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Mathematical Derivation of the Update Rule for Factor V

We derive the multiplicative update rules for V, as given in Equation 3, which are
guaranteed to decrease the objective function F(S,V) for S fixed. Specifically, we
adopt the same strategy used in [1, 2] that introduced an auxiliary function in the
Expectation-Maximization algorithm. The purpose of the auxiliary function f is to
offer an upper approximation of F that coincides with F at the point V’, which
represents the current iterate in the algorithm. Consequently, the matrix

vhtl = argrr{}nf(V,Vh)

satisfies the relationship:
F(vh+1) < f(Vh+1,Vh) < f(Vh,Vh) — F(Vh)
Since the minimum of f can be computed efficiently, this approach ensures a monotonic
algorithm for minimizing F:
Vi vz,
with F(Vi*1) < F(Vh) for all h > 1.
We denote F(S, V) = F(V) for S fixed and express it as the sum of the following

terms:

F(V)=Fi(V) + F2(V) + A F3(V) 4+ A2 Fy (V)
where the functions F; are defined as follows:
o Fu(V) = S0, Sy — X log(USV )y,
* B(V) =2, Z;nzl Vip (i1 (US)iv + A1),
e F3(V)=tr(VVTIVVT)
o Fy(V)=—tr(VVT).
In fact, we have
Ml VTV = L% = Mg tr ((VTV S T(VIV L) )
= ot ((VTVVTV VTV 41,

)
=X tr(VIVVTIV) — 20, tr(VIV) 4+ A\or
= Xtr(VVIVVT) — 20 tr(VVT) 4 Ayor,

where, in the last step, we utilize the property that the trace of a product of matrices
is invariant under cyclic permutations of the factors.



To derive the update in Equation 3 , for each term of F', we construct an auxiliary
function. The sum of these auxiliary functions serves as an auxiliary function for
the original objective function, thereby enabling the derivation of the multiplicative
update. For simplicity, we use the notation Vj; instead of Vb—j to denote the transposed
elements. This notation is adopted to improve readability.

® The function

" & US),bV
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(US)ibV%
log (US)Vip) — log | —=merit"3b__

is an auxiliary function for Fy (V).
® The function

r m lb lb
f2(Vth) = Zﬁvﬁ;+§vﬁ
b=1j=1 ""Jb

where [, = 3" (US)i, + A1 > 0,is an auxiliary function for F»(V).
® The function

falv. vy =35 VRO Vs

b=1 j=1 (Vh)jb
is an auxiliary function for F5(V).
® The function
T m V%)
f4(V7Vh): (Vil)2 _3Vb+(V )
b=1j=1 \"jb

is an auxiliary function for Fy (V).

Based on these derivations, we define the function
FOV,VE) = LV, V) £ fo(V, V) 4 X (f3(V, V) + f4(V, V)

which acts as an auxiliary function for F(V).

The final step is to establish that the update in Equation 3 achieves the minimum
of f.

The minimum of f(V, V") with respect to V is determined by applying the
Karush-Kuhn-Tucker conditions, which require setting the gradient to zero:
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which, for Vj, # 0, can be simplified to

S Xy US)aV (zi(US)ib + /\1> V2
J
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(Vh(vh)th) . 4‘/%
J J

Let Ajy,, Bjp, and Cjp, be defined as follows:

(Vh(vh)TVh)
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The gradient can then be rewritten as:

Aijﬁ, + ijVij +Cjp, = 0. (Biquadratic)

The polynomial (Biquadratic) has four roots, but only one non-negative root, given

. _ *ij—F\/Ajb
g 2A%, ’

where A j, = BJQ-b—4Ajijb > B]?b = since A, > 0 and Cj, < 0. This demonstrates
that the update in attains the minimum of f.
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