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Appendix A : Proof of Proposition 1
Proof.

First, we note that the minus Hessian matrix of G(θ,θ0) with respect to θ is

positive-definite because

∂2

∂πm∂πm′
G(θ,θ0) = −

n∑
i=1

δiIm′ ,m

pm′ i(θ0)

π2
m′

,

∂2

∂πm∂βm′
G(θ,θ0) = 0

and

∂2

∂βm∂βm′
G(θ,θ0) = −

n∑
i=1

Im′ ,m δi

∑
ℓ∈R(ti)

πm′ exp(β⊤
m′xℓ)xℓx

⊤
ℓ∑

ℓ∈R(ti)

∑K
k=1 π0k exp(β⊤

0kxℓ)
,

where Im,m′ is 1 if m = m
′
and 0 otherwise. This guarantees that θ(s+1) =

(π̃k(θ
(s)), β̃k(θ

(s))) is the unique minimizer of G(θ,θ(s)) in θ. It follows that

log

K∑
k=1

πk exp(β
⊤
k xi) ≥ log

K∑
k=1

π0k exp(β
⊤
0kxi)

−
K∑

k=1

pki(θ0) log
π0k exp(β

⊤
0kxi)

πk exp(β⊤
k xi)

(A.1)

because

K∑
k=1

pki(θ0) log
pki(θ0)

pki(θ)
≥ 0.

Furthermore,

− log
∑

ℓ∈R(ti)

K∑
k=1

πk exp(β
⊤
k xℓ) ≥ − log

∑
ℓ∈R(ti)

K∑
k=1

π0k exp(β
⊤
0kxℓ)

−
∑

ℓ∈R(ti)

∑K
k=1 πk exp(β

⊤
k xℓ)∑

ℓ∈R(ti)

∑K
k=1 π0k exp(β⊤

0kxℓ)
+ 1 (A.2)

because it follows from the convexity of − log that

− logA ≥ − logA0 −
A

A0
+ 1.

In accordance with (A.1) and (A.2), we conclude that

l(θ) ≥ G(θ,θ0),

which implies that l(θ(s+1)) ≥ G(θ(s+1),θ(s)) and

G(θ(s+1),θ(s)) ≥ G(θ(s),θ(s)) = l(θ(s))
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from the fact that G(θ(s+1),θ(s)) ≥ G(θ(s),θ(s)) and the definition of G. This

results l(θ(s+1)) ≥ l(θ(s)) for s = 1, 2, · · · , S − 1.

Appendix B : Proof of Proposition 2
Proof.

Let β and γ be in R̃c. Then, we observe that a vector βq = qβ + (1 − q)γ is in

R̃c for q, 0 < q < 1. This is because

∑
k ̸=ℓ

p∑
j=1

|βqkj
βqℓj | =

∑
k ̸=ℓ

p∑
j=1

|(qβkj + (1− q)γkj)(qβℓj + (1− q)γℓj)|

= q2
∑
k≠ℓ

p∑
j=1

|βkjβℓj |+ (1− q)2
∑
k ̸=ℓ

p∑
j=1

|γkjγℓj |+ 2q(1− q)
∑
k ̸=ℓ

p∑
j=1

|βkjγℓj |

≤ q2c+ (1− q)2c+ 2q(1− q)
∑
k ̸=ℓ

p∑
j=1

|βkjγℓj |

≤ c

noting that

∑
k ̸=ℓ

p∑
j=1

|βkjγℓj | ≤
∑
k ̸=ℓ

∥βk∥2∥γℓ∥2 ≤ ∥β∥2∥γ∥2 ≤ c.

We conclude that R̃c is a convex set for all c ≥ 0.

Appendix C : Proof of Theorem 1
We introduce the following symbols and assume the regularity conditions as in-

troduced in [1] and [2] noted in Appendix C. Suppose that individuals are un-

der observation at times t ∈ [0, 1] and define some processes as S(0)(θ, t) =

n−1
∑n

ℓ=1 Yℓ(t)r(xℓ,θ), S
(1)(θ, t) = ∂S(0)(θ, t)/∂θ, S(2)(θ, t) = n−1

∑n
ℓ=1 Yℓ(t)ṙ(xℓ,θ)

2/r(xℓ,θ),

S(3)(θ, t) = ∂2S(0)(θ, t)/∂θ∂θ⊤, S(4)(θ, t) = n−1
∑n

ℓ=1 Yℓ(t)[u(x,θ)−u(x,θ0)]r(x,θ0),

S(5)(θ, t) = ∂S(4)(θ, t)/∂θ, S(6)(θ, t) = ∂2S(4)(θ, t)/∂θ∂θ⊤, where r(x,θ) =

exp(fQ(x,θ)) and u(x,θ) = log(r(x,θ)). Here, ṙ is the first derivative of func-

tion r. Assume the following regularity conditions.

Regularity Conditions:

A.
∫ 1

0
h0(t)dt < ∞

B. There exists a neighborhood Θ of θ0 and functions s(j) defined on Θ × [0, 1]

such that

sup
t∈[0,1],θ∈Θ

∥∥∥S(j)(θ, t)− s(j)(θ, t)
∥∥∥ p−→ 0

for j = 0, 1, · · · , 6, where ∥·∥ denotes the supremum norm.

C. Let e = s(1)/s(0) and v = s(2)/s(0)−ee⊤. For each j = 0, 1, · · · , 6, s(j)(·, t) are
continuous functions of θ ∈ Θ, uniformly in t ∈ [0, 1]. Also, s(j), j = 0, 1, · · · , 6
are bounded on Θ× [0, 1], s(0) is bounded away from zero and the matrix

Σ =

∫ 1

0

v(θ0, t)s
(0)(θ0, t)h0(t)dt
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is positive definite. Also, s(0)(θ, t) is assumed to be twice differentiable with

respect to θ on Θ× [0, 1].

D.

sup
θ∈Θ

∫ 1

0

n−2
n∑

i=1

Yi(u) ∥θ − θ0∥4 ü(θ)2h0(u)du
p−→ 0

Proof of Theorem 1 (1).

For θ ∈ Θ in assumption B, we define Xn(θ, t) = n−1[l(θ, t) − l(θ0, t)]. This is

the difference in log partial likelihoods over [0, t], evaluated at parameter θ and the

true value θ0. Then it is written by the counting processes Ni(t) = I(Ti ≤ t, δi = 1)

and at risk processes Yi(t) = I(Ti ≥ t) as

Xn(θ, t) = n−1

∫ t

0

{
n∑

i=1

log
r(xi,θ)

r(xi,θ0)
dNi(u)− log

∑n
ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

dÑ(u)

}

where Ñ =
∑n

i=1 Ni. Let An be the corresponding value of Xn with replacement

from integrator Ni to that compensator Λi. Then we get that

An(θ, t) = n−1

∫ t

0

{ n∑
i=1

log
r(xi,θ)

r(xi,θ0)
dΛi(u)

− log

∑n
ℓ=1 Yℓ(t)r(xℓ,θ)∑n
ℓ=1 Yℓ(t)r(xℓ,θ0)

dΛ̃(u)

}
, (A.3)

where Λ̃ =
∑n

i=1 Λi. Let M be the martingale process of N . By the relationship

N = Λ+M , we get that

Xn(θ, t)−An(θ, t) = n−1

∫ t

0

{
n∑

i=1

log
r(xi,θ)

r(xi,θ0)
dMi(u)− log

∑n
ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

dM̃(u)

}

=

∫ t

0

n∑
i=1

HidMi,

where M̃ =
∑n

i=1 Mi and Hi = n−1 log r(xi,θ)
r(xi,θ0)

− n−1 log
∑n

ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

. We find

that there exists ϵ > 0 such that r(xi,θ) > ϵ for all θ ∈ Θ and soHi is local bounded.

Because Yi is a left-continuous adapted process, Yi is predictable, which implies

that Hi is predictable. Therefore, Hi is a local-bounded Ft-predictable process.

Moreover, Mi = Ni − Λi is a local square integrable martingale, by the Theorem

2.3.1 in [3]. Finally, we find that by the Theorem 2.4.5 in [3], Xn(θ, t)−An(θ, t) is

a local square integrable martingale. By Theorem 2.5.2 in [3], the variance process
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B(θ, t) is given by

B(θ, t) = ⟨Xn −An, Xn −An⟩

=

⟨∫ t

0

n∑
i=1

HidMi,

∫ t

0

n∑
i=1

HidMi

⟩

=

∫ t

0

n∑
i=1

n∑
j=1

HiHjd ⟨Mi,Mj⟩

=

∫ t

0

n∑
i=1

H2
i d ⟨Mi,Mi⟩

=

∫ t

0

n−2
n∑

i=1

[
log

r(xi,θ)

r(xi,θ0)
− log

∑n
ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

]2
λi(u)du.

Then we get that

B(θ, 1) =

∫ 1

0

n−2
n∑

i=1

Yi(u)

[
log

r(xi,θ)

r(xi,θ0)

]2
r(xi,θ)h0(u)du

− 2

∫ 1

0

n−2
n∑

i=1

Yi(u) log
r(xi,θ)

r(xi,θ0)
· log

∑n
ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

r(xi,θ)h0(u)du

+

∫ 1

0

n−2

[
log

∑n
ℓ=1 Yℓ(u)r(xℓ,θ)∑n
ℓ=1 Yℓ(u)r(xℓ,θ0)

]2 n∑
ℓ=1

Yℓ(u)r(xℓ,θ0)h0(u)du (A.4)

The final integral in (A.4) converges in probability to zero by condition A, B and C

on S(0). By the Schwarz inequality, the middle integral will converge in probability

to zero if the first integral does so. The first integral also converges to zero, as

follows. First, the Taylor expansion about θ0 of log r(xi,θ)/r(xi,θ0) is written as

log
r(xi,θ)

r(xi,θ0)
= (θ − θ0)

⊤u̇(θ0) +
1

2
(θ − θ0)

⊤ü(θ∗)(θ − θ0),

where θ∗ is between θ and θ0. Then

∫ 1

0

n−2
n∑

i=1

Yi(u)

[
log

r(xi,θ)

r(xi,θ0)

]2
r(xi,θ)h0(u)du

= (θ − θ0)
⊤

[∫ 1

0

n−2
n∑

i=1

Yi(u)u̇(θ0)
⊤u̇(θ0)r(xi,θ)h0(u)du

]
(θ − θ0)

+ (θ − θ0)
⊤

[∫ 1

0

n−2
n∑

i=1

Yi(u)ü(θ∗)(θ − θ0)(θ − θ0)
⊤r(xi,θ)h0(u)du

]
(θ − θ0)

+
1

4
(θ − θ0)

⊤

[∫ 1

0

n−2
n∑

i=1

Yi(u)ü(θ∗)(θ − θ0)(θ − θ0)
⊤ü(θ∗)h0(u)du

]
(θ − θ0).

The first integral converges in probability to zero by condition A and B on S(1) in

accordance with S(5) = S(1). By the Schwarz inequality, the middle integral will

converge in probability to zero if the final integral does so. For the final term it
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follows that

1

4
(θ − θ0)

⊤

[∫ 1

0

n−2
n∑

i=1

Yi(u)ü(θ∗)(θ − θ0)(θ − θ0)
⊤ü(θ∗)h0(u)du

]
(θ − θ0)

≤ 1

4

[∫ 1

0

n−2
n∑

i=1

Yi(u) ∥θ − θ0∥4 ü(θ∗)2h0(u)du

]

which converges in probability to zero by condition D. Therefore, B(θ, 1) converges

in probability to zero. By an inequality of Lenglart in [1], X(θ, 1) converges in

probability to the same limit with A(θ, 1) for every θ ∈ Θ. By conditions A and B,

it follows that

A(θ, 1)
p−→
∫ 1

0

{
s(4)(θ, u)− log

s(0)(θ, u)

s(0)(θ0, u)
s(0)(θ0, u)

}
h0(u)du

As discussed in [1] and [2], we can take the first and second derivatives of the

limit of A(θ, 1) by taking partial derivatives inside the integral. This gives the first

derivative ∫ 1

0

{
s(5)(θ, u)− s(1)(θ, u)

s(0)(θ, u)
s(0)(θ0, u)

}
h0(u)du

which is equal to zero at θ = θ0 and the second derivative

∫ 1

0

{
s(6)(θ, u)−

{
s(3)(θ, u)

s(0)(θ, u)
− s(1)(θ, u)s(1)

⊤
(θ, u)

s(0)(θ, u)

}
s(0)(θ0, u)

}
h0(u)du

which at θ = θ0 equals −Σ, which by condition C is positive-definite matrix. Here,

we note that S(6)(θ0, t) = S(3)(θ0, t)− S(2)(θ0, t). It now follows that X(θ, 1) con-

verges in probability to a concave function h of θ with a unique maximum at θ = θ0.

We find that θ̂
p−→ θ0 by Appendix 2 in [1]. This completes the proof.

Proof of Theorem 1 (2).

Consider the score statistics defined by

U(θ) = n−1/2
n∑

i=1

∫ 1

0

{
ṙ(xi,θ)

r(xi,θ)
− S(1)(θ, u)

S(0)(θ, u)

}
dNi(u)

and the Taylor series expansion for U centered at the true value θ0 of θ as

U(θ̂) = U(θ0)− I(θ∗)(θ̂ − θ0),

where I(θ∗) is the observed information matrix at θ∗, which is on the line between

θ0 and θ̂. Because U(θ̂) = 0,

{
n−1I(θ∗)

}{√
n(θ̂ − θ0)

}
= n−1/2U(θ0).

By the Theorem 8.2.1 in [3], when conditions A-D hold, it follows that n−1/2U(θ0)

is asymptotically normal with mean zero and covariance Σ in condition D. By
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the consistency of θ̂, it follows that θ∗ p−→ θ0. Because I(θ∗)
p−→ Σ, we get that

√
n(θ̂−θ0) has the same limiting distribution with

√
nI(θ∗)−1U(θ0)

d−→ N(0,Σ−1),

from the Slutsky’s theorem. This completes the proof.

Appendix C : Proof of Theorem 2
Proof.

We assume the same regularity conditions noted in Appendix C. Let ln(θ) = l(θ)

with emphasizing the sample size n. In the same manner discussed in [4],

1

n

{
ln(θ0 + n−1/2v)− ln(θ0)

}
= − 1

2n
M2Op(1)

for sufficiently large ||v|| = M , where || · || denotes L2-norm. It is therefore sufficient

to show that there exists a large constant ||v|| = M such that

− 1

2n
M2Op(1) +Dn(v) ≤ 0,

where Dn(v) = Pn(β0 + vβ) − Pn(β0) and Pn(β) = nλc

∑
ℓ ̸=m

∑p
j=1

|βℓjβmj |
|β̂ℓj β̂mj |

. We

note that in the main paper we denotes Pn(β) as Pc(β) but exchange the subscript

to emphasize the sample size. It follows that

Dn(v) = λn

∑
ℓ̸=m

p∑
j=1

1

|β̂ℓj β̂mj |

{
|(β0ℓj + n−1/2vℓj)(β0mj + n−1/2vmj)| − |β0ℓjβ0mj |

}
≤ λn

∑
ℓ̸=m

p∑
j=1

1

|β̂ℓj β̂mj |

{
n−1/2|β0ℓjvmj + β0mjvℓj |+ n−1|vℓjvmj |

}

= λn

∑
ℓ̸=m

p∑
j=1

{
n−1/2

(∣∣∣∣∣β0ℓj

β̂ℓj

∣∣∣∣∣
∣∣∣∣∣ vmj

β̂mj

∣∣∣∣∣+
∣∣∣∣∣β0mj

β̂mj

∣∣∣∣∣
∣∣∣∣∣ vℓjβ̂ℓj

∣∣∣∣∣
)

+ n−1

∣∣∣∣∣ vℓjβ̂mj

∣∣∣∣∣
∣∣∣∣∣vmj

β̂ℓj

∣∣∣∣∣
}
.

By the first order Taylor expansion,

1

|β̂ℓ,j |
=

1

|β0ℓ,j |
− sign(β0ℓ,j)

β2
0ℓ,j

(β̂ℓ,j − β0ℓ,j) + op(||β̂ℓ,j − β0ℓ,j ||),

and we then find from the property of the partial maximum likelihood estimator

that ||β̂ℓ − β0ℓ|| = Op(n
−1/2). This results in

1

|β̂ℓ,j |
=

1

|β0ℓ,j |
+Op(n

−1/2).

We therefore get that∣∣∣∣∣β0ℓj

β̂ℓj

∣∣∣∣∣
∣∣∣∣∣ vmj

β̂mj

∣∣∣∣∣ ≤ |vmj |
|β0mj |

∣∣∣(1 + n−1/2|β0ℓj |Op(1))
∣∣∣ ∣∣∣(1 + n−1/2|β0mj |Op(1))

∣∣∣
≤ |vmj |

|β0mj |

(
1 + n−1/2Op(1)(|β0ℓj |+ |β0mj |) + n−1Op(1)|β0ℓjβ0mj |

)
.
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for j such that β0mj ̸= 0. Let En(z1, z2) = 1 + n−1/2Op(1)(|z1| + |z2|) +

n−1Op(1)|z1z2|, then

Dn(v)−
1

2n
M2Op(1) ≤ n−1/2λn

∑
ℓ̸=m

∑
{j:β0ℓj ̸=0,β0mj ̸=0}

{(
|vℓj |
|β0ℓj |

+
|vmj |
|β0mj |

)
En(β0ℓj , β0mj)

}

+ n−1λn

∑
ℓ ̸=m

∑
{j:β0ℓj ̸=0,β0mj ̸=0}

{
|vℓj ||vmj |
|β0ℓj ||β0mj |

En(β0ℓj , β0mj)

}
− 1

2n
M2Op(1)

By the assumption n−1/2λn = Op(1), for sufficient ||v|| = M , Dn(v) ≤ 0. This

completes the proof.
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