●

●●●

●

●●●●●●●●●
●
●

●
●●●●●●●
●●

●

●●
●●

●●

●●●

●

●●●

●

●●●●
●●● ●
●
●
●●●●

●

●●
●

●

●●●

●

●

●
●
●
●●

●

●
●

●●● ●●●
●

●

●
●

●

●

●●●●●
●●●

●

●
●●●

●

●
●
●●●●●●
●●●●

●

●●
●●●●●●●●
●
●●●●●●●

●
●

●

●●
●
●●●●
●●●
●

●

●

●

●●
●●●●●●
●●

●

●
●
●
●

●

●●

●

●
●●●●
●
●●

●

●●●●
●●●●
●
●●●●

● ●
●

●

●●

●

●

●

●●●●

●

●
●●●

●
●●●●●

●

●●●
●
●

●

●
●

●●

●

●
●●●●
●●●

●

●
●●

●
●●

●

●●●●●●●●●●

●

●●● ●●●●
●
●
●
●●●

●

●●

●

●
●

●
●

●●●●●●

●

●●●●●

●

●●

●

●
●●●●
●●

●

●

●●

●

●●●●●

●
●●
●
●

●●

●
●
●

●

●

●
●
●●

●

●

●

●●●●

●

●●●●
●●
●

●

●●●●●●●●
●

●●●
●

●●

●

●
●

●
●
●●●●●

●

●

●

●●

●

●●

●
●

●●●

●

●●●●

●

●

●

●

●

●●●

●

●●

●

●●
●

●
●●

●
●●●●●
●●●●●
●
●●●●●●
●

●
●
●
●●

●

●

●

●●●●
●●●●●●●

●

●●●
●

●

●

●

●

●

●

●●
●
●●

●

●●●●
●●●

●

●

●

●●●

●

●
●●
●●
●

●

●

●
●

●●
●●●

●

●●●●●●●●●

●

●

●

●
●●

●
●●●

●

●●●

●

●●●● ●
●●●●●●
●

●

●
●●●●

●
●●

●
●●●
●●

●
●

●●●●●

●

●

●

●●●●●
●●●●●●

●

●
●

●

●●●●●●

●

●●●●
●●

●

●●●●●●●

●

●
●●●●●

●

●

●

●

●
●

●

●

●

●

●

●

●●●
●
●
●●●●●●●●●●●
●●●

●
●

●

●●

●

●●●
●
●●●●

●●
●
●●
●

●

●

●
●●●

●

●

●

●●●●●●

●

●●
●
●●

●
●●

●

●

●●●●

●

●●●●●●●

●

●●●●●●●●●

●

●●●

●

●

●

●●
●
●●●●
●
●●●●
●

●

●●●
●●
●
●●

●●●●
●●●●
●
●●●●●

●

●●●●●●

●

●
●

●●●●●
●
●
●

●

●●●
●●
●●●

●●

●

●●●●●●●●● ●●●●●●●
●●

●

●
●

●

●

●

●●●
●

●●●●●●

●
●

●●●
●

●

●

●

●

●
●●●

●

●●
●●●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●●

●
●

●●●●●●●
●
●

●
●●

●

●

●

●●●

●

●●●●
●
●●

●

●

●

●

●●

●

●

●●

●

●●●

●

●

●

● ●
●●●●

●

●
●●●

●

●●
●

●

●●
●
●

●

●●
●

●●●●
●
●●

●

●●●●

●

●
●
●
●●
●●●●●
●
●●

●

●
●

●●●●●

●

●●●●●●●●
●

●

●

●

●

●

●

●
●●

●

●●

●

●

●

●●●●●●●●●
●
●●
●

●

●

●

●
●

●

●
●
●

●●●
●●●●●●●●
●●
●●
●●●●●●●
●
●
●●

●

●●●●

●

●

●●●●●
●

●

●●

●

●●●
●

●
●●

●
●
●●●
●●

●

●

●

●●
●

●●●●●●
●

●
●●●●

●
●●●●

●

●●

●

●●●●●

●

●●●●

●

●
●
●●●●●●●●●●

●
●●●●
●

●

●●●

●

●

●

●

●

●
●●●●●

●

●

●
●●
●●●●●●
●●●

●●

●

●●●
●

●●
●●●
●
●

●

●
●
●●
●●
●●●●●

●

●●●

●

●●●

●

●
●●●

●

●

●

●

●●●
●●●●●

●
●

●

●
●
●●

●

●

●●

●
●●●●●●

●

●●●

●

●

●

●
●

●

●

●
●

●●●●●●
●

●

●

●
●

●●
●

●●
●●●

●
●

●●
●

●

●●●●

●

●●●●●●
●
●●
●

●
●

●

●●
●●●

●

●
●

●

●

●
●
●●●

●
●●●●●
●
●●

●

●

●●

●

●●●●●

●

●●●
●

●

●

●●●●●●●
●●●●●●●●

●

●
●
●●●

●

●
●
●
●●●

●

●●
●
●●●●●

●

●

●

● ●
●●●●

●

●●

●

●
● ●

●

●
●
●●●

●

●

●

●●●●●●
●●●●●●●
●

●

●●●●●

●

●

●

●●
●

●

●●●●●

●

●

●

●●●●
●●

●
●●●
●

●

●

●

●

●

●

●

●

●●

●

●●●●●
●

●

●

●

●●●●●●
●●●

●

●●●●●●●

●

●

●●

●

●

●●●

●

●

●●
●
●●

●

●

●
●●

●

●●●

●

●

●

●

●●●●●●
●●●●

●

●●●●●●
●
●●

●

●

●●●
●●●●

●

●●

●

●

●

●

●

●●●●
●

●

●●

●

●●●●
●

●

●
●●●

●

●●●●●●●●●
●● ●
●●●●
●

●

●

●

●
●●

●

●

●

●

●

●
●
●●

●

●●

●●●

●

●●●●●●●
●●●●●
●
●

●

●

●●●●

●

●●

●

●●

●

●●
●
●●
●●●

●

●●●●●

●

●
● ●

●●●●●●
●

●●●
●
●

●

●●

●

●●
●●●●

●

●
●

●

●

●
●
●
●●●

●

●●

●

●

●

●
●
●
●●

●

●●●●●●●●●

●

●

●
●●●

●●
●●
●

●

●●
●
●

●

●●

●

●

●

●
●●●●

●

●●●
●
●

●

●●●

●

●

●

●

●●●

●
●

●●

●

●●●

●

●●●

●

●
●

●●●●●●●●

●

●

●
●

●

●

●●

●

●
●●●

●
●

●
●

●
●●●
●

●

●●

●
●●●

●

●

●●●●●●●●

●

●

●

●●●
●●

●
●

●

●
●

●

●●●●●

●

●

●●

●

●

●

●

●

●

●●

●

●●

●

●
●●

●
●●

●

●●●

●
●

●
●

●
●

●●
●●

●

●●●●●●

●

●

●
●
●●●
●●
●●●●●●

●
●●●

●
●

●

●

●

●●●

●

●

●

●●●●●
●

●

●
●

●

●

●●
●
●●

●

●

●
●●●

●

●

●

●●

●

●

●●

●

●

●

●

●

●●● ●●●
●●●
●●●
●
●

●

●●

●

●
●●

●

●●●

●

●

● ●●●●
●

●

●●●

●

●
●

●●

●

●●●●●●
●●●●●

●
●●

●

●

●●

●

●●
●●●●

●

●●●●
●

●

●●

●

●●●
●
●

●

●●●

●
●
●●●●●
●●

●

●

●

●

●

●●
●

●

●

●

●
●●
●
●●

●

●●
●
●●●●
●

●

●●
●

●

●

●●●●

●

●
●●●●●

●
●●●●●●

●

●

●●●●●●●
●
●●●

●

●●●●●●

●

●●
●

●

●

●

●●●●●●●●
●●

●

●●●●●●

●

●●●●●●

●

●
●
●●●●

●
●●●●●●

●

●●●

●

●● ●

●

●●●●●

●●

●

●

●●● ●

●

●●

●

●●●●●

●

●●
●●●●

●
●●

●●●●●

●

●

●

●●●●●●
●

●

●●
●●●●●●●

●

●●●
●●

●

●
●●
●
●

●

●●
●
●●●

●

●●●●

●

●●●●
●

●

●

●●●●

●

●●●
●
●●●●●
●

●

●●●
●●

●

●

●

●

●●
●●
●●●
●

●
●●●●●●

●

●

●●
●

●
●●●●

●

●●●
●●●●

●

●●

●

●

●

●●●●●●

●

●●
●

●

●
●●
●●●

●

●●●

●

●

●

●●●●●●●●●●●
●

●

●

●●●
●●●●●●●●

●

●
●●●●●●
●●
●●●●●●

●

●
●
●●●●●●
●
●

●

●●
● ●

●

●

●●

●

●
●●●●●

●

●

●●

●●
●●
●●●●●
●●●
●

●

●●●

●
●

●● ●●

●

●
●●●
●
●●●
●●

●

●

●

●
● ●

●
●

●

●●● ●
●

●

●●●●●●●●●●●●

●

●
●●●
●●

●

●●

●

●●

●

●
●●●

●

●
●

●

●
●●●
●●●●●●●●

●

●
●●●●●●

●

●

●●●●●

●

●●
●
●●●●●●
●●●

●
●●●

●
●

●

●
●

●

●●●●
●●

●

●

●

●●
●
●●●
●●●
●
●●●●●
●

●

●

●

●

●●
●
●●●

●

●●●
●

●
●

●●

●

●

●

●●●

●

●
● ●●●●●●●●

●

●

●

●

●●

●

●●●
●
●●
●
●●●●●

●

●●

●

●
●
●
●

●

●

●

●

●
●●
●

●

●●
●

●●●●
●

●

●

●

●

●●●●

●

●●
●
●
●●

●

●

●

●

●

●●●●
●●●

●

●●●●
●

●

●

●

●

●

●

●

●●

●
●●●●

●●
●
●
●

●
●●●● ●
●●
●●●●●●●

●

●●●●●

●

●

●
●
●●

●

●●●●●●
●●
●
●●

●

●

●

●
●

●
●●

●

●●
●●
●

●

●●●●

●

●

●

●

●●

●

●

●●●
●

●
●

●
●
●
●

●
●

●●●

●

●

●

●●
●●●●

●

●●●●●●●

●

●

●●●
●
●

●

●
●

●
●●●●●
●●

●

●●●
●

●

●●●●

●

●

●

●
●

●

●●●●●●

●

●

●●●●●●●

●
●●

●

●
●

●●
●
●

●

●
●●

●

●●

●

●●●●

●

●●●

●

●●

●

●●●●●
● ●
●●●●●●●●
●
●●

● ●
●

●

●●
●
●●
●

●

●●●●●

●

●

●

●

●

●

●●●
●●●●●●●●●●●
●

●

●●●●●

●

●●●●●●
●

●

●●

●●

●
●
●

●

●

●●

●

●

●

●
●

●

●

●

●●

●

●

●

●●●●

●

●●●
●●●●●●●

●

●
●
●●●●

●

●

●●●●●

●
●

●

●
●
●●

●

●

●

●●●●
●
●●●
●●●
●●●
●●

●

●●●●

●

●●●●●

●
●

●●●●●

●

●
●
●●

●

●
●

●
●
●●●
●
●●

●

●

●

●
●

●●●●
●
●

●

●

●

●

●●●
●
●●●●●

●
●●●

●

●●●
●

●

●
●●●●●

●
●

●

●
●

●●●

●

●

●
●

●

●

●

●

●

●

●● ●●

●

●●

●
●
●

●
●●●●●

●

●

●

●
●● ●●

●

●●●●●
●

●●

●

●
●●●
●●
●
●

●

●
●●●●
●●●●●● ●●●●●●●●●
●

●

●
●
●●●
●

●

●
●●●●

●

●

●●●●●

●

●

●

●●●●
●●●●●●●

●

●●●
●
●
●●
●
●●●●●

●
●●

●

●●●

●

●
●●

●

●●●

●

●●
●

●

●●●●

●

●

●●●●●

●

●●●●

●

●

●●
●
●

●

●●●
● ●

●●

●

●

●●●
●●
●
●●●

●

●

●

● ●

●

●

●

●●
●

●

●

●●●

●

●●●●●●●
●●●●●●

●

●●●
●
●
●●●●●●
●

●

●

●●●●●●●●●●●●●●●●●

●

●●●●●
●●●
●
●●

●

●●

●

●●

●
●
●●●●●

●

●

●●●

●

●●●●●●
●
●

●

●

●●●●

●

●●
●

●
●●

●

●●

●

●●
●

●

●

●

●●

●●●●●●●

●

●●

●

●●
●●●

●
●

●

●
●●

●●
●●●
●
●

●

●

●

●●●

●

●

●

●●●

●

●●●

●

●

●

●●●●
●

●

●
●●●
●●●●●
●

●

●

●

●●●●●●

●

●
●

●

●
●
●●●●●●
●
●●●

●

●

●●
●●●●

●

●●●●●

●

●●●●●●
●
●

●

●●

●

●●

●

●

●●●

●

●●●
●

●
●

●

●●●

●

●●

●

●

●

●

●

●

●

●

●

●●●●●●●

●

●

●

●

●

●
●

●

●

●●●●●●●

●

●
●●
●
●●
●
●●●●●

●

●●●
●

●

●●

●

●●●
●●●

●

●●●●●
● ●
●●●

●

●

●

●

●

●

●

●
●●●●●

●

●●

●

●●
●

●

●●●●

●

●●
●

●●●●●

●

●●●
●
●

●

●●●

●

●

●●●●●●

●

●●●

●

●

●

●

●

●●
●
●●
● ●

●
●

● ●●●●●

●

●

●●
●

●
●●●●●●

●

●

●●

●

●●●●●●
●●● ●●●●

●

●●

●

●
●

●
●

●

●

●●●●●
●
●●

●
●

●

●
●

●●●

●

●●

●

●●
●●●

●

●
●

●
●

●

●

●
●
●

●
●●●●●●●●●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●

●●●

●

●●●

●

●●●●

●

●●●●●

●
●●●●●
●●●●●●

●
●
●
●

●

●●

●

●●
●

●

●

●

●●●●
●●

●

●

●

●●

●

●

●

●●●●

●

●●●

●

●●●

●

●

●●

●

●

●●●●
●
●●●●●●

●

●●

●

●●

●

●

●

●●●●●

●●

●
●●●●●

●

●●●
●
●

●

●●●
●
●●
●
●●●●●●
●
●
●

●

●
●●●

●

●●● ●●
●
●●●●●●●●

●

●●●●●●
●

●●
●●●

●
●●

●
●

●
●

●

●●●

●

●●

●

●●●●
●●●●●

●

●●

●

●

●

●

●

●
●●
●●

●

●

●

●●●●●●●●●
●

●

●●●●●●●●●
●●●
●
●

●

●●●●●

●

●

●

●●●

●

●●●●

●

●●●●
●●●
●●
●

●

●●
●●●
●●●
●
●●

●

●

●

●

●

●

●●●●●

●

●

●

●●●●●●
●●●●●●●●●

●

●
●

●

●●●●●●●

●

●●

●

●●●●●
●

●
●●●●●●

●
●●●●●

●

●●●●

●

●●●●●

●

●

●●●
●●
●●●

●

●●
●

●

●
●●

●

●

●

●●●●●●

●

●
●●●●

●

●●●●●●●●●●
●
●●●●●●●●●●●●●●
● ●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●●
●

●
●

●
●●
●●●●●●
●●●
●●●
●
●●●●●●●
●●●

●

●●

●

●

●

●

●●
●

●

●
●●

●
●
●●

●

●●

●

●

●●
●
●●●●●●
●
●

●

●●●

●

●

●
●

● ●●●●●●● ●●●

●

●●●

●

●●●●●●
●

●

●

●

●●●●
●

●

●

●

●

●●●●
●●

●

●

●

●

●

●●

●

●●

●

●●●

●

●●
●

●

●●
●●
●●

●

●●●
●

●

●
●●

●
●

●
●
●●●●
●
●●

●
●●●●●●
●● ●

●

●●

●
●●

●

●●●●●
●●●

●

●●●

●

●●●●●●●●●●●● ●●

●

●
●●

●

●
●●

●

●●

●●
●
●●
●

●

●

●

●
●

●
●●●●●

●

●●

●

●●●
●
●●
●
●●●●●●●●●
●●

●
●●

●

●

●●●
●●●●●●

●
●

●

●●
●
●

●

●●●
●
●●●●●●

●

●●

●

●
●●●

●

●●

●

●●●●●●●●●
●

●

●
●
●

●

●
●●

●

●●

●

●●

●●
●

●

●●

●

●

●●
●

●

●

●

●
●●

●

●
●●●●●

●
●
●

●

●●●●●●●●●●●

●

●

●
●
●●●●

●

●●●

●

●

●
●

●●●●●
●
●●●

●●●●●●●●●●●●●

●

●

●
●

●●●●●●●●●●●●●●

●

●●●
●●●●

●

●●●●●
●●●●●

●

●●●●●●
●

●

●

●●●● ●

●

●

●

●●

●●

●
●
●●●●●●
●
●

●●●●●●
●

●

●●●●●
●

●
●●●

●

●
●●●●

●
●●●●●●●●●●●
●●

●

●

●●●
●

●
●●●●

●

●

●

●

●●●●
●

●
●

●●●●●●●●●

●

●●●
●
●

●

●

●

●●

●

●●

●

●●
●
●●

●

●●
●●●●●
●

●

●●
●●

●
●●●●●

●

●●●

●

●●●●
●
●
●●●●
●●●
●●●●

●

●●●●

●

●

●

●

●
●

●

●

●

●●

●

●●●
●●●

●

●

●●
●

●●●●●
●
●●● ●

●

●

●●

●

●

●

●●●●●

●

●●

●●●●

●

●
●●●●●●
●
●●
●●
●

●●●●●●●●●●●●●●●

●

●●●
●
●●

●
●

●
●●●●●●
●●●●

●

●

●

●●●
●●●
●●●

●

●
●

●

●

●

●●

●

●●●●●
●●

●

●●●●

●

●●●●
●
●●●●

●

●

●

●●●

●●
●●●●●

●

●●

●

●●●●●●
●
●●●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●●●
●

●●
●

●

●●

●

●●

●

●●●●●
●
●●

●

●●

●

●
●●

●

●
●

●

●●●●●

●

●

●
●

●●

●

●●●●●●
●

●

●

●

●●●●●

●

●
●●

●
●
●

●●
●

●●●

●

●

●
●
●

●

●

●
●●●●●●●●●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●●●

● ●●
●

●

●

●●●●●●●

●

●

●

●●●●●●
●
●●

●

●

●●●●●●●
●

●

●

●

●●●●●
●●●

●●

●

●

●●

●●●●●●●

●
●

●

●

●

●

●●●●
●
●●●
●
●
●●●

●

● ●
●

●

●

●●●●
●●●●●
●

●

●

●
●
●●
●●●●●
●

●

●●

●

●●●
●

●

●

●
●●

●

●●
●
●●●●●●●●●

●

●●●●●

●

●●●
●●

●

●
●●●

●

●●
●●●●●

●

●

●●

●

●
●

●

●●●●●
●

●●
●●●

●

●●

●

●
●

●●●●
● ●
●

●
●
●

●

●

●●
●

●

●●●●●●

●

●●

●

●
●●●●
●
●

●

●

●●●●●●●
●●

●

●
●●
●

●
●

●●
●●

●

●

●●

●

●
●

●●●
●

●

●
●
●

●
●●●●

●

●

●

●
●●●●●

●●●
●

●
●

●

● ●●
●●●●
●●●●●●

●

●
●●
●●●●●●●●●●●●
●

●

●●●●●

●

●

●

●●●●●

●

●

●

●

●●●●●●●●●●●●●

●

●
●●

●

●●
●
●

●

●

●

●●
●

●

●●●●
●●

●

●

●●

●
●

●

●

●●●

●

●
●

●
●●

●

●●●

●

●●●

●

●
●●●●●●●●
●●

●

●●●●●●●●●
●●

●

●
●

●

●●
●●

●

●

●

●

●
●●

●

●

●
●●●●●
●
●●●●●●●●●
●
●
●

●

●
●●

●

●
●

●

●

●

●
●
●●●

●

●

●

●●●
●
●●
●●●

●

●
●
●●
●●●

●

●

●

●●

●

●●●●
●

●

●
●

●●●
●

●

●●

●
●●●●●●●

●

●●

●●

●●●●●
●●
●●●●●
●●●
●●●●●●●

●

●

●●

●

●

●

●●

●

●●

●

●●●●●●●●●●

●

●

●

●●●●●●●

●

●

●

●
●

●

●

●

●
●
●●

●

●●

●

●●●

●

●●●●
●
●●●●●
●
●●

●

●
●

●
●●●

●

●
●●

●

●●●●
●

●

●

●●

●

●

●

●●
●

●

●

●

●
●

●●
●●●●●●

●

●●

●

●
●●●

●

●●●●●●

●

●●
●

●
●

●

●●

●

●

●●●
●●●

●

●
●

●

●
●

●●
●

●●
●●●●

●
●●●

●

●●●
●●●●

●

●●●●●
●●
●●●●

●

●
●
●

●

●
●
●●

●

●●●
●●
●●

●

●●

●

●

●●●●●

●

●
●●●●
●

●
●●●●

●

●●

●

●●

●

●●●

●
●●● ●●●●●●●

●

●●

●

●●●●●
●

●

●●
●

●●●●

●

●

●●
●

●

●

●●●●
●●●●

●●●
●
●

●

●
●
●●●
●●●●●

●

●●●●●●●●

●

●●●●
●●●●●●
●●
●●

●
●
●●
●
●
●
●●

●

●

●

●
●
●
●●

●
●●●

●

●●●
●

●

●
●●●
●●●●●●●●●●
●
●

●

●
●●
●●●●
●●

●
●
●●●●
●
●●
●●
●
●●
●
●●●●

●

●

●

●●●

●

●

●●●●

●

●●●

●
●

●
●

●●

●
●●●●

●●

●●
●●●●●●●

●

●

●●●
●●

●●

●

●●●●

●
●●●

●

●●●

●

●

●

●
●●

●

●
●

●●●
●●●●●

●

●

●

●●●●
●
●●●●●●●●

●

●●●●

●

●●
●●

●●●●●●

●

●

●

●●●

●

●

●

●
●

●
●

●

●●●●●
●●

●

●●●
●

●
●●

●

●●

●

●●●●●●●
●
●●

●

●

●●
●

●●●●
●●

●●
●●

●

●●
●●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●●

●

●●●●●●

●

●

●●●●●●●●
●

●

●●●●

●

●

●●●
●●
●●

●

●●●●
●●●●●●

●

●●●
●●●
●
●
●●●●●

●

●●

●

●●
●
●

●

●●

●

●

●

●
●

●

●

●●●●●●●●
●

●

●

●●

●

●

●●

●

●●●

●

●

●

●●●●●
●●●

●

●●●●●
●

●●●●

●
●
●

●

●●●●●●●
●
● ●

●

●

●

●
●

●
●●●●●●●●●●
●●●
●

●

●●●
●●●●

●

●●

●

●●●

●

●●
●
●
●
●

●

●

●●
●
●●

●

●

●●
●●
●
●

●

●
●

●●●●
●●

●

●

●

●

●●●●●

●

●
●●●
●

●

●
●●●
●
●●●

●
●●●●●●●
●●●●●●●
●

●

●●●
●

●

●

●

●

●
●●
●

●

●●●●●●●●

●

●●●●

●

●

●

●●●
●●
●

●

●●
●

●●●

●

●
●

●●●●
●

●

●

●

●
●
●●●●●●
●
●
●

●

●

●●●●

●

●

●

●●

●

●

●

●
●●

●

●●●

●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●●
●
●●●

●

●

●

●
●●●
●●●●●●●

●

●

●

●●●
●
●

●

●

●

●●●●●●●
●●

●

●

●

●

●

●

●

●
●
●●

●

●

●

●●●●
●
●●●
●
●●●

●

●●●●●●●●●●
●

● ●

●

●

●●●
●●

●
●

●

●
●●
●●●
●
●

●
●●●

●

●

●●●

●

●

●

●●●

●

●

●●●
●
●

●

●

●

●

●

●●

●

●

●
●

●

●
●●

●

●●●●

●

●
●●

●
●●●

●

●

●

●

●

●
●

●

●●●
●
●●●●●
●
●●
●●
●
●

●

●●●

●

●●●●●
●

●●●●●
●
●
●

●

●

●

●●

●

●●●
●

●●

●

●●●●

●

●●●●

●

●●●●●
●●●●●●

●

●

●

●●●●●●●●●●

●

●
●

●

●●●
●

●

●●● ●
●●●●
●●●●●●●●
●
●
●

●●●●
●●

●
●●

●

●

●

●●●
●●●
●
●●

●

●●●●●
●
●
●●

●

●

●

●

●

●
●
●
●
●

●

●
●●●●●

●

●●●
●●●●

●

●

●

●

●

●●●●●

●

●

●

●

●●●●●●●
●●●● ●
●●●●●●●●●
●
●

●

●

●
●

●

●●●

●

●

●●●●
●
●●
●●●●●●●●
●●●
●●

●

●

●

●●

●

●

●

●

●

●

●
●

●●●●●●
●

●

●●●●●●●

●

●
●●●●

●

●●
●

●

●

●

●

●●
●●●●

●

●

●●●
●●●●

●

●● ●
●
●

●

●

●●
●

●●●
●
●
●

●

●●●●●●●●●
●●●●●

●

●

●●●●●

●

●

●

●

●●
●●●●●

●

●●●●●●●●
●

●

●

●

●
●

●●

●

●●●●

●

●

●
●●
●●●●

●

●●
●
●
●

●

●
●

●●●

●
●

●●
●

●

● ●●●
● ●●

●●

●

●

●●
●●

●

●●●●●●●●●●
●

●

●●

●

●

●

●

●●●●●
●●●●●●●●

●

●
●●●●●●●●●●●

●
●●●
●
●

●

●
●

●

●

●

●

●
●●

●

●

●
●
●
●

●

●

●

●
●●
●●●●●●
●

●

●
●

●

●

●●●●●●●●
●

●

●●●

●

●●●

●

●●●

●

●●●●●
●●●●●

●

●
●●●●●

●

●●●●●●
●
●●

●●● ●

●●

●

●

●
●

●
●●●●

●

●●●●

●

●
●

●●

●

●

●

●●●●●

●

●
●
●●●●●●
●●●
●
●●●●●●
●●●●
●
●●●●●●●
●●
●
●●

●
●

●

●

●

●

●●●
●
●●

●

●
●●●●●●●

●

●

●

●●●●●●●●●●●

●

●

●

●

●●●●●
●

●

●

●●●

●

●

●

●●

●

●

●

●●●
●

●
●●●

●

●
●

●

●●

●

●●●●

●

●●
●
●

●

●
●●

●

●
●

●

●●●●●

●

●●●

●

●

●

●●●●●

●

●

●●●●●

●

●
●●
●
●

●

●●●●

●

●

●

●●●

●

●●

●

●●●●●●

●
●

●
●
●

●

●●●●
●
●●

●

●●
●

●

●
●
●

●

●

●

●
●●● ●

●

●●●●
●
●●●●

●
●●●●●●●●●●
●●

●

●

●

●

●

●●●●●●●●●

●

●

●

●●
●

●
●

●

●●●●●

●
●

●
●

●●●●

●
●

●
●●

●

●●●●●●

●

●

●

●

●

●

●●
●
●●●●

●

●●●●
●
●
●●

●

●●●

●

●

●

●●●●●

●

●

●

●●●
●●●
●
●
●
●●
●●●●●
●
●

●

●●●
●
●

●

●

●●●

●

●●●●●

●

●●●

●

●●●●
●
●●●●●

●

●●●●●●

●

●●

●
●●
●

●●
●
●●●

●

●

●

●
●
●●●●
●●
●
●●●●

●
●

●

●

●

●●●
●●●

●

●
●

●

●

●

●

●

●

●

●●●
●

●

●

●●

●

●

●

●
●
●●

●
●●●

●

●●●●●

●

●

●

●

●

●

●

●●●●
●
●●

●

●●

●

●●
●●●
●●●

●

●

●
●

●

●

●

●●●
●
●●●●

●

●●●● ●
●
●

●

●

●

●●

●

●

●
●

●●●● ●
●

●
●●●●●●

●

●

●

●
●
●

●
●●●●●●●

●

●

●
●●●
●●
●●
●●●

●

●

●

●●
●
●●●●
●
●●

●

●

●

●●●

●

●●

●

●●

●

●●
●●●

●

●

●

●

●●●●●

●

●●●●
●●●

●

●

●

●

●●

●

●●

●

●●●●●

●

●

●

●●●●
●●●●●●

●
●

●

●●
●●

●

●●
●

●

●

●
●●●
●●●

●

●
●
●●

●

●●
●

●

●

●

●

●●●●

●

●

●
●●
●
●

●

●

●

●

●

●

●

●●●●
●●

●

●●
●●●●●
●
●

●
●

●

●

●

●●

●

●
●●●●
●
●
●

●

●

●●●●

●

●●●●●
●

●
●

●
●●

●
●

●

●●

●

●

●
●

●
●

●

●●●
●●●

●

●●

●

●

●

●

●

●●●●

●

●●
●●●●●●●
●●●

●

●
●

●

●●●●●●

●

●●●●

●

●

●

●●●

●

● ●

●

●

●

●●
●●●

●

●●●●

●

●●●●
●●●
●
●●

●

●
●●●●●●

●

●●●

●

●
●

●

●

●

●
●●●●●●●●●●●●

●

●

●●●

●

●●
●

●
●●

●

●
●●●●
●●

●

●●

●

●●●●●●●●●●●●●
●

●●●

●

●

●

●●

●

●
●●●●
●●

●
●●

●

●●●●
●

●

●

●

●

●●●●●●●●
●●●●●●

●
●

●●
●●●●●●●
●

●

●
●

●●●●
●
●●

●

●

●

●

●
●●●●●
●
●●

●

●●●

●

●
●●●●

●

●
●

●

●●●
●●●
●

●

●●●●
●
●●

●

●

●

●

●

●●●●
●

●

●●●●

●

●

●

●

●●

●

●

●●●

●

●

●

●

●

●
●●
●●
●●
●
●●●

●

●●●
●

●

●

●

●●

●

●●
●

●

●
●●●●●●
●●

●

●●●
●●●

●

●●●

●

●●●●●●●●●●
●●●●

●

●

●●●
●

●
●●
●●

●

●●●●
●●

● ●●●●●●
●●●●●●●●
●

●

●

●

●

●

●

●●●●●
●

●

●●●●
●●

●

●●●●●

●

●

●●

●

●

●●●

●
●

●

●●●●●
●●
●●
●●●

●

●

●
●●

●●●●●●

●

●

●●
●

●

●
●●

●
●
●

●

●

●●
●
●

●

●●●●●

●

●●

●

●●●●●●●

●●

●
●

●●●●
●
●●●

●

●●

●

●
●●

●

●

●

●

●●●

●

●●●
●

●

●

●

●
●

●

●●●●●

●

●●●

●

●

●

●
●●

●

●●●

●

●●●
●

●●●●●●●●●●●

●

●●●

●

●●●

●

●●

●

●

●

●●
●
●

●

●

●

●

● ●
●

●

●

●

●
●

●
●●●
●●●●●●●

●

●

●●

●

●
●●

●

●

●

●

●●●●●●●●
●
●●●●

●

●●

●

●

●

●●●●●●●●●
●

●

●●
●

●

●
●

●

●●●●●

●

●●●●●●

●

●●
●●●

●

●●

●

●●

●

●●●
●
●

●

●●●●● ●●
●●●●●●●

●

●
●

●●●●●●
●

●

●

●

●●
●●●●●●

●

●●●●●●●

●●●

●

●

●

●●●●
●

●

●●●

●

●

●

●●

●

●●●●●
●
●
●●
●●●●

●

●
●●●●●●●●●
●●

●

●

●

●

●

●

●

●

●●●●
●●

●●

●

●
●●●●●
●●●

●

●

●

●

●●●●

●

●

●
●

●

●●●●●●●●●

●

●●●●
●

●●●●●●●
●●
●●

●

●●●●●●●●●

●

●●●
●●●●●●●●●

●●●●

●

●●●
●

●

●

●●●●
●●●

●
●●●●
●●

●

●●●●●●

●

●

●

●
●
●●
●

●

●

●

●●●●●●
●●●

●

●●●●

●

●●●

●
●
●●

●

●

●

●

●●
●
●
●● ●

●

●●
●

●●

●
●

●●

●

●
●

●

●●●
●

●

●●
●●

●

●●●
●●
●●●●

●

●●

●

●●

●

●●●●●

●

●●

●

●●●●●
●
●

●

●

●

●●●●●
●
●●●

●

●

●

●

●

●●●
●

●●
●

●

●●

●
●●

●

●

●

●●
●

●●●●●●●
●●●

●●

●

●●●●

●

●●●●
●

●

●

●

●

●
●●●●
●●●●●●●●●

●

●●●●●●
●

●
●●●
●

●

●

●
●●●●●

●

●

●

●●●●
●●●●●●
●●●●●●●●●●●●●●
●

●

●
●

●●

●

●●

●

●●●●
●
●●
●●●●●
●●●●●
●●

●

●

●

●●

●

●
●●●●●●●●●

●

●

●●

●●

●

●
●

●

●

●●
●

●

●
●●
●●

●
●●

●
●

●

●

●●
●

●

●

●

●●●●●
●●●

●

●

●

●●●●●
●
●

●

●●
●

●

●●
●
●● ●●●●●●●●●
●●

●

●●●●●●●●●●●
●●●●●●●●●●

●

●

●

●

●
●●

●

●

●
●

●

●●●●●

●

●

●

●●●
●

●

●●●●

●

●

●

●

●

●

●

●●●●●

●

●●

●

●
●●
●●●

●

●

●

●

●

●

●●●

●

●●●
●

●

●
●

●●●●●

●

●●
●

●●●●

●

●

●

●●

●

●●●●●●

●

●●

●

●●

●

●
●
●
●●●

●

●
●●
●

●

●
●
●

●

●
●
●●●

●

●
●

●●●
●

●

●●●
●●●

●

●●●●●

●

●
●●

●
●

●●

●

●●●●●●●

●

●●●

●

●

●

●●

●

●

●●●●●●●●●●

●

●
●●
●●
●

●

●●

●

●●
●●●●●●●
●●●

●

●

●

●●
●
●●●●●●●

●
●

●
●●

●

●

●

●●

●

●●●●
●
●
●●●●●
●

●
● ●
●●●

●

●

●

●

●●●●●●●●

●

●●
●
●
●●●●●●
●●●●

●

●●●●●●
●

●

●

●●

●●●

●

●

●

●●

●

●●●●●●●

●

●
●
●●

●

●●●●●

●

●●●

●
●●●●●
●●

●

●●
●●●●
●
●

●
●●●
●●
●
●●●●

●

●●

●

●

●
●

●

●●

●

●●●●●●
●●●
●●
●●●●
●
●

●
●●

●

●●

●

●
●●

●
●

●

●

●
●

●

●●
●

●
●

●

●

●●

●

●●
●●

●

●

●

●●
●●●●●●

●●●●●●●●

●

●

●●●●●●

●

●
●
●●●●
●●
●●●

●

●●●
●

●

●

●

●

●
● ●

●●●●

●

●●●●●

●

●

●

●

●

●●●●●

●

●●

●

●●●●●
●
●

●

●●●
●●

●

●●●

●

●

●●●●●

●
●

●●●●

●

●

●

●●

●

●●●●●●●

●

●

●

●●

●

●●

●

●●

●

●

●

●

●●

●

●●●●●●●●●

●

●
●

●

●

●●

●

●

●
●●

●

●

●
●
●
●

●

●

●
●

●●
●
●●
●●

●
●●●●●●●●●●●

●●●●●●●

●

●

●●●●
●

●

●
●
●
●

●

●●

●

●
●●●

●

●

●

●
●

●

●●
●●

●
●●●

●●

●

●●
●

●●

●

●

●

●

●

● ●●●●●
●

●●●●

●

●●●
●●●●●●●
●

●

●●
●●●●

●

●

●

●

●●●●●●●●●●
●●●●●
●●● ●●

●

●●
●

●

●●

●

●●

●

●●

●

●●●
●

●●
●●

●
●

●

●

●
●

●

●●

●
●●●
●●●

●
●●

●

●●
●
●●

●

●●
●

●

●
●●
●

●

●
●●●

●●●

●

●●

●

●●
●
●●●

●●

●
●●

●

●
●●
●●●●●●

●

●●●●●●●●
●●

●

●
●●
●●
●●
●●●●●

●

●●●●

●

●●●
●
●
●
●●●●

●

●
●●

●

●

●

●●

●

●●●
●
●
●

●

●

●●●●
●

●

●●
●●●●●●

●

●●●●●●●●●●

●

●
●●
●

●

●●

●

●●●
●

●

●●

●

●
●

●

●●●●

●

●
●

●

●

●

●●●●

●

●●●●
●

●

●

●

●

●

●
●●●

●

●
●●●●●
●
●

●

●
●

●

●

●●●

●

●
●●●

●

●

●●●●●●●●●

●

●●●●●●●●●

●

●●●

●

●

●
●●
●

●

●●●●●●●

●

●

●

●

●

●●●●●●●● ●

●

●

●

●

●

●●

●

●

●●●●

●

●●●●●

●

●

●
● ●
●

●
●

●●

●
●

●

●●
●

●●

●

●
●●

●

●●
●●

●

●

●

●●●
● ●
●

●

●●●●● ●

●

●●●
●

●

●●●●●●

●
●
●●●●●
●

●

●

●

●●

●

●

●

●
●●

●

●
●

●●●●
●●●

● ●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

● ●

●

●

●

●
●
●●

●

●

●●●●

●

●

●●●

●

●●
●

●
●
●
●●
●●●●●●

●

●●●

●

●●●
●●●

●

●

●

●

●●●●●
●●●●

●

●●●●
●

●●

●

●
●●●

●

●

●
●●●●
●

●
●

●

●

●

●●

●

●●●●●

●
●

●

●

●●●●
●

●●●●●●●

●

●●●
●

●
●

●

●

●●
●

●

●

●

●

●●

●

●

●
●
●

●

●

●

●

●●●●●●●●

●

●●●
●●

●

●
●
●●
●●

●
●●●●●●●●

●

●
●

●

●

●

●

●

●●●●

●●

●
●
●●
● ●
●
●
●
●●
●
●●●●

●

●

● ●

●

●●

●

●

●

●
●

●

●●●●●●●●●●●

●

●●

●

●
●●●●●●
●●

●

●●

●

●●●●●●

●

●●

●

●●
●

●

●●

●

●●

●

●

●●●

●

●● ●●

●

●●●●

●

●●

●

●●

●

●●

●

●

●●●●●●●●

●

●●●●●●●●●●●●

●

●

●

●
●●

●

●●●●

●

●
●●●●●●

●

●●●●

●

●●
●

●●

●

●●●

●

●●●

●

●●●
●

●

●●●●●●●

●

●●

●

●●
●

●●●●

●
●

●

●

●●●
●●

●

●●●

●

●
●●●●

●

●●

●

●●●
●●

●

●●●●

●

●
●

●

●

●●●●●
●
●●●●●●

●

●

●

●
●●●●
●●

●

●●●●●

●

●●

●

●
●

●

●●

●

●●●●
● ●

●●●●●

●

●
●●●

●

●●●

●

●

●

●●

●

●●●●●●●

●

●
●●
●

●

●●●●●●●●

●

●
●
●

●

●
●
●●●●●●

●

●●●●●
●

●●●
●●

●
●

●●●●●●●
●

●●

●

●
●

●

●●
●●●

●
●●●●
●

●●

●

●

●

●●
●●●●●
●●●●●●●
●
●●●●●●●
●
●

●

●

●
●●

●

●●●●●

●

●●●●●
●

●●

●

●

●●●

●

●●
●

●

●●●

●

●

●

●
● ●

●
●
●●

●

●
●●●●

●
●●●●●

●

●

●

●●●●

●

●

●●
●

●●●●

●

●

●●●●●
●●

●

●

●

●

●●●● ●●●●●●●

●

●●●●●●●●●●●

●

●

●

●●●

●
●

●
●●●

●

●
●
●●●●
●
●●●●●

●

●●
●

●

●●●

● ●

●● ●
●●

●

●
●●
●●

●
●●●●

● ●●

●

●

●

●●●●●●
●

●

●

●

●

●●●●●
●●

●

●●

●
●
●●

●
●●●●●●●
●
●

●

●
●●●
●

●

●●

●

●

●●

●

●●●●●●●

●

●
●●●
●●●

●

●●

●

●
●

●
●●●
●
●

●

●●●

●

●

●
●
●●●●●●●

●
●●●●

●

●

●

●

●

●●●●●●●
●
●
●

●

●

●●

●

●●

●

●
●
●●●●

●

●

●●●●●●
●

●
●
●●

●

●

●●●

●
●

●●

●

●
●
●

●
●

●●●●

●

●●●

●

●●
●

●

●

●

●

●●
●●

●

●
●
●●●●
●●

●
●●●●

●

●●

●

●
●●

●

●●●●●

●

●
●●●●●●●

●

●●●

●

●●
●●●●●
●

●

●●

●

●

●●
●●●●●●
●●●●●●

●

●
●●●●● ●●

●
●

●

●

●

●●

●

●●●
●●

●

●

●

●

●●
●
●
●●●●●

●

●●●●
●

●

●●

●

●●●
●●
●

●

●

●●

●

●
●●●

●

●

●

●
●●

●

●●●●●

●

●

●

●●●●●

●

●
●●

●

●●●
●

●

●

●●●●●●
●

●●
●
●●●●●
●●●

●

●●●●●●●
●

●
●

●●

●

●●●●●●●

●

●●●

●

●

●●

●
●●●●●●●●

●

●

●

●●●

●

●●●

●

●●
●●

●●●●●
●

●

●●●

●

●●●●●
●●●●●●●●
●●
●

●

●●

●

●●●
●●

●

●●
●

●

●
●●
●

●

●

●

●●

●

●●●

●

●●●
●
●● ●●
●

●

●

●

●

●●●●●●●

●

●●●●
●●

●

●

●
●
●

●
●●

●

●
●●●
●
●●●
●
●

●

●●

●

●
●●
●

●

●
●●●●●●
●●

●

●

●

●●
●

●●●●
●
●
●
●
●

●

●

●
●

●

●

●

●
●●●●●●

●

●

●●
●●

●

●
●●●
●

●
●

●

●●

●●●●●●●●●

●

●●●●●●●●

●
●●●

●

●●●●

●

●

●●

●

●

●●
●●●●

●

●●

●

●●●●

●

●

●

●

●

●

●●●
●●●
●●

●

●●
●

●

●

●●●●●
●
●●●●●

●

●

●●●●●

●

●●●●●●●●●
●●●●●●●

●

●●●●●●
●

●

●●
●
●

●

●●

●

●

●

●●●

●

●

●

●●
●
●

●
●
●

●

●

●

●

●

●

●

●

●

●
●

●

●●●

●

●
●●●
●●

●

●

●●●●

●

●

●●
●

●

● ●

●

●

●●
●●

●

●
●
●

●

●
●

●

●●

●

●

●

●
●●

●

●●●●●
●

●●
●●●●●●

●●●

●

●●●●
●
●●●

●

●

●

●

●●●●
●
●

●

●●●

●

●●●●

●

●

●

●

●

●
●● ●●●

●

●●
●●●

●

●●●

●
●●

●

●

●
●

●

●

●

●●●
●
●
●
●●●●
●●●●●●

●

●

●
●●

●

●
●

●
●●●

●

●
●●
●
●●●

●

●

●

●

●

●

●

●●

●

●

●

●

●●●

●

●●
●

●

●

●

●

●●●●●●
●

●●
●
●●●●

●
●●

●

●●

●

●●●●●●
●
●●
●
●●

●

●●●●

●

●●●●●●●

●

●

●

●

● ●●●●●●●●
●●●●

●
●

●

●
●
●

●●
●

●

●●●●●

●

●
●

●●●

●

●●
●
●●

●

●●●

●

●●●●

●

●●●

●

●●

●

●●●●

●

●
●●●●●●●

●

●
●●

●

●

●●●

●

●

●

●

●●●

●

●●
●
●●

●

●
●●●●●
●

●

●●●

●

●●
●
●
●●

●

●●●●●

●

●●
●

●

●●
●
●●●

●

●●●●

●

●
●●●

●
●

●

●

●●●●

●

●

●

●

●

●

●●●
●
●●
●●
●●
●●
●

●

●●●●●●●●
●

●●●●●

●

●

●●●●
●
●●

● ●●●●●
●●

●

●●●●●

●

●●●●●●

●●

●

●●●●●●

●

●

●

●

●

●
●●
●●

●

●
●
●

●

● ●●

●

●●
●●

●

●●●

●

●

●

●

●

●●●●

●

●●

●

●●
●
●●●
●
●●●

●

●●●●

●

●●

●
●

●●

●

●

●

● ●

●

●●●●●

●

●●

●
●●
●●●●●●
●
●
●●

●

●

●

●

●

●●●●●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●●●●

●

●

●

●

●●
●

●

●●●●

●

●●●
●

●
●●●●●

●●
●

●

●

●

●●●●●●
●

●

●●●●

●

●

●●●
●

●
●●●●
●
●●●●●

●

●
●
●
●●

●

●●●

●

●●●

●

●●
●●
●

●

●●

●

●

●

●●●●●●●
●

●

●●●
●

●
●
●
●

●

●●●●
●

●

●●●

●

●
●

●
●

●●●●●

●

●

●
●●

●
●

●

●

●●

●●

●●●●
●

●
●●●●●●
●
●●●

●

●

●●●●●●●●●
●●●●●

●

●●●●
●

●

●
● ●

●●●●●●
●●

●

●

●

●
●

●

●
●

●

●●
●●●●●

●

● ●●

●

●

●

●

●

●

●
●

●

●
●

●●●●

●

●●●

●●●●●

●

●●

●

●●●●●●●●●

●

●●●●●●

●

●

●

●●●●●●
●●●●●●●●
●
●●●

●

●●

●

●
●

●●●●●●●●

●

●●

●

●
●●●●●●●

●

●●●

●

●●●●

●

●
●●●
●
●
●

●
●

●

●●●●●

●

●●●●●

●

●●

●

●

●

●

●●●●●
●●●●●
●●●

●

●
●

●

●
●

●●●●●
●●●●●●

●

●

●

●●●

●

●●●●
●●

●

●●●

●

●●

●

●
●●●
●
●

●

●

●

●

●

●●
●
●●●
●●●●●●●

●

●

●

●

●●
●

●

●●
●●●

●

●●●

●

●●
●

●

●

●

●●
●

●

●

●

●

●

●

●●●

●

●●●
●
●

●

●●●

●

●
●
●
●●
●●
●
●●●●
●●

●

●
●

●

●●●●●●

●

●

●

●●●●

●

● ●

●

●

●

●

●

●●●●●●●●●●
●●

●

●
●●●●●●●●●●●●

●

●●●
●

●

●●
●

●

●●

●

●●●

●

●●●●●●●●
●

●

●

●

●●

●●
●
●

●

●

●●

●
●

●●●
●
●●●

●

●●

●

●●

●

●●●
●●
●●

●

●

●

●

●

●

●●●
●
●●●●

●
●●
●●●●●●●●

●

●

●
●●●

●

●●

●

●●

●
●●
●
●●●

●

●

●
●
●

●

●●●●

●

●●●●●●

●

●●

●

●
●
●
●

●
●

●●

●

●
●

●

●

●●
● ●

●

●

●●●●●

●

●●●●●●●
●●●

●

●●●●●●●
●●
●●

●

●

●

●●
●

●●
●

●

●●

●

●

●●

●

●

●

●

●

●

●●●●
●●

●

●●●
●
●
●
●●

●

●
●

●

●
●●

●●●●●●●

●

●●●
●●●●●●

●

●●
●
●
●●

●

●●●
●

●

●
●●●
●

●

●
●

●

●

●

●

●

●

●

●●●●
●

●●
●

●

●

●

●●

●

●●●●●
●

●

●
●

●
●
●●●●

●

●

●
●●●●

●

●●

●

●

●

●

● ●●
●●●

●

●

●

●●●

●

●●

●

●●

●

●●
●

●

●

●

●●●●●
●

●

●●●

●
●

●

●
●●
●

●

●
●●
●●●●●
●
●●●

●
●

●●●●●
●

●
●

●●●●
●
●

●
●
●
●

●
●●●●
●●●

●
●●●

●

●●

●

●●
●
●●●●●●●●●●

●

●

●

●

●●●

●

●●●

●

●●
●
●

●

●

●●●

●

●

●

●●
●

●

●

●

●●●●●●●

●

●
●●
●●
●
●

●
●●●●●●●

●

●●●●●
●
●
●●●
●●●●●●●●●●

●

●●
●

●

●
●
●

●

●

●

●
●

●

●
●

●

●●●●
●●●

●

●●●

●

●

●
●●●

●

●●●●

●●

●●●●
●●
●
●●●●

●
●●

●

●
●

●

●●●●●
●●●●●●
●●●●

●

●●●●●●

●
●●

●

●●●

●

●

●
●

●

●

●
●

●
●●●

●

●
●

●

●

●

●

●
●
●●

●

●●●●●●●

●

● ●

●

●●●

●

●●
●

●

●
● ●●●●

●

●

●

●

●●●●●●
●

●●●●●●●
●

●
●
●
●●
●●●●
●●●●●

●

●●

●

●●●●

●

●

●

●
●●

●

●●●●●●●●

●

●
●

●

●
●●●●●●●
●●●●
●

●

●

●

●

●

●

●

●
●●●●●●●

●

●
●
●

●

●●

●

●●●●●●●●

●

●

●

●

●

●●
●
●●●●
●●●●●
●●
●●●
●●●●

●

●●●●●●●
● ●●

●●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●●●●●●

●

●

●●●●
●●

●

●●●●●●
●
●

●

● ●●
●●

●

●●●● ●●●●
●
●●
●●●●

●

●

●

●●
●●●

●

●
●●●●●
●

●

●●●
●

●
● ●●●

●

●
●

●

●●●●●

●

●

● ●

●

●
●

●

●●●●●

●

●
●●●
●
●●

●

●

●

●
●●●

●

●

●

●●●●●●

●

●

●●●●●
●●

●
●●●●
●
●

●
●●●●
●
●
●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●●
●●●

●

●●
●
●●

●

●●●

●

●●●●

●

●

●

●●●●
●

●

●
●●●●●

●

●

●

●●
●●

●

●

●

●
●●●●●●●

●

●

●
●

●

●●
●●

●

●●
●
●●

●

●●
●
●●●

●

●●●●
●

●●
●
●●●●●
●

●

●
●

●

●

●

●

●

●●
●

●

●

●
●●●

●

●

●

●

●●

●

●

●●

●

●●●●
●

●

●●

●

●●●
●

●
●●●●●●

●

●

●

●●●●●

●

●●●

●

●●●●
●●●

●

●●●●

●

●

●

●●

●

●

●

●

●●●

●

●●●●●●●

●

●●
●●
●●

●

●●

●●

●●●●●

●

●

●●●●●

●

●●●●
●

●
●●

●

●
●●●●

●
●

●

●

●

●
●●●
●
●

●

●●●
●●●
●
●●●

●

●

●

●

●

●●●●●●●●●●
●●●

●

●

●●

●

●●●●●

●

●

●

●●●

●

●
●
●●●

●
●●●●●●●

●

●●●●●●●

●

●

●

●●●●●●●●
●

●●

●

●

●

●●●

●
●

●
●
●●●●
●●

●

●
●●●●●

●

●
●

●

●
●

●●●

●

●●●●●●●

●

●●●●

●

●●●●●

●

●●
●
●●●●

●

●●
●

●

●

●
●

●●●

●

●

●●●●●●

●

●●●

●

●

●

●●●
●

●

●●
● ●

●●

●

●●●●●

●

●●●●●

●

●

●

●

●

●

●

●●

●

●
●
●
●
●●●

●

●●●
●●●●●●●●●●
●
●

●

●

●

●

●●●●●

●

●●●●●●●

●

●
●●

●
●●●

●

●

●

●

●

●
●●●●●●●

●

●●●●●●

●

●●●●

●

●
●

●

●

●●

●

●

●●●
●●
●●●●●●●●●

●

●

●

●

●

●
●

●

●●●●●●●●●●
●●●

●

●●
●

●

●

●●
●● ●●●

●
●

●

●
●●

●

●

●●●
●
●
●
●●

●

●

●

●

●●
●

●

●
●●●●
●●●

●

●
●●●

●
●

●●●●●●
● ●

●

●●●●

●

●●●●

●

●

●

●●●

●

●
●

●

●

●

●

●
●
●●

●

●
●
●●
●
●
●
●

●

●

●●
●●●●●●●

●

●●●●
●
●

●

●
●

●

●

●

●

●●

●

●

●

●●●●●●
●

●●●●●●●●●●●● ●●

●

●●●●●
●
●●●●●●●●●●●
●
●●●●

●
●
●
●●●●

●

●
●

●●
●

●●●●●●●●●
●●●●

●

●●

●

●●
●
●
●

●
●

●

●

●●●

●

●

●●●●

●

●●●●

●
●

●

●

●

●●●●●●●●
●
●●●●

●

●●●●●●●

●

●
●●

●

●

●●●
●●
●●●

●

●
●

●
●

●

●

●●●●●●●●
●

●
●
●●●
●
●●●

●

●

●

●

●

●●●●
●

●

●
●

●

●
●

●●●●
●●●●●

●

●●

●

●●
●
●●●●●
●
●●●●●
●●●●●

●

●

●

●

●

●●
●●●●●●

●

●●

●

●●
●

●●
●●●●●●●●
●●●

●

●
●●●●

●

●

●●●

●

●

●
●

●

●

●●
●

●
●●●●

●

●
●●●●●●●●●●●
●●●●

●

●

●

●●●
●

●

●●●

●

●●●●
● ●

●

●●●
●●●
●

●

●

●
●●●●
●●●

●
●●

●

●
●
●●●
●
●●

●

●
●●●●●●●●●●●●●

●

●●●
●
●
●●

●

●●●
●

●

●

●
●

●

●●
●●●●●●●
●●
●●●●●●●

●

●

●●
●

●

●●
●
●●●●
●●
●
●

●

●●

●

●●●

●

●●●

●

●●●
●●●●●

●

●
●

●
●●●

●

●●
●

●●●

●

●

●●●●●●

●

●

●

●●●●

●

●

●●
●●●●●●●●

●

●

●●

●●
●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●●

●

●●●●●●●

●●●●●●●
●

●
●●

●

●

●

●●
●

●
●●●●●●●●

●

●

●
●

●

●

●

●●●●●

●

●●●●●●●
●

●●●●●●●●
●●●●

●

●●●●●●●●●●●●

●

●●●●●

●

●●●

●

●●●●●

●

●●●●●●●

●

●
●●

●

●●●●●

●

●●●
●

●

●●
●●●

●

●●●●
●
●●●●
●

●

●

●

●●●
●
●●
●●●●●
●●●●●●●●●●

●

●

●

●

●●●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●●●●

●●

●
●●

●●●

●

●

●●● ●●

●

●●
●●

●
●●●●

●

●●

●

●
●

●

●

●●●●●

●

●●●●●●●●●●

●

●
●

●

●●

●

●
●
●●●

●
●
●
●●
●

●

●

●

●

●

●●
●●●●

●

●●

●

●●●●●●●●●

●

●

●

●●

●

●

●

●
●●
●
●●
●
●

●

●●●●●●●●●●
●

●●●●●
●

●●●

●

●

●

●●●●●●

●

●

●●
●●
●
●●

●

●

●

●
●●●●
●

●

●●●●●

●

●●●●

●

●●

●

●●●●
●●●●

●●●

●

●
●

●

●●●

●

●●

●

●●●●
●●

●

●●
●

●

●

●
●

●
●

●
●●

●

●●●

●

●

●

●●●

●

●●●●●

●

●●●●●
●●

●

●●●●●●●●●●●●●●●

●

●
●
●●●●
●●

●

●●
●
●●

●

●

● ●

●●●

●

●
●●●

●
●
●●●

●

●●
●

●

●●

●

●●●●●●

●

●●

●

●

●●●●

●

●●●●●
●●
●
●●
●

●

●●●●●●●●

●

●●

●

●
●●●●

●

●●●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●
●●●

●

●

●

● ●●●●
●
●

● ●●●●●●
●●
●

●

●
●

●
●

●●

●

●●●●●

●

●

●●●

●

●●●

●

●

●

●

●

●

●

●●●●

●

●
●

●

●

●●

●

●●●●

●

●●●●

●

●

●

●

●
●

●●
●

●
●

●●●
●

●

●
●●●●●●●
●●
●

●

●●

●

●
●●

●

●
●

●●
●
●●●●●●●●

●
●
●●●

●

●●
●

●
●

●

●
●●

●

●

●

●●●●●●

●

●●

●

●●●
●
●●

●
●

●

●●●
●

●●
●

●

●●
●●●

●

●
●

●

●●

●

●
●●

●

●
●

●

●●●

●

●
●

●●●

●

●

●●●●●

●

●●●●

●

●●●●●●●
●
●

●

●●●●●●●
●
●

●

●●●●
●
●

●

●● ●

●

●
●●●
●●
●
●●

●

●

●
●●●●

●

●

●

●●●

●

●

●
●●●●●●●●●●●
●
●●●●

●

●

●

●

●●
●
●●

●

●
●

●●●
●

●●●●
●●●

●

●

●
●●

●

●

●●●●●
●●

●

●

●
●

●●●●

●

●
●
●●

●

●●●

●

●●●
●
●

●

●
●
●
●

●

●

●

●

●

●

●●●●●
●

●

●●●

●

●

●●●

●
● ●

●
●●
●●

●

●●●●●●

●

●●

●

●●
●
●

●

●

●

●●

●

●
●
●●
●
●●
●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●●
●●●●●●●●●
●●

●

●

●

●●●●●●

●

●

●

●●●●
●●●●●●

●

●

●

●

●
●●●●

●

●

●

●●

●

●

●●●

●
●

●

●●●
●
●●

●

●

●

●

●●●●●●●

●

●
●

●

●

●

●●

●

●●

●

●●●●●●
●

●

●●

●

●●●●●
●

●●
●
●●●
●
●●

●

●●●●●●●●●●●

●

●●
●
●
●

●

●

●●
●

●●
●

●
●●●

●
●

●

●
●●●

●

●●●●●●
●●●●
●

●

●●●●

●

●

●

●●●
●

●●

●

●

●

●●●

●
●●

●

●●●●

●

●

●●●●●
●

●

●●●●
●
●●
●
●●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●●●●

●

●

●

●●
●●●

●

●

●

●●● ●●
●●
●●●●●●●●●●●●●●●●

●

●

●

●●●●●●●●
●

●

●

●
●
●

●●

●

●●
●●●

●

●

●

●
●
●
●

●

●

●●●

●

●●

●

●●●
●

●●●●●●

●

●

●

●

●

●

●

●

●

●

●●●
●

●●

●

●
●

●

●●

●

●

●●
●●

●

●●
●
●
●●●●●

●

●●●

●
●●
●●●●●●●●●●●
●

●

●

●

●

●

●●

●

●

●

●

●

●●●
●●
●●●

●

●
●●

●

●●●
●

●
●

●

●

●

●●

●

●●●●
●
●●
●●●

●

●●●●●
●●●●●●●●●●

●

●●●

●

●●
●●
●●

●

●●●●●

●

●

●

●●●●●●
●
●●●●

●
●

●

●
●

●

●
●

●

●
●

●●
●

●

●

●●●●●●

●

●
●●●

●●
●●●●●
●●●●

●

●
●

●

●

●●●
●

●

●●
●●●

●
●●
●●

●
●

●
●

●
●●

●

●

●

●

●

●

●

●●●●●●●

●

●

●

●
●

●●●●
●

●●●

●

●
●

●
●●●

●

●●

●
●●●●●●
●
●●●●●●●

●

●●

●

●●●●

●

●
●

●●●●

●

●●
●
●

●

●
●

●●
●●●●

●

●

●●

●

●
●
●●
●
●

●

●

●

●●
●

●

●●●●●●

●

●●

●

●●●●

●
●

●

●

●

●

●

●●●●
●
●●

●

●●
●●●●

●

●●●●●●●●
●

●●

●

●

●

●

●●●●
●●●
●
●●●●

●
●●
●●●●●●

●

●●●

●

●●
●●
●

●

●●
●●

●

●

●●

●

●●●●

●

●●
●
●●
●

●
●●●
●

●

●

●

●●●

●

●●●

●

●

●●

●

●●

●

●

●

●

●●●●●●●●●
●
●●●●●●
●

●

●
●●

●

●
●●●●
●
●●

●

● ●
●●

●
●

●
●●●

●

●●

●

●●●●●
●●
●

●

●●
●●●●●●●●●

●

●●●

●

●●●●●
●
●

●

●●●●●●

●

●●●

●

●●

●

●
●

●●

●

●
●●●

●

●

●

●●●
●

●
●
●
●●●

●

●
●
●
●
●●
●

●
●●

●

●
●

●●●●

●

●●
●

●●
●●

●

●

●●●●●●●

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

b1

b̂ 1

Figure S4 True coefficient values (x-axis) versus their corresponding estimates (y-axis) in the
seqgendiff dataset. Estimates were obtained using the voom-limma pipeline [16, 19].
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Figure S6 Boxplots of power (y-axis) for various differential expression analysis methods (x-axis)
when applied on different simulated datasets (color).
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Figure S7 Boxplots of mean squared error (y-axis) for various differential expression analysis
methods (x-axis) when applied on different simulated datasets (color).
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(y-axis) stratified by the sample size (x-axis) from the simulation study in Section 3.3. The facets
index the different standard deviations of the loadings.
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Figure S9 Angle (log10-scale) between the added factor and its projection onto the column space
of the estimated factors (y-axis), stratified by sample size (x-axis), factor analysis method (color),
signal strength (column facets), and sparsity of the loadings (row facets). The target correlation
between the added factor and the first unobserved factor was set to 0. A smaller angle is better.
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Figure S10 Angle (log10-scale) between the added factor and its projection onto the column space
of the estimated factors (y-axis), stratified by sample size (x-axis), factor analysis method (color),
signal strength (column facets), and sparsity of the loadings (row facets). The target correlation
between the added factor and the first unobserved factor was set to 0.5. A smaller angle is better.
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Figure S11 Minimum mean squared error between the added factor and the estimated factors
(y-axis), stratified by sample size (x-axis), factor analysis method (color), signal strength (column
facets), and of the loadings sparsity (row facets). Before calculating the MSE, all factors were
scaled to have `2-norm of 1. The target correlation between the added factor and the first
unobserved factor was set to 0. A smaller minimum MSE is better.
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Figure S12 Minimum mean squared error between the added factor and the estimated factors
(y-axis), stratified by sample size (x-axis), factor analysis method (color), signal strength (column
facets), and sparsity of the loadings (row facets). Before calculating the MSE, all factors were
scaled to have `2-norm of 1. The target correlation between the added factor and the first
unobserved factor was set to 0.5. A smaller minimum MSE is better.
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Figure S13 Minimum mean squared error between the added loading and the estimated loadings
(y-axis), stratified by the sample size (x-axis), the factor analysis method (color), signal strength
(column facets), and sparsity of the loadings (row facets). Before calculating the MSE, all
loadings were scaled to have `2-norm of 1. The target correlation between the added factor and
the first unobserved factor was set to 0. A smaller minimum MSE is better.
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Figure S14 Minimum mean squared error between the added loading and the estimated loadings
(y-axis), stratified by the sample size (x-axis), the factor analysis method (color), signal strength
(column facets), and sparsity of the loadings (row facets). Before calculating the MSE, all
loadings were scaled to have `2-norm of 1. The target correlation between the added factor and
the first unobserved factor was set to 0.5. A smaller minimum MSE is better.
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Figure S15 Boxplots of the Monte Carlo correlation estimator from Procedure 4 (y-axis),
stratified by sample size (x-axis), the type of design matrix (column facets), the target correlations
(row facets), and the column of the design matrix (color). Horizontal dashed lines are the two
target correlations. The mean of the correlation estimates is approximately the true correlation.
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Figure S16 Boxplots of false positive rate (A) or power (B) stratified by differential expression
analysis method (x-axis) and color-coded by data-based simulation technique (either seqgendiff
or SimSeq) using the GTEx data [14]. Results are similar for each data-based simulation technique.
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Figure S17 Boxplots of simulation time (y-axis) stratified by data-based simulation technique
(x-axis) for the simulations run in Section S2.3. SimSeq is much slower than seqgendiff.
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Figure S18 Angle between the added factor and its projection onto the column space of the
estimated factors (y-axis), stratified by target correlation(x-axis), factor analysis method (color),
signal strength (row facets), and sparsity of the loadings (column facets). A smaller angle is better.
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Figure S19 Minimum mean squared error between the added factor and the estimated factors
(y-axis) on the single cell dataset, stratified by target correlation (x-axis), factor analysis method
(color), signal strength (row facets), and sparsity of the loadings (column facets). Before
calculating the MSE, all factors were scaled to have `2-norm of 1. A smaller minimum MSE is
better.



Gerard Page 20 of 20

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●●
●

●
●

●

●

●
●

●●

● ●

●
●●● ●● ●●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●
●

●

●

●

●

●●

●

●

●●●
●
●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

Proportion Zeros = 0 Proportion Zeros = 0.9

Loadings S
D

 =
 0.4

Loadings S
D

 =
 0.8

0 0.5 0 0.5

1.00

1.25

1.50

1.75

2.00

1.00

1.25

1.50

1.75

2.00

Correlation

M
in

im
um

 M
S

E
 o

f L
oa

di
ng

s

Method

flash

ica

pca

peer

ssvd

Figure S20 Minimum mean squared error between the added loading and the estimated loadings
(y-axis) on the single cell dataset, stratified by target correlation (x-axis), factor analysis method
(color), signal strength (row facets), and sparsity of the loadings (column facets). Before
calculating the MSE, all factors were scaled to have `2-norm of 1. A smaller minimum MSE is
better.
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