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Appendix A: Gibbs sampling procedure based on Pélya-Gamma
expansion

A.1 Random effects model

Bayesian analysis relies on the posterior distribution of regression coefficients, which

is proportional to the likelihood of the data and the prior distribution:

p(v], % Ey) op(ylv] (v v, ) p(v?)p(E9). (1)

The multinomial logistic likelihood (Equation 2) can be expanded with a Pdlya-
Gamma auxiliary variable to suit a Gibbs sampling procedure. This expansion relies
on the following equality [1]:

_ exXp (mji’)’q)
p((y; = h)vi, v % wi = ’ ; (2)

Q-1
Z exp (zj;y;) + 1
r=1

1
scenp |5 (f — )Tt~ )]

where X is a matrix filled with n; rows of covariate vectors x;; and 77? =X j'yjq —

I(y;=h%)—1
> exp(X;4)], k= Hwh=z
m#q !
Equation 2 can be recognized as the kernel of a multivariate Gaussian likelihood

of working variable s [1]:
K~ N (n],{27}7) 3)

Here, Qg reflects the diagonal matrix of Pélya-Gamma distributed variables w? =

(W?p ceey w?nj ). A Gibbs sampler can be constructed when the likelihood in Equation
3 is combined with multivariate normal prior distributions on random regression
coefficients 'y]qhq, 317 and mean random regression coefficients 49, and an inverse-

Wishart prior distribution on covariance matrix 3:9:

vj ~ N(v?,%9) (4)
,7‘1 ~ N(gq, GQ)
2~ W0, 89)

The resulting Gibbs sampler consists of the following steps:

1 Sample mean regression coefficients:
J
YO~ N V(B AT - Gig), vy
j=1

with prior mean vector g?, prior precision matrix G? and posterior variance

matrix V;, = (J{Z(-D}-1 4 G9)~1,
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2 Sample covariance matrices of regression coefficients:

J T
590 ~ ! <j° 0,814 30 (1 — a0 ) (450 et )

j=1

1 with prior hyperparameters j° > P and S9.

2 3 For each j, sample random regression coefficients:

l -1 -1 m(l
7~ N(Kf; (X9 1Y e )
m#q

+{ga(l)}fl7q(l))7 V.g)

s with prior mean vector 44, prior precision matrix X! posterior variance
4 matrix V! = (XjTQ?(lfl)Xj 4+ {29M}=1~1 and diagonal matrix of Pélya-
5 Gamma variables Qg(lfl) = diag(wﬁlil), . ,w?r(f;l)).

4  For each j and ¢, sample Pdlya-Gamma variables:
l l
Wi ~ PG 1Y)

6 The remainder of this section shows the derivations of the full conditional distribu-

7 tions.

s A.1.1 Deriving the likelihood function

o The following equality forms the basis to rewrite the multinomial likelihood in

0 Equation 2 as a Gaussian likelihood [1]:

exp (z;i7})
p((y] = hq)|’7jaw?7mj) = Q-1 AR P (5)

Z exp (z;;v;) + 1
r=1

o o _qu(nqi>2
- H2 exp H?iw;?m?i / exp | —L—L 5 J p(w?i)dwji
0

i=1

u where wf; ~ PG(1,nj;) is a Pélya-Gamma distributed variable,

7

w  where 1}, = x;7] —In [Z exp(x;iy]")
m#q
I(y,=h%)~ 4
w? .

13 and where working variable &? =
3
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1 Further algebraic transformation results in the kernel of a Gaussian likelihood:

oo qu, 92
p((y; = h9)| H 2 exp[ K Jmﬂ] /O exp [”;7’”)] p(w?i)dw?i (6)

> Hence, working variable FL? is multivariate normally distributed:
K~ N (n], {Q}71). (7)

s A.1.2 Deriving conditional posterior distributions
+  Random regression coefficients 7;,1 Using the likelihood in Equation 7 and prior
s distribution v] ~ N(v%,{X%}), the conditional posterior distribution of random

¢ regression coeflicients ’y}z is also a multivariate normal distribution:

p(vj1-) op(y;lvy vy 4wl 2)p(v)) (8)
| o )" - )|

exp —% (v =) {3 () - 7")]

o exp | =3 (T (XY RIX, + {21 — 24}

(X} (k2 + [ Y exp(X;7)]) + {7 7197)

m##q

w\»—*

x exp[

T
(’Y — Vi ({ X379 (k] + 1) eXp(Xﬂf”)]H{Eq}l’Yq))

m#q

(7 Vi (X7 (k] + 1) exp(Xﬂ}”)])Jr{Eq}_lvq))]

m#q

N [V (X001 4+ T[S exp(Xsa)]) + {30} 1), Vo

m#q

7 with prior mean vector 4%, prior variance matrix 3¢ and posterior variance matrix

s VI =(X,7QIX; + {9} )7!
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Random mean v¢ When the posterior distribution of 7}1 (Equation 8) is included
as a likelihood and combined with a N(g?,{G?}~1) prior distribution, the con-

ditional posterior distribution of random mean ~? is another multivariate normal

distribution:
p(¥).) <[ [ (¥4, Z9)p(v?) (9)
j=1
J 1
o [T exp| =5 () =) (B0 (7] - 7‘1)] x
j=1

exp

*%('rq ~g9)TG (v - gq)]

xexp| 5 (71} (H{ET ) v) — 2y ({211 Y

X

1
exp| 5 {71} G — 27"} G’

1
x exp |~ {1} (J{E} 1+ G) -

J
2y} (B> 4+ Gg° ]
j=1

J
1
o exp| =5 v -V] {za}1 Z'y}z + Gig? {Vﬂf}_1

j=1

J
~4 — V,f {Eq}_1 Z,qu + Gig? ]

j=1

J
~N | VE{EGTY A+ G| Ve

J=1

with prior mean vector g4, prior precision matrix G?, and posterior variance matrix

V, = (J{Z9} + G,

Random wvariance 39 When the posterior distribution of v (Equation 8) is
included as a likelihood and combined with an inverse Wishart W=1(5°, §9) prior,

the conditional posterior distribution of random variance 39 is proportional to an
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inverse Wishart distribution:

P71 o< p(fl, 2)p{E7) (10)
J
o [Tt exp [—;w;f )T ] —7‘1)] x

BT D exp l‘éwsqwq}l)]

B9

exp [—;tr ((Sq + i(v}l -] - vq)T) {Eq}‘lﬂ

Jj=1

J
~ WL <j° ST (v =) - 'yq)T>-

j=1

A.2 Mixed effects model

A mixed effect model is defined as follows:
9 = f(xhB + xfiy?) (11)

where acfl and :cﬁ are vectors of fixed and random covariates respectively. Vectors 349
and ’y;-z reflect the accompanying fixed and random regression coeflicients. Function
f refers to the multinomial logistic likelihood function.

The multivariate normal distribution of working variable Iﬁ‘,g then has the following
form:

K~ N (nf {Qf}7). (12)

Here, n! = X% + XFy? — ln[z exp(X[ 8™ + X['4")]. The likelihood

m#q
in Equation 12 can be combined with the prior distributions in Equation 4,

complemented with a multivariate normally distributed prior on 3¢:
B~ N(b?, BY) (13)

The Gibbs sampling algorithm in list A.1 is extended with a distinct step for the
fixed regression coeflicients:

1 Sample fixed regression coefficients:

J
ﬂQ(l) ~N V,[;I(Z XJE'TQ?(Z—U(KQU—U _ XJR,.Y;J(Z)+

J
Jj=1

m[Y" exp(XF A0 + X Py ) 4 BibY), V4

m#q
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with prior mean vector b?, prior precision matrix B? and posterior variance

J
. q _ FT 5q(l-1) v F q\—1
matrix Vj = (ZX] Q; X; +BY)".
j=1
2 Sample mean random regression coefficients:

J
10~ N VIR AT+ GigY), v
j=1

with prior mean vector g4, prior precision matrix G¢ and posterior variance
; _ I-1)1—1 —1
matrix V;, = (J{Z(-D}~1 4 G9)~1,
3 Sample covariance matrices of random regression coefficients:

sa) -1 (jo + 30 4 zJ:('Y?(ll) B 74(1)) (7;;(171) _ ,Yq(l))T)

Jj=1

with prior hyperparameters j0 > P% and 3°.
4 For each j, sample random regression coefficients:

a(l) Rya(l=1)(, a(=1) F 3q(l
O N (Vi (XD (Y - XTI+

[} exp(XF B0 + XEryO))) 4 (m0} -1y, VI
m#q

with prior mean vector 42" prior precision matrix X% and posterior
. . T ~q(i—1 1y
variance matrix V! = (Xf Qg( )X]R—i— {3aO}-1)=1,
5 For each j and ¢, sample Pélya-Gamma variables:

q(l) q(l)
Wi NPG(LWJ@‘ )

A.3 A note on prior specification

A.3.1 Regression parameters

In the Gibbs sampling framework, regression coefficients are normally distributed
with a mean and covariance matrix. We shortly discuss the role of these parameters
below. The covariance matrix defines the spread of the distribution and therefore has
a substantial influence on informativity: Small variance parameters increase prior
information. When non-informativity is preferable, large variance parameters are
not the simple answer, as they may destabilize computations in Bayesian logistic
regression analysis [2]. Jeffreys’s prior could be an option, but sufficiently stable
computation is not guaranteed [2, 3]. The challenge is therefore to specify prior
variance parameters that are both sufficiently small to support stable analysis and
to give a realistic support of the parameter and at the same time sufficiently large
to be considered vague.

The mean hyperparameters defines the center of the distribution and becomes
increasingly influential on the posterior distribution when the variance of the
distribution is small. The relevance of adequate mean hyperparameters therefore
increases with the informativity of the analysis. It should be noted that prior
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information of mean regression coefficients is not always available in the required
parametrization. Researchers may be more likely to have information available in
terms of (success) probabilities rather than logistic regression parameters. Kavelaars
et al. propose an approach to compute mean hyperparameters for the context of
treatment comparison in the presence of a single patient characteristics, based on
expected joint response probabilities [4].

A.8.2 Covariance matrices

The covariance matrix follows an inverse-Wishart distribution with parameters.
Specifying a non-informative prior on covariance matrices and variance parameters
in general is not straightforward [5, 6]. The informativity of the inverse-Wishart
distribution is sensitive to the size of variance parameters: small variances make
inverse-Wishart distributions more informative. Naively specifying standard prior
hyperparameters without consideration of prior information or data at hand may
result in an undesirably large prior influence. Weakly informative (data-based) prior

specification may be superior, if not essential for computational stability [5].

Appendix B: Procedure for transformation to the probability
scale and decision-making

Algorithm 1 Procedure for statistical decision-making with posterior regression
coefficients

1: Step 1. Transform regression coefficients to treatment differences
2: Let 'yJQ =(0,...,0) and & = (1, T, w,...)

3: for draw (1) <~ 1: L do

4: for cluster j <~ 1:J do

5: Compute joint response probabilities
6: for treatment 7'+ 0: 1 do
7 for joint response category ¢ «+— 1: @ do
8: if Population of interest defined by a range of values of w then
9:
o exp [w;fy‘?(z)]

10: Compute ¢qu = / o1 dw

“ Z exp [m;fy;j(l)] +1

r=1

11: end if
12: if Population of interest defined by a fixed value of w then
13: o
14: Compute ¢%(3l) _ o exp{mj'f ]

Z exp [:c;'y;'(l)] +1

r=1
15: end if
16: end for
17: Compute multivariate success probabilities
18: for outcome k < 1: g do
19: Compute 0%(;) = Zgb%(j.)l(hq e Uy)

q=1

20: Compute multivariate treatment difference
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21: Compute 5;60) = (‘)Ifj(-l) - 0’5]@
22: end for
23: end for
24: end for
25: for outcome k <+ 1: K do
J
) k() _ Ny sk(l)
26: Pool § Z ¥ 1) J
—
DI
j=1

27: end for
28: end for
29: Step 2. Make superiority decision
30: Define superiority region Sg
31: Draw conclusion

L
32: if 1 Z I(6®Y € Sg) > pewr then Conclude superiority

(=1

33: else Conclude non-superiority
34: end if
Author details
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