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A. Additional figures for real data analysis

A.1 Posterior distributions of [
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Figure S1: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Streptococcus.
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Figure S2: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Gardnerella.
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Figure S3: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Lactobacillus.
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Figure S4: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Aerococcus.
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Figure S5: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Anaerococcus.
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Figure S6: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Bifidobacterium.
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Figure S7: Posterior distributions of regression coefficients in the vaginal (first row) and
urine (second row) data sets for Corynebacterium.
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Figure S8: Posterior distributions of regression coefficients in the vaginal (first row) and

urine (second row) data sets for Fannyhessea.
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Figure S9: Posterior distributions of regression coefficients in the vaginal (first row) and

urine (second row) data sets for Prevotella.




A.2 Boxplots of DARs
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Figure S10: Boxplots of DARSYBM-INBM
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A.3 Posterior distributions of qﬁz(i) under JNBM_SG
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Figure S11: Posterior distributions of gbf](l.) colored by Study Group g¢(7).



A.4 Prediction results of JNBM Mix
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Figure S12: Lactobacillus. The left panel shows a scatterplot of observed relative
abundances, colored by posterior estimates of the auxiliary variable &; (red: éz = 1; green:
él- = 8), where él is the posterior mode estimate. The next two panels display marginal
density estimates of the relative abundances, with observed values shown at the bottom.
The fourth panel is a barplot of &;, and the final panel presents boxplots of the posterior
distributions of the eight dispersion hyperparameters ¢? for [ = 1,...,8.

Taxon L=4 L=238

Streptococcus 2 2
Gardnerella 2 2
Lactobacillus 2 2
Aerococcus 2 2
Anaerococcus 4 6
Bifidobacterium 4 7
Corynebacterium 3 4
Fannyhessea 2 2
Prevotella 3 5

Table S1: Estimated number of clusters for L = 4 and L = 8.



A.5 Boxplots of Kullback—Leibler divergence—type residuals
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Figure S13: Boxplots of D for vaginal (s = 1, left) and urine (s = 2, right) data under

each model M.



A.6 Sensitivity analysis of JNBM for Streptococcus
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Figure S14: Posterior distributions of a;y, as, 1, and fs under different choices of a,.



A.6.2 Sensitivity to a,
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A.6.3 Sensitivity to a2
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Figure S16: Posterior distributions of 72, 77, 31, and 35 under different choices of a,2.
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A.7 Boxplot of distributions of N;; and Ny,
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Figure S17:

Boxplots of distributions of Ny; and Ny;.
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B. Computational details on posterior inference

B.1 Pdélya-Gamma augmentation for negative binomial models

This section describes the Polya Gamma augmentation scheme for the proposed negative
binomial model. For sample ¢ at body site s, the negative binomial probability mass
function is given by

U(ya +a; ') ( a;! )%1( Fsi )ysi
Iysi + D (agh) Vot + i T s
ySl

T(ysi + ! ~1 si
(ysf/_|_ N« 1)(04 )% [(Oés_l +/:Lsz‘) ;1+ysj

!
_1; ( Slas)ysi
b [(1 + ,/;as)as +y6j

p<y8i|asa /687 ’}/2) =

(ysz + Qg
T(ysi + 1)«

where g = exp(y; + log(Ny;) + X!8,) under JINBM. Following [Polson et al.| (2013)), the
last term in the square brackets can be expressed as,

(:usiOés)ySi _ (eXp(Z ))y“
o )es s oo
(1 + psicvs) (1 + exp(Zsz‘)>

x/ exp( wSlZ2/2>PG(wSJOz + Ysi, 0)dws,
0

where Zg; = log(usi) + log(as). PG(wl|a,b) denotes the probability density function of the
Pélya-Gamma distribution PG(a,b). Using the (Pélya-Gamma) auxiliary variable ws;, the
equation can be represented hierarchically without the integration. Then, the joint
probability function for y,; and wy; is derived as,

D(ysi +a5h) o (o-tan _
= . 2 (as +y51) (Zsz st T ! St 2)
Ty + DT (0 T) exp | Zsi(ysi — (o5 +Ysi)/2)

X exp ( wei Z2 /2) PG(wsila; + 34, 0).

p(ysi> Wsi|as> ﬁsa 72') =

The augmented likelihood with the Pélya-Gamma auxiliary variables ensures (normal)
prior conjugacy for (8s,7;), facilitating posterior inference, which will be discussed in the
following section.

B.2 Posterior simulation

The Gibbs sampler is used to draw posterior samples of model parameters for inference.
The Pdélya-Gamma augmentation enables us to obtain the full conditionals in closed form
for most of JNBM parameters except a = {1, as}, ¢*, and 72 = {77, 73}, for which we
employ the Metropolis—Hastings algorithm. The following are the full conditionals for the
parameters of our joint models.
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Let ys. ={ysi:i=1,....n},vy={v:i1=1,...,n}, and ws. = {ws : i =1,...,n} for
s = 1,2. With the normal prior N(—72/2, 72), the full conditional for regression coefficients,
ﬁs = (5517 ﬁsQ; s 763P>/7 is derived as,

65‘&8’ 77 wS-a T2a yS- iﬁ' N(fSa US)?

where & = US{X' [(wsl(log(ogl) —log(Ng1) — 71) + (ys1 — 04;1)/2> ey (wsn(log(ogl) —

/
log(Non) = ) + (¥on = 051)/2) |+ (=1/2,...,=1/2)' } and U, = (X'QX + 77171 X
is a design matrix consisting of the intercept and the covariates for all samples, that is,

X = (X1,..., X)) with X; = (1, 240,...,2;)". € indicates a diagonal matrix of wy;, such

that Q, = diag(wsy, .. .,ws,). T is also a P x P diagonal matrix of diag(72,...,72).

’ S

Similarly, the full conditional for the latent factors ~, with the normal distribution
assumption of N(—¢?/2, ¢?) with ¢? = ¢?, is given by

(M, - ) |, an, By, Ba, 7, wi, wan, ya., g2~ N(G, V),
where V = (Q; + Qy + @ 1)~ and ¢ = V{ [((wn(log(afl) —log(N11) — X161) + (yu —
07)/2)..- (@rnllog(ar?) — log(Mun) = X481) + (nn — a7)/2)) + ((walog(az") —
lo(No1) = X{B2) + (=05 )/2), .. (wan(los(03) ~oa(Now) = X4 B) + (3205 )/2) ) | +
O (—p2/2,. .., —(bi/Q)’}. ® is a diagonal matrix of diag(¢?, ..., ¢2).

The full conditional for the auxiliary variables of wg;, with the Pélya-Gamma distribu-
tion PG(a; ! + y4,0) prior, takes the form of

p(wsilavs, Bs, iy Ysi) X €xp ( — wyi (log(Nyi) + X[ Bs 4+ 7 + log(as))2/2> PG(wsilo, " + v, 0).

According to Theorem 1 of [Polson et al.| (2013), this is proportional to a density function
of a Pélya-Gamma distribution PG (oz;l + Y, (log(Nsi) + X[Bs +7i + log(as))>; using the
prior conjugacy, the posterior samples of w,; can be taken from the updated Pélya-Gamma
distribution.

Other parameters, (a, ¢, 72), have no closed-form full conditionals with the joint full
conditional density

—1

ﬁﬁ (ysi +a;') ( a;! )O‘S ( Hsi )ysi:|
[(ysi + DT (agt) Nagt + g a4 iy

p(a, ¢, T3y, Bs,y)

»
Il
—_

=
I
—

Hence, the parameters are updated with Metropolis-Hastings steps in MCMC, using log-
normal proposal distributions.
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For the extended models, the dispersion parameters ¢7, [ = 1,..., L, of latent factors
are updated using the Metropolis-Hastings algorithm, too. Unlike JNBM_SG, JNBM_Mix
has additional parameters {v;} and {¢;}. As Dir(p,,,...,p,,) is a conjugate prior for
(v1,...,v1), the mixture weight parameters are updated using the Dirichlet distribution
with parameters (p,, +|{i: & =1, i=1,....n},....,p, +[{i : &=L, i =1,...,n}|),
where |A] indicates the cardinality of set A. Finally, posterior samples of auxiliary variables
{&} can be drawn from the updated discrete probability function: Pr(&; = 1) o< N(y;| —
¢7/2, ) v, i=1,...,nand [ =1,..., L.

As our modeling strategy is taxon-by-taxon, posterior estimates of model parameters
for the microbial community (of multiple taxa) can be obtained by repeating the above
Gibbs samplers multiple times, but can be done in parallel.
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