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1 Appendix
1.1 Proof of Theorem 1
Let r1 and r2 (r1 ≤ r2) be the orders of sequences A1 and A2, respectively. If
k < r2 + 1, even under the null hypothesis that the two sequences are from the
same MC, the statistic Sk is large and does not follow a χ2-distribution. For a given
type I error α, the threshold for rejecting the null hypothesis should be very big.
Therefore, the power of Sk under the alternative hypothesis should be low.

When k ≥ r2 + 1, Sk will be χ2-distributed with Ck−1(C − 1) degrees of freedom
under the null hypothesis, where C is the size of the alphabet. Under the alternative
hypothesis, Sk will have a non-central χ2-distribution with non-centrality parameter
that can be computed as follows. Without loss of generality, we assume that the
sequences have the same length L. Note from the law of large numbers for MCs
[1, 2],

lim
L→∞

N (s)
w /L = π(s)(w),

lim
L→∞

N (s)
w /N

(s)
w− = t(s)(w−, wk),

lim
L→∞

N (−)
w /N

(−)
w− =

∑2
s=1 π

(s)
w−t

(s)(w−, wk)∑2
s=1 π

(s)
w−

= t̄(w−, wk).

For simplicity of notation, we let u denote word of length k−1. Therefore, we can
obtain the non-centrality parameter of Sk as

L× φ2k = L
∑
u

C∑
c=1

φ2k(u, c), (1)

where the first summation is over all words of length k − 1 and

φ2k(u, c) =
π(1)(u)π(2)(u)(t(1)(u, c)− t(2)(u, c))2∑2

s=1 π
(s)(u)t(s)(u, c)

, (2)

t(s)(u, c) is the transition probability from (k − 1)-word u to the letter c, and π(s)(u)

is the stationary probability of (k − 1)-word u for the s-th sequence. Since π(s)(u)
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is a stationary distribution, we have for any base c∗ and a (k − 1)-word u, we have
the following recursive equation

π(s)(uc∗) =

C∑
c=1

π(s)(cu)t(s)(cu, c∗), s = 1, 2. (3)

Next we show that

φ2k(u, c∗) ≥
C∑

c=1

φ2k+1(cu, c∗), for all (k − 1)− word u and letter c∗, (4)

where cu is a k-word with the first letter c followed by a (k − 1)-word u and the
sum is over all the alphabet. The above inequality indicates that the non-centrality
parameter decreases with respect to k.

Without loss of generality, we just prove the case that u is a given (k − 1)-word
Ik−1 = 11 · · · 1, ui = 1, ∀1 ≤ i ≤ k − 1 and c∗ = 1. The proof is similar for other
word patterns u and letter c∗.

For simplicity of notation, let

xc = t(1)(cIr1−1, 1), yc = t(2)(cIr2−1, 1),

µc = π(1)(cIr1−1), νc = π(2)(cIr2−1).

Since sequences A1 and and A2 are Markov sequences of orders r1 and r2,
respectively, we have for any k ≥ max{r1, r2}+1,

t(1)(Ik−1, 1) = x1, t(2)(Ik−1, 1) = y1,

π(1)(Ik−1) = µ1x
k−r1−1
1 , π(2)(Ik−1) = ν1y

k−r2−1
1 .

Therefore,

φ2k(Ik−1, 1) =
µ1x

k−r1−1
1 ν1y

k−r2−1
1 (x1 − y1)2

µ1x
k−r1
1 + ν1y

k−r2
1

.

We also have

t(1)(cIk−1, 1) = x1, t(2)(cIk−1, 1) = y1,

π(1)(cIk−1) = µcxcx
k−r1−1
1 , π(2)(cIk−1) = νcycy

k−r2−1
1 .

Thus,

C∑
c=1

φ2k+1(cIk−1, 1) =

C∑
c=1

µcxcx
k−r1−1
1 νcycy

k−r2−1
1 (x1 − y1)2

µcxcx
k−r1
1 + νcycy

k−r2
1

.

Both φ2k(Ik−1, 1) and
∑C

c=1 φ
2
k+1(cIk−1, 1) have a common factor xk−r1−11 yk−r2−11 (x1−

y1)2. Therefore, we only need to prove the following inequality

µ1ν1

µ1x
k−r1
1 + ν1y

k−r2
1

≥
C∑

c=1

µcxcνcyc

µcxcx
k−r1
1 + νcycy

k−r2
1

. (5)
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From equation (3), we have

µ1 =

C∑
c=1

µcxc, ν1 =

C∑
c=1

νcyc.

The inequality (5) follows from Jensen’s inequality [3] because the function

f(µ1, ν1) =
µ1ν1

µ1x
k−r1
1 + ν1y

k−r2
1

(6)

is a two dimensional concave function [4].

1.2 Proof of Theorem 2
Proof of part 1. Under the null hypothesis that the two sequences follow the
same Markov chain, the stationary distribution and the transition probability ma-
trices are the same for the two sequences. Let π(w) and t(w, c) be the common
stationary probability and transition probability, respectively. For NGS short read
data, let NR(s)

w be the number of occurrences of the word w in the s-th short
read data (s = 1, 2), where the superscript R refers to the “read” data. Denote
D

R(s)
w = N

R(s)
w− N

R(−)
w /N

R(−)
w− . Then SR

k can be re-written as

SR
k =

2∑
s=1

∑
w1w2···wk−1

∑
wk

(N
R(s)
w −DR(s)

w )2

D
R(s)
w

. (7)

Suppose that each genome can be divided into (not necessarily contiguous) re-
gions with constant coverage ri for the i-th region, so that every base is covered
exactly ri times. Let Lis be the length of the i-th region in the s-th short read data
and limL→∞ Lis/L = fi > 0, s = 1, 2.

Let NR(s)
w (i) denote the the number of reads mapped to the the i-th region

and N
(s)
w (i) denote the number of occurrences of w in the i-th region of the

s-th genome. Let DR(s)
w (i) be defined similarly as D

R(s)
w for the i-th region and

D
(s)
w = N

(s)
w−N

(−)
w /N

(−)
w− . It is clear that NR(s)

w =
∑

iN
R(s)
w (i) =

∑
i riN

(s)
w (i). From

the law of large numbers for MCs[1, 2], we have for each region i and each se-
quence s

lim
L→∞

N
(s)
w−(i)

Lis
= π(w−), (8)

lim
L→∞

N
(−)
w

N
(−)
w−

= t(w−, wk). (9)

So we have approximately,

D(s)
w (i) ≈ Lisπ(w−)t(w−, wk) = Lisπ(w),

DR(s)
w ≈

∑
i

riD
(s)
w (i).
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We assume that word length is small compared to read length κ, and hence the
edge effects are small. Similar to Ren et al. [5], we can show that

lim
L→∞

D
R(s)
w −

∑
iD

R(s)
w (i)√

D
R(s)
w

= 0. (10)

for any word w.
With equation (10), SR

k has approximately the same distribution as

SR,∗
k =

∑
s=1,2

∑
w1w2···wk−1

∑
wk

(N
R(s)
w −

∑
iD

R(s)
w (i))2

D
R(s)
w

=
∑
s=1,2

∑
w1w2···wk−1

∑
wk

∑
i

N
R(s)
w (i)−DR(s)

w (i)√
D

R(s)
w

2

=
∑
s=1,2

∑
w1w2···wk−1

∑
wk

∑
i

N
(s)
w (i)−D(s)

w (i)√
D

(s)
w (i)

√
riD

R(s)
w (i)

D
R(s)
w

2

=
∑
s=1,2

∑
w1w2···wk−1

∑
wk

∑
i

W
(s)
i

N
(s)
w (i)−D(s)

w (i)√
D

(s)
w (i)

2

where

W
(s)
i =

√
riD

R(s)
w (i)

D
R(s)
w

≈

√
r2i fi∑
j rjfj

.

The remaining steps of the proof are similar as that in [5] and are not presented
here.

Proof of part 2. We have shown that under the null hypothesis, SR
k /d follows an

approximate χ2-distribution with Ck−1(C−1) degrees of freedom. Let ∆ =
∑

i rifi.
Under the alternative hypothesis, for any word w, we have

NR(s)
w ≈

∑
i

rifiN
(s)
w = ∆N (s)

w .

Similar as in subsection 1.1, we can obtain the non-centrality parameter of SR
k as

L× φR,2
k = L

∑
u

C∑
c=1

φR,2
k (u, c),

where the first summation is over all words of length k − 1 and

φR,2
k (u, c) =

∆π(1)(u)π(2)(u)(t(1)(u, c)− t(2)(u, c))2∑2
s=1 π

(s)(u)t(s)(u, c)
, (11)

This part follows from the proof of Theorem 1.
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1.3 Simulation results for the comparison of two first order Markov sequences
based on NGS reads

We did simulation studies to compare the power of SR
k using NGS reads when both

sequences are of first order. The results are shown in Figure S1.
We also studied the power loss of SR

k when the estimated orders of the se-
quences were used using NGS reads. There was no power loss under this sce-
nario.

1.4 Estimated orders of positive sequences in four mouse tissues
We used BIC to estimate the MC orders of the positive sequences in four mouse
tissues. For each tissue, we conduct 30 replicates randomly. Except for some repli-
cates for tissue limb having orders r ≥ 2, all positive sequences have order 0 and
order 1. The fractions of positive sequences having different MC orders are listed
in Table S1.

Table S1: Fractions of positive sequences with different estimated orders for each replicate
and each tissue.

Replicate Forebrain heart limb midbrain
r = 0 r = 1 r = 0 r = 1 r = 0 r = 1 r ≥ 2 r = 0 r = 1

1 0.436 0.564 0.416 0.584 0.476 0.524 0 0.382 0.618
2 0.426 0.574 0.418 0.582 0.450 0.548 0.002 0.040 0.060
3 0.442 0.558 0.402 0.598 0.486 0.508 0.006 0.428 0.572
4 0.440 0.560 0.430 0.570 0.440 0.546 0.014 0.392 0.608
5 0.466 0.534 0.388 0.612 0.452 0.544 0.004 0.438 0.562
6 0.492 0.508 0.422 0.578 0.464 0.524 0.010 0.394 0.606
7 0.420 0.580 0.420 0.580 0.470 0.518 0.012 0.406 0.594
8 0.408 0.592 0.418 0.582 0.446 0.544 0.010 0.410 0.590
9 0.392 0.608 0.392 0.608 0.452 0.546 0.002 0.414 0.586

10 0.420 0.580 0.388 0.612 0.440 0.560 0 0.394 0.606
11 0.414 0.586 0.428 0.572 0.450 0.542 0.008 0.392 0.608
12 0.394 0.606 0.452 0.548 0.440 0.560 0 0.390 0.610
13 0.414 0.586 0.420 0.580 0.418 0.582 0 0.378 0.622
14 0.446 0.554 0.430 0.570 0.440 0.554 0.006 0.356 0.644
15 0.390 0.610 0.418 0.582 0.450 0.500 0.050 0.384 0.616
16 0.420 0.580 0.412 0.588 0.412 0.584 0.004 0.380 0.620
17 0.416 0.584 0.406 0.594 0.448 0.526 0.026 0.416 0.584
18 0.428 0.572 0.420 0.580 0.470 0.528 0.002 0.396 0.604
19 0.428 0.572 0.420 0.580 0.424 0.522 0.054 0.402 0.598
20 0.444 0.556 0.414 0.586 0.422 0.578 0 0.404 0.596
21 0.402 0.598 0.396 0.604 0.458 0.538 0.004 0.448 0.552
22 0.420 0.580 0.400 0.600 0.446 0.554 0 0.398 0.602
23 0.428 0.572 0.422 0.578 0.432 0.524 0.044 0.388 0.612
24 0.418 0.592 0.424 0.576 0.418 0.572 0.010 0.374 0.626
25 0.428 0.572 0.396 0.604 0.406 0.558 0.036 0.422 0.578
26 0.436 0.564 0.412 0.588 0.462 0.532 0.006 0.418 0.582
27 0.426 0.574 0.410 0.590 0.478 0.488 0.034 0.398 0.602
28 0.458 0.542 0.428 0.572 0.476 0.482 0.042 0.406 0.594
29 0.408 0.592 0.428 0.572 0.440 0.530 0.030 0.412 0.588
30 0.454 0.546 0.410 0.590 0.444 0.548 0.008 0.424 0.576
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Figure S1: The relationship between the word size k and the power of SR
k based

on NGS reads. The transition matrix of sequence A1 is from Table 1 and the transition
matrix of A2 is from Table 2 with parameters being αi = βi = γi = δi = 0.05, i = 1, 2.
(a) homogeneous sampling without errors, (b) homogeneous sampling with errors, (c)
heterogeneous sampling without errors, and (d) heterogeneous sampling with errors.
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