
Bayesian inference and Gibbs sampling. 

The final representation of our genotype-phenotype SEM model is: 

𝜂 = B𝜂 + 𝛱𝑔' + 𝜀 

)𝑢𝑣', = 𝛬𝜂 + K𝑦' + 𝛿, 

where latent variables 𝑔', 𝑦' and 𝑣' mimic ordinal observed variables 𝑔, 𝑦 and 𝑣. Let the size of 
the dataset be 𝑛 and it containes matrices of observations for 𝑔, 𝑦 and 𝑣 variables: 𝐺 of size 
(𝑛5 × 𝑛), 𝑌 of size (𝑛9 × 𝑛) and 𝑉 of size (𝑛; × 𝑛), respectively. At each iteration of an 
MCMC method, we generate matrices of observation for respective latent variables - 𝐺' for 𝑔', 
𝑌' for𝑦' and 𝑉' for 𝑣' - by the same way. For example, the element in 𝐺' at 𝑖-th row and 𝑗-
column is randomly drawn from standard normal distribution truncated to the support 
𝑠(𝐺, 𝑖, 𝑗) = (𝑙(𝐺, 𝑖, 𝑗), 𝑟(𝐺, 𝑖, 𝑗)] :  
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where 𝑄(⋅) is the quantile function associated with the standard normal distribution, [. . . ] are 
the Iverson brackets (Knuth 1992). Thereby, we generated elements in 𝐺', 𝑌' and 𝑉' form 
truncated normal distributions independently from other parameters and variables in the 
model: 

(i) ∀(𝑖, 𝑗) ∈ {1. . 𝑛5} × {1. . 𝑛}: generate 𝐺'GJ from 𝓉𝓇𝒩(0,1, 𝑠(𝐺, 𝑖, 𝑗)); 
(ii) ∀(𝑖, 𝑗) ∈ {1. . 𝑛9} × {1. . 𝑛}: generate 𝑌'GJ from 𝓉𝓇𝒩(0,1, 𝑠(𝑌, 𝑖, 𝑗)); 
(iii) ∀(𝑖, 𝑗) ∈ {1. . 𝑛;} × {1. . 𝑛}: generate 𝑉'GJ from 𝓉𝓇𝒩(0,1, 𝑠(𝑉, 𝑖, 𝑗)). 

To obtain the posterior distribution for latent variables 𝜂, we applied the approach proposed 
in (Lee 2007) at p.83. Then, for 𝑗-th sample, we denote the values of latent variables 𝜂 as 𝐻⋅J 
and draw it from multivariate normal distribution: 

(iv) ∀𝑗 ∈ {1. . 𝑛}: generate 𝐻⋅J from 𝓂𝓋𝒩((𝛴abN + 𝛬⊺𝛩ebN𝛬)𝛬⊺𝛩ebN 𝑃'⋅J , (𝛴abN + 𝛬⊺𝛩ebN𝛬)), 
where 𝛴a = C(𝛱𝛱⊺ + 𝛩h)C⊺, C = (I − B)bN and 𝑃'⋅J = (𝑈⋅J⊺ , 𝑉'⋅J

⊺ )⊺ − K𝐺'⋅J 

Parameters in the structural part 

We performed the Bayesian inference of posterior distributions for parameters in the 
structural part (B,𝛱, 𝛩h) similarly to (Lee 2007) at p.84. Let consider an equation in the 
structural part corresponding to 𝑖-th latent variable 𝜂G: 

𝜂G = 𝛤G𝜔G + 𝜀G, 

where 𝛤G is a set of parameters in 𝑖-th rows of B and 𝛱; 𝜔G contains subsets of 𝜂 and 𝑔' 
corresponding to positions of parameters in 𝑖-th rows of B and 𝛱; 𝜀G is 𝑖-th component in the 
vector of random errors and it is normally distributed with zero mean and variance equal to 
𝛩hG. We set the inverse Gamma and multivariate normal prior distributions for 𝛩hG and 𝛤G 
respectively: 

𝛩hG ∼ ℐ𝒢(𝛼rhG, 𝛽rhG), 



𝛤G ∼ 𝓂𝓋𝒩(FrG, 𝛩hG𝛷rG), 

where FrG is the ML estimate for 𝛤G, 𝛷rG is the Identity matrix; parameters for inverse Gamma 
distribution are taken as in (Lee 2007) at p.76: 𝛼rhG = 9, 𝛽rhG = 4. Let the dataset for 𝜔G be 
the matrix 𝛺G of size y𝑛z{	 × 𝑛}; the dataset for 𝜂G be the horizontal vector 𝐻G of length 𝑛. 
During the Bayesian inference of posterior distributions, we obtained the following 
parameters of posterior distributions: 

 
 

𝛷G = (𝛷rGbN + 𝛺G𝛺G⊺)bN, 

FG = 𝛷G[𝛷rGbNFrG + 𝛺G𝐻G⊺], 

𝛼hG = 𝛼rhG + 𝑛/2, 

𝛽hG = 𝛽rhG +
1
2 [𝐻G𝐻G

⊺ + FrG⊺ 𝛷rGbNFrG − FG⊺𝛷GbNFG]. 

Then, values of 𝛤G and 𝛩hGare drawn in the following order: 

(v) generate 𝛩hG form ℐ𝒢(𝛼hG, 𝛽hG), 
(vi) generate 𝛤G form 𝓂𝓋𝒩(FG, 𝛩hG𝛷G). 

Parameters in the measurement part 

As for the structural part, we performed the Bayesian inference of posterior distributions for 
parameters in the measurement part (𝛬, K, 𝛩e) similarly to (Lee 2007) at p.84. Let consider an 
equation in the measurement part corresponding to 𝑖-th phenotype 𝑝G: 

 

𝑝G = AG𝑤G + 𝛿G, 

where AG is a set of parameters in 𝑖-th rows of 𝛬 and K; 𝑤G contains subsets of 𝜂 and 𝑦' 
corresponding to positions of parameters in 𝑖-th rows of 𝛬 and K; 𝛿G is 𝑖-th component in the 
vector of random errors and it is normally distributed with zero mean and variance equal to 
𝛩eG. We set the inverse Gamma and multivariate normal prior distributions for 𝛩eG and AG 
respectively 

 
 

𝛩eG ∼ ℐ𝒢(𝛼reG, 𝛽reG), 

AG ∼ 𝓂𝓋𝒩(DrG, 𝛩eG𝛹rG) 

where DrG is the ML estimate for AG, 𝛹rG is the Identity matrix; parameters for inverse 
Gamma distribution are taken as in (Lee 2007) at p.76: 𝛼reG = 9, 𝛽reG = 4. Let the dataset for 
𝑤G be the matrix 𝑊G of size y𝑛�{	 × 𝑛}; the dataset for 𝑝G be the horizontal vector 𝑃G of length 
𝑛. During the Bayesian inference of posterior distributions, we obtained the following 
parameters of posterior distributions: 



 
 

𝛹G = (𝛹rGbN +𝑊G𝑊G
⊺)bN, 

DG = 𝛹G[𝛹rGbNDrG +𝑊G𝑃G⊺], 

𝛼eG = 𝛼reG + 𝑛/2, 

𝛽eG = 𝛽reG +
1
2 [𝑃G𝑃G

⊺ + DrG⊺ 𝛹rGbNDrG − DG⊺𝛹GbNDG]. 

 
Then, values of AG and 𝛩eGare drawn in the following order: 

(vii) generate 𝛩eG form ℐ𝒢(𝛼eG, 𝛽eG), 
(viii) generate AG form 𝓂𝓋𝒩(DG, 𝛩eG𝛹G). 

Scripts are available at https://github.com/iganna/mtmlsem. 

 


