
Supplemental Methods

S1 Posterior samplng of kinetic parameters

To estimate kinetic parameters, we used component-wise adaptive Metropolis algorithm with
delayed rejection (Haario et al., 2005-Haario et al., 2006). Under the adaptive Metropolis
algorithm, at the (l + 1)th iteration, the proposal distribution q(·) is

q(β∗|βl) = MVN(βl, C l)

where

C l =

{
C0, l ≤ l0

sdcov(β1, . . . ,βl) + sdεId, l > l0

and we used the one-dimension conditional version of the q(·). As suggested in the remark
1 and 2 of Haario et al. (2001), we chose sd = 2.42

d
(d is the dimension of β) for practical

computation. We also chose each element of C0 equal to sd/d, following the code of Hug
et al. (2013). In adidtion, we computationally reduced the possibility of generating a singular
covariance matrix by setting ε = 1e−6, which is essential to our adaptive algorithm stated
below. To further improve the chain’s mixing structure, we also adopted the delayed rejection
method (Tierney and Mira, 1999; Mira et al., 2001).

Algorithm S1.1 Component-wise adaptive Metropolis algorithm with delayed rejection
to sample points for the parameter vector β.

1. Choose starting values for β, the sample size N and fix the error term variances σ2
i .

2. At sample step l + 1, for i = 1 : d, do
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And respectively,

q(βli|β∗i ) = q(βli|β∗i ; βl+1
1 , . . . , βl+1

i−1, β
l
i+1, . . . , β

l
d)

= N(β∗i , C
l
ii − C l
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(b) Draw some number a randomly from N(0, 1), then update βl+1
i by

βl+1
i =

{
βli, a > α(βli, β

∗
i )

β∗i , a ≤ α(βli, β
∗
i )

where

α(βli, β
∗
i ) = min{1, P (β∗i | log y,β−i)q(β

l
i|β∗i )

P (βli| log y,β−i)q(β∗i |βli)
}

= min{1, P (β∗i | log y,β−i)

P (βli| log y,β−i)
}

and
β−i = (βl+1

1 , . . . , βl+1
i−1, β

l
i+1, . . . , β

l
d).

(c) Delayed rejection step: when the above step rejects β∗i , we’ll do a further Metropo-
lis step with scaled covariance.

i. Propose another β∗∗i from

q
′
(β∗∗i |βli, β∗i ) = N(µ = βli, σ

2 = γ(C l
ii − C l

i,−iC
l
−i−i

−1
C l
−i,i))

where γ is the scale parameter for delayed rejection.

ii. Draw a number a∗ randomly from N(0, 1), then update βl+1
i by

βl+1
i =

{
βli, a∗ > α(βli, β

∗
i , β

∗∗
i )

β∗∗i , a∗ ≤ α(βli, β
∗
i , β

∗∗
i )

where

α(βli, β
∗
i , β

∗∗
i ) = min{1,

P (β∗∗i | log y,β−i)q(β
∗
i |β∗∗i )[1− α(β∗∗i , β

∗
i )]

P (βli| log y,β−i)q(β∗i |βli)[1− α(βli, β
∗
i )]
}

and

q(β∗i |β∗∗i ) = N(β∗i , µ = β∗∗i , σ
2 = C l

ii − C l
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ii − C l
i,−iC

l
−i−i

−1
C l
−i,i)
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i ) = min{1, P (β∗i | log y,β−i)q(β

∗∗
i |β∗i )

P (β∗∗i | log y,β−i)q(β∗i |β∗∗i )
}

q
′
(βli|β∗∗i , β∗i ) = N(βli, µ = β∗∗i , σ

2 = γ(C l
ii − C l
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end.

3. Repeat Step 2 until N samples are drawn.
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S2 Posterior sampling of error variances

Denote yobs = (y1, . . . , yn)
′

as the observed concentrations of n isotopomers at one time
point. Since we assumed the metabolites’ concentrations are independent at the same time
point, the conditional distribution of σ2

i is only related to yobs,i and the kinetic parameters β,
then we can see that the inverse gamma prior distribution for σ2

i is a conjugate prior, which
means the conditional posterior distribution of σ2

i given yobs and β is also in the family
of inverse gamma distribution. Thus, when the prior assumption of σ2

i has the following
distribution

p(σ2
i ) =

κα

Γ(α)
(σ2

i )
−α−1e

− κ

σ2
i

and the observations yobs follows a normal distribution

p(log yobs|β,Σ) =
∏
i

1√
2πσ2

i

e
−

(log yobs,i−log µi)
2

2σ2
i

then the conditional posterior distribution of σ2
i is

p(σ2
i | log yobs,β, σ

2
j 6=i) ∝(σ2
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e
− 1

σ2
i

(κ+
(log yobs,i−log µi)

2

2
)

When we have concentration data for T time points and m independent replicate ob-
servations for each isotopomer at one time point, and y = (ytj) is the observed data
(t = 1, . . . , T ; j = 1, . . . ,m), the conditional posterior distribution of σ2

i is

p(σ2
i | log y,β, σ2

j 6=i) ∝(σ2
i )
−α−1−mT

2

e
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∑T
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∑m
j=1(log ytji−log µti)

2

2
)
.
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