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Additional file 1: Consistency of the jackknife estimator

for right-censored data

We show proof of the consistency of the jackknife estimator. First, we make the following

two assumptions

E[PX(d̂n(X) ̸= d̂n−1(X))] −→ 0 (1)

E
[ T2 + 1

P 2(A|X) S2
c (T |X)

]
< ∞. (2)

(1) makes the assumption that the treatment rules based on samples of size n and n− 1

are asymptotically equal in probability. (2) assumes that the expectation of the second

moment of the outcome, adjusted by the propensity score and the probability of censoring,

is finite.

Given the above assumptions, we make the proposition that

∑n
i=1 Ti

1{Ai=d̂
(−i)
n (Xi)}

P (Ai|Xi)

δi
Sc(Ti|Xi)∑n

i=1
1{Ai=d̂

(−i)
n (Xi)}

P (Ai|Xi)

δi
Sc(Ti|Xi)

− E
[
T |A = d̂n(X)

] p−→ 0, when P (A|X) andSc(T |X) are known.
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Let Ui = Ti
1{Ai=d̂

(−i)
n (Xi)}δi

P (Ai|Xi) Sc(T |Xi)
, Wi =

1{Ai=d̂
(−i)
n (Xi)}δi

P (Ai|Xi) Sc(T |Xi)
, Un = n−1

∑n
i=1 Ui, Wn = n−1

∑n
i=1 Wi,

and

µn = E[Un] = n−1
∑n

i=1 E
[
Ti

1{Ai=d̂
(−i)
n (Xi)}δi

P (Ai|Xi) Sc(Ti|Xi)

]
= E

[
T 1{A=d̂n−1(X)}

P (A|X) Sc(T |X)

]
.

We note µ̃n = E
[
T 1{A=d̂n(X)}

P (A|X) Sc(T |X)

]
, and then

µn − µ̃n = E
[ T

P (A|X) Sc(T |X)

(
1{A = (d̂n−1X)} − 1{A = d̂n(X)}

)]
≤ M E

[(
1{A = d̂n−1(X)} − 1{A = d̂n(X)}

)]
+E

[ T

P (A|X) Sc(T |X)
1
{ T

P (A|X) Sc(T |X)
> M

}]
−→ 0

where M < ∞ is a constant. The convergence of the first term is based on assumption (1)

and the convergence of the second term is based on assumption (2).
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We also have that

V ar[Un] = n−1V ar
{ n∑

i=1

Ui

}
= n−2

n∑
i=1

n∑
j=1

[
E
(
UiUj)− E(Ui)E(Uj)

)]
= n−2

n∑
i=1

n∑
j=1

[
E
(
TiTjδiδj

1{Ai = d̂
(−i)
n (Xi)}1{Aj = d̂

(−j)
n (Xj)}

P (Ai|Xi) Sc(Ti|Xi)P (Aj|Xj) Sc(Tj|Xj)

)
− µ2

n

]
= n−2

n∑
i=1

n∑
j=1

[
E
(
TiTjδiδj

1{Ai = d̂
(−i,−j)
n (Xi)}1{Aj = d̂

(−i,−j)
n (Xj)}

P (Ai|Xi) Sc(Ti|Xi)P (Aj|Xj) Sc(Tj|Xj)

)]
−µ2

n + op(1)

= n−2
∑
i

[
E
{( Tiδi

P (Ai|Xi) Sc(Ti|Xi)

)2

1{Ai = d̂(−i)
n (Xi)}

}]
+

n−2

n∑
i=1

∑
j ̸=i

E
[
E
(
TiTjδiδj

1{Ai = d̂
(−i,−j)
n (Xi)}1{Aj = d̂

(−i,−j)
n (Xj)}

P (Ai|Xi) Sc(Ti|Xi)P (Aj|Xj) Sc(Tj|Xj)

∣∣∣D−i,−j
)]

−µ2
n + op(1)

= n−2
∑
i

[
E
{( Tiδi

P (Ai|Xi) Sc(Ti|Xi)

)2

1{Ai = d̂(−i)
n (Xi)}

}]
+

n−2

n∑
i=1

∑
j ̸=i

E
[
E
(
Tiδi

1{Ai = d̂
(−i,−j)
n (Xi)}

P (Ai|Xi) Sc(Ti|Xi)

∣∣∣D−i,−j
n

)
×E

(
Tjδj

1{Aj = d̂
(−i,−j)
n (Xj)}

P (Aj|Xj) Sc(Tj|Xj)

∣∣∣D−i,−j
n

)]
− µ2

n + op(1)

= n−2
∑
i

[
E
{( Tiδi

P (Ai|Xi) Sc(Ti|Xi)

)2

1{Ai = d̂n−1(Xi)}
}]

+

n−2

n∑
i=1

∑
j ̸=i

E
[
E
(
Tiδi

1{Ai = d̂n−2(Xi)}
P (Ai|Xi) Sc(Ti|Xi)

∣∣∣d̂n−2

)]2
− µ2

n + op(1)

= n−2

{
cn+ n(n− 1)E

[
E
(
T1

1{A1 = d̂n−2(X1)}
P (A1|X1) Sc(T1|X1)

∣∣∣d̂n−2

)]2}
− µ2

n + op(1)

= op(1),

where D−i,−j
n is the data set of size n with the ith and jth elements excluded, and c < ∞ is

some constant by the second assumption (2).
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Thus, we have shown that

E[Un − µ̃n] −→ 0, and

V ar[Un] −→ 0.

Similarly, we can show that

E[Wn − 1] −→ 0, and

V ar[Wn] −→ 0.

By the WLLN, Un − µ̃n
p−→ 0 and Wn − 1

p−→ 0, which implies that

Un

Wn

− µ̃n
p−→ 0.

This completes the proof since µ̃n = E
[
T 1{A=d̂n(X)}

P (A|X) Sc(T |X)

]
= E

[
T |A = d̂n(X)

]
.
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