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Figure 1: Power difference (%) between methods C and A. Mean power difference is taken as the
integral of power difference between methods (see methods section) over R with respect to log-
odds ratio. In all cases, 20 000 samples are used overall for a SNP with MAF 0.1, with cutoffs
a=5x107% 3=5x10"% v =5 x 1078 Method C is almost universally more powerful.
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Figure 2: Power difference (%) between methods C and B. Mean power difference is taken as the
integral of power difference between methods (see methods section) over R with respect to log-
odds ratio. In all cases, 20 000 samples are used overall for a SNP with MAF 0.1, with cutoffs
a=5x10"%3=5x10"4 v=5x 1075,



1 Covariance between Z scores due to shared samples

The matching of type-1 error rates between methods relies on establishing the covariance between
triples of z-scores under H; . The covariance can be readily approximated when z-scores are as-
sumed to be derived from tests of equality of binomial random variables m;. Z-scores comparing
proportions without using additional information (such as strata or covariates) which are monotonic
to allelic difference and asymptotically have N (0, 1) distribution must be asymptotically equivalent
to those derived from binomial comparisons, so this assumption is reasonable.

If strata or covariates are used, either an assumption must be made that computed z-scores are
well-approximated by comparisons of binomial proportions, or correlations must be approximated
allowing for the covariate or strata structure. This is sometimes tractable analytically, but can also
be estimated empirically either by using known non-associated variants or by simulating variants
with the same covariate structure.

The presence of strata or covariates also affects the values (;, and if the effects of covariates
are large, the approximations in equations in the main paper may be poor. Values (; can be

estimated as functions of allelic differences by simulating variants with the same covariate structure.

1.1 No covariates or stratification

Assume study ¢ and j have ng, ng) controls and n?, n{ cases respectively, of which nf)j controls
and nij cases are shared between both studies. Let mg, mi, m{, m}, denote the observed allele
frequencies of a SNP in the respective cohort, and po, f11, py, 1) the expected allele frequency.

If no strata or covariates are used in the calculation of summary statistics, z scores zg4, 21, 25, Zm

! o0
mgng+mono

are asymptotically proportional to the allelic differences m; — mg, m} — mgy, m) — ol
0
mini+min’ mhnh+mon, . . . . . . .
17& o Ongin,o % respectively, since z scores are monotonic with allelic differences and allelic
1 0

differences are asymptotically normal. Since mg, mi, m(,, m} are independent and asymptotically
normal the multivariate random variables (zg, zr, 2m) and (24, s, zm) have multivariate normal
distributions.

Suppose we have studies 7 on ng;, n1; controls and cases and j on ngj, nq; controls and cases, with

np;; and ny;; controls and cases shared between studies respectively. Denote by my;; the observed



allele frequency at shared cases. Since genotypes are independent at independent samples, we have

2
nisi N1 Ny,
cov(mi;, myj) = cov (Z]mlija ”m”j> = o —var(mi) (1)
i nij NNy

Now assuming p1; & po; = p1; =~ fo; = i the correlation between the observed allelic differences

mi; — Mo, M1j — Mo, is approximated by

COV(mli — Mo, mlj — moj)

cor(mi; — mo;, M1; — Moj) =
(ma; LR ]) \/V&I'(mli — mOi)Var(mlj - mOj)

cov(mi;, mij) + cov(mo;, moj)
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This holds under Hj (in which p1; = poi = p1; = poj = p) and approximately holds in general.

Expressions for pgs, pdam, prm and psy, may be derived in terms of ng, n1, ny, and n}. Specifically

det(zA) =1- P?zm - p12”m
_ (non) — nyn)?
(no 4 ng)(n1 + nq)(no + n1)(ng +ny)

det(Sg) =1 — ply — Pas — Pom + 2PdmPdsPsm
_ non?

= (4)

(no 4+ n1)(no + ny + ny)(n1 +nh)

n
n

S8

80 Y4 is singular if Z—‘l) = -2, and Xp if nyn; = 0.

_

1.2 Z scores with stratification

If computation of Z scores is performed with correction for strata or covariates, formula [2| will not
asymptotically hold and may be a poor approximation to the true covariance. The true covariance
can be computed in some cases.

If samples are divided into strata 1,2,...s, and n,,, my,, p,, denote the number of samples and



observed and expected minor allele frequencies in cohort p, study ¢, stratum r respectively, then

the z score z; for study g = ¢ is asymptotically given by

si= ) i (mi; — mp;) (5)

rel..s

for positive values «;, depending on the values T - If the Cochran-Mantel-Hanszel test is used,

then

(6)

Suppose that ngij controls and ”71"1']' cases are shared between studies 7 and j in stratum r. Since
the values m;,, are dependent only within the same values of p and r, the correlation between z;

and z; under the null hypothesis ug; = pi;, o; = ph; is given by

> agrojpcov(my; — mg;, mi; — m6j)

cor(z, zj) =

T T T T
\/var(mu mg; )var(mf; —mg;)
s T
Z o 044 + M55
rel.s n0i10; NNy

Vet G+ ) (S5 (3 + )

where all sums are over the values of r € 1..s for which the relevant values of n;,, are positive.

~

1.3 Z scores with covariates

If z scores are computed adjusting for one or more covariates, the estimation of correlation is more
difficult.

Assume that in a case population C and a control population Cy the values of some covariate(s)
x have different known distributions fi, fy, and that genotypes g at some SNP of interest may vary
with z. We will assume the populations are large and that fi, fo, and E(g|z) are continuous
functions of x.

Let g;f denote the genotype of individual k in cohort p (p € Cp,C1) and x]; denote covariate
value(s), where g;f is an observation of a random variable g. An idealised z-score testing association
of g with case/control status should be monotonic with each g;f and have expectation 0 if x is

independent of case/control status, whatever the form of the function E(g|x). Because individual



genotypes are assumed to be independent between individuals, cross-terms of the form [[, g; should
carry no additional information from singleton genotypes. We thus assume that z can thus be

decomposed into a weighted linear sum of individual genotypes:

socam Y ehob - 3 b ®)
keCt keCo
where the (positive) values c’f , clg depend only on the values x}, x;; that is, not on the relationship
between ¢ and x, and the constant of proportionality depends on only on the observed allele
frequency. Let function co(x), c1(x) denote the values of ¢; corresponding to covariate value(s) x in
Co, C1.
For a null SNP, E(g|x) is independent of case/control status, but may take any (continuous)

form. We have

1 1
0=Fz)xFE| — Ci(; — —(=— C;(;
&) B\ [y 2 o~ 1) 2
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From a standard result from the calculus of variations, this implies that

_ (@) (@)
1)) — eo(w) ola) =0 = ex(e) o s cofa) o 3 (10)

for some function f, so the values ¥, ch effectively reweight the contribution of individuals to a

common density f(z) across . The procedure of weighting observation k& in this way is analogous
to a limiting case of stratification, in which weights are defined by the frequency of stratum r (see
above). For a constant allelic difference across the range of z, the best common distribution to
‘map to’ (that is, the distribution maximising the power to discover an allelic difference) does not
depend on the relationship between g and x, and hence the best values of ¢; should be constant for
all functions E(g|x).

Let z, denote a z-score for study q; npq, fpg = fpq(x) and Cp, denote the number of samples,



g;,q and c’;q denote the normalised

density function of x, and set of samples in cohort p, study g;
genotype of sample k in cohort p, study ¢ and its coefficient in z4; nos, n1s, fos, f1s and Cj, Cf
the number of shared controls/cases between studies, the density of z amongst the shared samples,
and the sets of shared samples; and f, the common density function to which cases and controls

are weighted in study ¢ (equation . Then

1 k .k 1 k .k
nOiN0; ZkECS COiCOj + n1in1j ZkECIS Cliclj

1 k 1 k 1 k
T Teon @0+ 7k Snecn [ Sy P+ Sonecr, )"

nos fz (z)fi(z) s fi(2) f5(x)
nOZ(;IOJ ff(]s foi( m)fJOJ( )dm + nzlnl f fls fh(z fljj(m)dm (12)

fz(ff fZ(x)Q
\/nm dac + ) dzx

nlz

(11)

cov(z;, 25)

with integrals over the domain of x, and the limit as sample sizes tend to infinity while ratios
between them remain bounded.

Logistic regression models with continuous covariates can only model simple (generally linear)
relationships between ¢; and x;, and property |[10] may not hold. If the values c];q are known, the
correlation can be determined using equation If not, some methods for estimating correlation

are outlined below.

1.4 Practical estimation of covariance

Although the asymptotic correlation between z scores may be intractable, as long as the z score
permits an expansion of the form [8] the correlation will be nearly invariant with allele frequency
and change only minimally for SNPs associated with the covariate.

In practical terms, one method to estimate the correlation between z scores is to simply use the
sample correlation at a set of variants presumed to be not associated with the main trait of interest.
This approach may be unreliable and have limited power due to the difficulty of identifying such
variants

Another option is to permute existing genotypes without permuting covariates, and compute
correlation between resultant z scores. This has the disadvantage that it is difficult to permute
whilst maintaining potential relationships between genotypes and confounders.

Since the correlation should only depend on the sample sizes and structure of covariate distribu-

tions, a more convenient and powerful method is to simply simulate sets of genotypes unassociated



with the trait, but potentially associated with covariates in a range of different ways, and compute
correlation between the resultant z scores. Given the shortcomings of standard methods such as
logistic regression in fully accounting for covariate effects, this is an advisable procedure in any
analysis including covariates.

All results in the main paper which require conditions on sample sizes are only approximate
when using studies with stratification or covariates, with the approximation worsening with greater

differences in covariate values between groups and lower effective sample sizes.

2 Properties of 5*

2.1 Asymptotic properties of 3*

In this appendix, an asymptotic approximation is established for f*and it is shown that 5* > S for
all né, né, ni, n{, Za, 2. Define ¥4 and Xp as per equations 3| in the main paper, and note that

Y4 and X p only differ in their middle row/column. Further define

1 Pdm
Sam = var ((zq zm)'Hy) = (13)

Pdm 1

Let (2, 2) be the point in {z4 > 24, 2 > 2y} at minimal Mahalanobis distance from the origin

with respect to Sgp, (ie, minimal (2q 2) 5, (24 2m)?). Then for 21— pdmZ4 held constant, we have

\V4 IEA’ ((pdspdm - psm)zl + (pdmpsm - Pds)zla + ’de’Z,ﬁ*)
Y _

lim =1 (14)
2L, =00/ 2}, —00 \/ ’EB’ (—prmzﬁy + PdermZ& + ’Edm’z/ﬁ)
Specifically, for 8* defined as per equation bl we have
lim “p =1 (15)

a0 \/ 1- p?iszﬁ + Pds?a

and zg- > max(zg,4/1 — p?lszB + pzq) for all z,. Firstly the following lemma and corollary are

established:

Lemma 1. Let ¥ be a positive definite matriz of dimension N, x be the vector (x1 x2...x,)!, A1,



Ao, and Z = (z; 22...zn)t constant vectors of dimension N with Ay # Ag # 0, Cy a constant, and
R the (closed) region 1 > z1,22 > 2z2,,, TN > ZN-

Define C as the (unique) value satisfying
/ e XX (B(Abx + C) — D(Abx + C)) dwydag...duy =0 (16)
R

Denote y = (y1 y2...yn) as the point in R at minimal Mahalanobis distance M(y) from the origin
with respect to 3 (usually, y = Z). Consider all regions R for which the corresponding value of y
lies on the hyperplane Afy + C}, =0, C} # Cy. Then

Aty +C

At
lim Ay +C lim =1 (17)

M(y)—oo|Aby+Ci=0 Afy + Co  M(y)—oo|Aby+C)=0 Co — C})

Proof. The value C' is unique since the function ®(Atx + C) is continuous and monotonically
increasing in C for all x, and hence so is the integrand (and integral).

We proceed from the formal definition of a limit

Aty +C
Ve>03Y| (M y — |2 — 18
< |< v)> ‘A8y+00 ‘<€> (18)

Because Ay + C{, = 0, the right-hand side is equivalent to
(1—€)(Co—Ch) —Ajy <C < (1+¢€)(Co— Cp) — Ay (19)

We will show that there exists Y such that M(y) > Y implies that when C takes values at the
endpoints of the interval in the integral [19] the integral [16] takes different signs. Since the integral
is increasing in C' and must be 0, C' must lie in the interval in [19| for M (y) > Y.

If C takes the upper value, then at x =y, the value of the integrand is
M) (@((1+ €)(Co - CF)) - @(Co - C)) (20)

the sign of which depends on the sign of Cp — Cjj. We shall assume it is positive (with analogous

arguments if it is negative). Because € > 0, point y does not lie on the hyperplane (A — Af)x +

10



(14 €)(Co— C)) — Ay — Cy = 0 (on which the integrand of [L6]is 0). The distance from y to the

hyperplane is given by

[(AY — A§)y + (14 €)(Co — Cp) — Aly — Co|
|AY — A
(14 €)(Co — Cp) — Co + Cp|

— 21
Y (21)

D=

which is independent of y. Consider a hypersphere centred at y of radius d < D. Each point in

the hypersphere can be expressed as y + « with |k| < d, so within the hypersphere we have

O(Afx+ C) — ©(Afx + Co) = Q(A(y + ) + (1 +€)(Co — Cp) — Aly)
— P(AG(y + &) + Co)
=@ ((1+¢€)(Co — Cp) + Alk)
+ o ((Co - C}) + Agn)
> ® ((1+¢)(Co — Cg) +|Af|d)

+® ((Co — Cp) — |Agld) (22)

Thus d can be chosen independently of y such that ®(Atx+C)—®(Afx+Cp) is bounded below in
the hypersphere by a constant X also independent of y. The function ®(Atx + C) — ®(Afx + Cp)
is obviously bounded by +2. Let R’ be the intersection of R and the hypersphere. The integral

now satisfies
/ e*%XtE_lx (@(A‘ix + C) _ (I)(ABX + CO)) d.rldxg...dﬂf]v
R

_ / e_%xtz)flx (‘I’(AEX + C) — @(ABX + C’O)) dridzs...dxy

i / e—%th*lx ((I)(A‘iX 4 C) — Q)(AEX + Co)) dxidxs...dxy

R\R'
—lxt271X

> X e 2 dxldede'N

R/

- 2/ e_%xtz_lxdxlde...d:rN (23)
R\R/

Because d (the radius of the hypersphere) does not depend on y, by the properties of the Gaussian

11



integral a value My can be chosen such that M(y) > M, implies that the ratio

_1,ty-1
Jre X2 X dry. . dry

_lyty—1
fR\R'e S X VT day. . dry

(24)

is arbitrarily large (namely, > 2/X), and hence integral [23| is positive. In a similar way, a value
M_ can be chosen such that if C' takes the lower value of interval the integral is negative for
M(y) > M_. For M(y) > max(M4,M_), the value of C satisfying equation (16| lies within the

interval and the limit is established.

O
Corollary 1. Given b,c,y € R, define a such that
o0 m2
/ e 2 (P(c) —Pla—bx))dxr =0 (25)
y
then
(26)

lim =
y—oo by + ¢
and a>by+cVy

Proof. We note firstly that the function ®(c) — ®(a — bx) is increasing for all z. If the integral is 0,
the (smooth) integrand must cross 0 at some finite = € (y,00), and hence its value at © = y must
be negative. As ® is increasing, we have ®(a — by) > ®(¢) = a >by+c¢

The proof of the limit proceeds in a similar way to the proof of the lemma above.

O
Now (recalling definition [4]in the main paper)
/00 /OO /00 Ny, ((z4 25 2m)") dzsdzmdzg
/ / / NZA 2d Zr Zm) ) dzrdzmdzg
2
— / / Ny, ((zd zm)t) (P (@124 + brzm + 1)
za Jzy

—® (apzqg + bozm + co)) dzqdzm =0 (27)

12



where

PdmPrm

VIZdm|[%4|
by = Prm

 [Zaml[Za4]

’Edm’
Sl 7

_ Pds — PdmPsm

al =
Va2 8|

Psm — PdsPdm

co = —

by =
V| Zam || ZB|
Yidm
cp=— [ |z (28)

D
The asymptotic property of 8* follows from corollary

If v = 1, we have from definition [5|in the main paper

(z® +y* — 2pxy)) dxdy

//ﬁ*%ﬁe’q’( 1pzs>
// exp< ;(:c2+y2)>d:zdy

:>/ **pdsy dy—/ e B(2) (29)

from which the result follows from an application of lemma [I]

2.2 Size of 8, 8* and B+

To show that §* < 3, we show that if we set z3« = 23 in the integral then the integral is
positive. Since it is decreasing with 25 (as @ is increasing) we must have zj3 > zg if the integral is
to be 0. A similar argument can be used to show that 8+ < 8*. Denote by I(z4, zm) the value of
the integrand of 27 with zg« = 2.

Consider the line a124+b12m+c1 = apzq+bozm+co on the (z4, z,) plane on which the integrand

13



of 27]is 0. The gradient of this line is

ap — ay \/ng(no + ng)ni(ng + n1)
bo—b1  \/(n1+n})(no + njy + n1 + 1)
ngni(no + ng +n1 +ny) — (no + ng)|ngna — nony |
ny(no + ng)ni(no +n1) — (n§ + nong + ngni)ngn1 — non |

X (30)

Since |nyni — nonj| > (ngn1 — nen}) the numerator of the second fraction is greater than or equal

to

npni(ng + ngy +n1 +nh) — (no + ng) (ngny — non}) = ndnl + nh(n? + neny +nin})

>0 (32)
and similarly the denominator is greater than or equal to
2 1 /(02 / /
no(ngny + ng(ni + nony +niny)) >0 (33)

so the gradient is positive. If by — by > 0, I(z4, z) is positive if (zg, z,,) falls above the line, and
negative if below it; if by — by < 0, the other way around. Assume for the moment that b; — by < 0.
If the point (zq, 2y) lies above the line, then since I(zq, z,) is negative in the region (—o0, z4) X

(zy,00), we have

/ / I(zd,zm)dzddzmz/ / I(zq, zm)dzqdzm,
RZa Ry Za 2y
+/ / I(z4, 2m)dzqdzm,
—00 J Zy

:/ / I(zq, 2m)dzqdzm (34)
oo Jzy

If the point lies below the line, let 2/, > 2, be defined such that the point (za, z}) lies on the line.

Since I(z4, zm) is positive in the region (zq,00) X (zy,2,) and negative in the region (—00, z4) X

14



(zy,00), we have

o0 o o o0
/ / I(zd,zm)dzddzmz/ / I(zq, zm)dzqdzm,
Za Zy Za Zry
o 2l
—/ / I(zq, z2m)dzqdzm,
za Jzy
/.
—00 Z’Y
:/ / I(zq, 2m)dzqdzm, (35)
—o0 J 2zl

so it is sufficient to prove that the integral is positive when the range (z4,00) is replaced with

I(zq, 2m)dzqdzm,

(—00,00). Similar arguments can be used when b; — by > 0, in which case it is sufficient to prove
positivity when z, = 0.

This enables z; (or z,,) to be integrated out, namely reducing to showing that

/ 1 psm ((zs 2m)") — N( 1 prm)((zs Zm)dzmdzs > 0
Zf} z

~ P.sm prm 1
<:>/ exp( 2) ((I) <psmzs_zv> _q)(prmzs;ZW>> >0 (36)
1- psm 1- Prm
The second part of the integrand is monotonically increasing in zs as psm > prm. Thus the integral
is minimised as z3 — —o0, at which the value is ®(z,), which is positive.
3 SNPs with aberrant allele frequency in one group

3.1 Rp < R4 for SNPs with aberrance in (]

If SNPs have aberrant MAF in C; only, we have E(zq) = (4 # 0, E(zm) = Gn # 0 and E(zs) =

E(z;) = 0. As noted in the main text, as (4 — 0, Rp, R4 — Py (equation in the main paper) and

lim Rg = lim / / / N 24 2s 2m) ) dzsdzmdz
i Ry w( L e s d

+/ / / Ny, ((zd Ze zm)t) dzsdzmdzg
Za+Ca 2% 2y +Cm

15



and similarly, R4 — g, Rp — % as (g — too, with f* < § as shown above. For 5* defined
by bl in the main paper, we show here that R4 > Rp for all (4. For the more general definition of
B* (equation 4| in the main paper), the inequality Rp < R4 may not hold for all ;. However, in
practice, the inequality holds for almost all {; and any deviation is small and near (43 = 0.

Define the shorthand N,(x,y) as the value at (x,y) of the bivariate normal PDF with mean
(9) and variance <; 7 >, and erfc(z) = 2 (1 — ®(v/2z)) as the complementary error function. In

this section, p refers to pgs.

Consider the value R4 — Rp as a function of {;. We will show that the partial derivative

0
0Ca

asymptotically positive in both directions, it is positive for all {4 # 0. We have

Ry Ry = ( [ vy~ [ Np<m,y>dxdy>
zg J2a—Cq 2% J za—Cq
—2p —za+Cq —ZzZg* —Za+Cq
+ </ / No(z,y)dxdy —/ / Np(ﬂcay)diﬁdy> (38)
0 (Ra — Rp) /OO d /OO No(z,y)dzdy /OO 0 /OO N,(z,y)dxdy
. A — = o ’ - < )
5Cd b Z3 5Cd Za—Cq ’ Zp* 6<d 2a—Cq 8

e [ Newadsdy— [ [T N Geydedy
28 @ 2a+Cd Zg* 0Cd Za+Gd

1 z8 L (C—2a)? _1 2
— fi = Q(Cd Za)® _ 2(Cd+za)
5 27rer C (ﬁ) <e e )

e~ 3(Ca==a) orf | 22 ol — za) | _ o~ 3Ca+za) opfe [ 28— P(Ca + 2a)
2(1-p?)

(RA — Rp) is zero only when (4 = 0. Because R4 — Rp passes through the origin and is

1
_2\/%

Showing that % (R4 — Rp) > 0 when (4 > 0 is equivalent to showing that (a — b) — (pa — ¢b) > 0

T G erte (2 )
where a = e72(Ca7%)" = ¢72(Catza)” ) — o and ¢ = N
erfc (7) erfc (7>

Since (Cq — 24)? < (g + 24)? for ¢g > 0, we have a > b. Because erfc is strictly decreasing, we

have p < ¢q. Because (% < 0, we have

erfe (W)
2(1-p?)

erfc (%ﬁ)

<1 (39)

p <

where the second inequality arises because zg» > /1 — p?z3 + pzo. Thus pa — ¢b < pa — pb =

16



pla—b) <a—b, and % (R4 — Rp) > 0 as required.

4 Upper bound on Rz — R4 with aberrance in (]

For SNPs with aberrance in C}, we have E(zy) = 0, E(z,) = ( # 0, E(zs) = (s # 0 and
E(zm) = (m # 0. As above Ry, Rp — Py as (; — 0, and by similar arguments to the section
above, R4, Rp — § as (, — Fo0.

For 8* defined as per equation [5| in the main paper, it is possible to derive an approximate
(asymptotically accurate) upper bound on Rp — R4, corresponding to the most serious increase in
FPR. The approach is not readily applied to the general definition of 5%, but again the difference
is typically small in practice.

To first order

e
G / ny(no +ny +nj)
H1—Ho
SE(m’l—%:?%)

Now

Ry Ra= ( [ M- [ ] No(m,ymxdy)
28%—Cs J 2a 28—Cr Y 2o
+ (/ / N,(z,y)dzdy —/ / No(x,y)d:vdy> (41)
ZB*+C-S Za ZB+47" Za

Define 2,7, 2, such that

|| Mwdsdy= [ [Ny dady

Zr Za Zﬁ**Cs Za

|| Mowdedy= [ [Ny dady (42)
Zr Za Zﬁ*+<s Za

From equationin Appendix we have zg« — (s &~ \/1 — p?2; —pzq and zg« +(s = /1 — p?2 —

PZo,-
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Noting that [ [;* No(z,y)dedy = ®(—a)®(—b) and ®(z) = 1 — ®(—x) we now have
R — Ra=®(—24) (P(25 — &) — ®(27) + (25 + () — (7)) (43)

Applying the identity ®(—z,) = § and approximations 25~ /1= P28 + pza, Cs = kG, yields

Uk oY 2 OO ¢
T /1— p2 s /1_p2r
k1

P (44)

~
~

w
!

R 2p+ ———

Rp—Ra =~ % (CI) (Zﬁ - \/1]{:—7,02@) - (I)(Zﬁ - Cr) +@ <Zﬂ + \/1]{;_7@") - q)(zﬁ + Cr)) (45)

Considered as a function of (., the value Rg — R4 will be 0 at {, = 0 and tend to 0 as (, — +oo.
It will be maximised approximately at the points where ®(zg — ;) or ®(25+ () are changing most
rapidly; that is, (, = +2z3. At (, = 23, the contribution to the value Rp — R4 from the difference
o <z5 + m@) — ®(2g+ () is negligible (and similarly for the other difference when ¢, = —z3).

Using the first-order approximation for ®(z3 — () about ¢, = z3 yields

max (Rp — Ra) =~ 2\?% <\/1k_7p2 - 1) 28 (46)

In general, this value is substantially less than a.
All instances of ‘approximately equal’ are asymptotic limits as z, — oo and ng, ng, n1, nj — 0o

with z{ held finite.

5 Aberrance in C|

For SNPs aberrant in Cj), again E(zq) = 0, E(z,) = ( # 0, E(2zs) = (s # 0 and E(zy,) = (m # 0.
As above R4, Rgp — Py as (, — 0, and R4, Rp — % as (, — *oo. In this case, Rp is typically less

than RA.
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6 General aberrance in replication cohorts

For 8* defined according to [5 in the main paper, the increase in FPR Rp — R4 for method B for
a SNP with aberrance in C is generally smaller than the decrease in FPR R4 — Rp for a SNP
with a similarly-sized aberrance in C{, in that the integral of the difference over the range of ¢, is

generally smaller in the former.

C{ aberrant = \/ no(g ) similarly.

We define k as in the section above and k1 = g—s ot ) (noFn 17
T 0 0 1

Now for C{, aberrant

k1

Rs— Rp =~ % (@(25 —¢G)—@ <Zﬂ — %Q) + (I)(Zg +¢)—@ (Zg + m@)) (47)

1:2
Since [; ®(2)dz = 2®(z) + = <6_2 — 1), we have

Vor
/OOO (®(h — 2) — ®(h — k2)) dz = (1 - ;) (\/127;—%’9 + hcb(h)) (48)
/OOO (@(h+ 2) — D(h + k2)) dz = (1 - ;) (-\/‘%e—é“ + h<I>(—h)> (49)

Thus with aberrant C,

00 _ 52
/0 (Ra — Rp)d¢, = % (1 - 1]€1p> g (50)

Comparing R4 and Rp under the two aberrance scenarios with the same (4

Ji* (Ra = Rp) d¢q [Ch aberrant] 1= Y
Jo" (R — Ra) d¢y [C] aberrant] 1—p2

(51)

£/1—p2 _p2
For this to be > 1, a necessary condition is <1 — LQP ) > (Lp — 1> From the definitions of

pds (Appendix [1)), & (equation and kq, this is equivalent to

no +ny +n ) nonin} ny no + ny 5
nh +n _(n +n/)(n ¥ )( +nl +n +nl + >
0 1 0 0)(no +n1)(ng + ny +nh) no + n|, no

The final term in this product is of the form x + i so is greater than 2. A sufficient condition is
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thus

no + ng +nj

/ /
ng +n3

( B nonin > -
(no +ny)(no +n1)(no +nj+nj) ) —

< nZ 4+ no(ny +n1) +n1(ny —ny) >0

which holds in most study designs.
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