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This supplementary material contains the proof for Theorem 1 and Sup-
plementary Figures.

Proof of Theorem 1

(i). Assume that B’ is a soft cluster in N.. Suppose B’ is a soft cluster of a
node u. Here, ¢ is a leaf below u. If we re-expand ¢ into [p(C,)]n, to obtain
N, the soft cluster of u will become (B\B) U B, namely B. Hence, B is a
soft cluster in V.

Assume that B is a soft cluster in N. Suppose B is a soft cluster of a
node v in a tree T, where T = N — E and E C E(N). Because B C B, B
contains a leaf £ which is not below p(C,). As £ is below v in T, v must be
above p(C,) in T.

Let " € CR(C,) and c(r') € B. Here, ' has at least one parent in C,,
and c(r’) is a leaf below v in 7" since C, is exposed. Let (p,/,r") € E(N) such
that p,» € C,, and (pl.,r’) € E.

Let 7" =T — {(pl,,7")} + {(pr,7")}. B is then the cluster of p(C,) in T’
and B is the cluster of v. After replacing [p(C, )|y, with ¢ to get N, the
cluster of v is (B U ¢)\B. Hence, B is a soft cluster in N/,

(ii) Assume that B is a soft cluster in N;. Since V] is a subnetwork of
N, B is a soft cluster in N.



Assume that B is a soft cluster in N. Suppose B is a soft cluster of a
node v in a tree T, where T'= N — F and E C E(N).

Since B is not a soft cluster of a node in C,, L, N B = () and p(C,) is
visible on leaves in L,, p(C,) is not below v in T" and v is not below p(C,) in
T either.

Let " € CR(C,); r" then has at least one parent p,. in C,.

If e(r') € B, c(r') is a leaf below v in T since C, is exposed. Then p/, is
not in C,.

If ¢(r') ¢ B, p., may or may not be in C,. Suppose (pl,,7") € E. If
P & Cy, we can replace (p,, 1) with (p,/, ") and define 7" =T —{(p;,, ') } +
{(pr,7r")}. The cluster of v in 7" is then the same as the cluster of v in 7.
After replacing [p(C,)]n, with ¢ to get Ny, the cluster of v is still B. Hence,
B is a soft cluster in Vj.

A phylogenetic network over seven fungi species

Figure [S1| shows an ancestral recombination graph over seven fungi species,
which was reconstructed to study the phylogenetic relationships among the
M2 double-stranded RNA in the Rhizoctonia species complex [1].

Three phylogenetic networks reconstructed from
a grass dataset

Figure[S2] Figure[S3] and Figure[S4]show three different kinds of phylogenetic
networks, which were reconstructed from five gene trees (ITS, ndhF, phyB,
rbeL, rpoC2) of a grass dataset [2] by three different algorithms [3, 4, ],
respectively.

Two phylogenetic networks reconstructed over
siXx mosquito species

Figure [S5| shows two phylogenetic networks reconstructed over six mosquito
species, which were reported in 7] and [8], respectively.
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Figure S2: A cluster network reconstructed by Dendroscope [5] from five
gene trees of a grass dataset.
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Figure S3: A galled network reconstructed by Dendroscope [5] from five gene
trees of a grass dataset.
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Figure S4: A reticulate network reconstructed by PIRN [6] from five gene
trees of a grass dataset.




Figure S5:  Left panel: A phylogenetic network redrawn from Figure 1C
in [7]. Right panel: A phylogenetic network redrawn from Figure 6 in [§].



