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1 An algorithm to approximate the power function

An algorithm employing nested simulation technique to approximate the power
function

Y(0) =Po[T(yn) >N =P[T(yn) > Nyn ~ f(yl0)]

= /l{T(yN) > )\}Hf(yv:|9)d}’N- (1)

i=1

is given as follows:

2 Proof of Theorem 1

Let 6; denote the true data generating parameter. Due to the asymptotic normality of
the maximum likelihood estimator, if the sample size NV is sufficiently large, then the
maximum likelihood estimator T} (yy) is normal with mean 6; and variance 1/1(6;),
where 1(0) = E[(0%/06%)log f(yn~|0)] denotes the Fisher information. By setting the
performance goal 6y as the truth 6;, we can express the p-value of the frequentist test
procedure as follow:

plyn) =P[Ti(yy?) > Ta(yn)lyn® ~ f(yl6o)]
=P [VI(0) - (Ti(yx") = 60) > /I00) - (Ti(yw) = B0)lyi” ~ £(3160)]
~P (2> VI00) - (Ty(yn) = b)ly” ~ F(ylfo)]  for large N
=P |2 < \/T00) - (6 — Ti(yn))IyR" ~ f(4160)]

=0 ( I(6y) - (6 — Tl(yN))) ; (2)

where Z and ®(z) represent the random variable and cumulative distribution func-
tion of standard normal distribution, respectively. y\” represents a hypothetical
representation of data y under the null distribution.



Algorithm 1: A nested simulation to approximate the power function ()

Goal: Approximating the power function 1(#) (1) evaluated at 6 € ©.

Input: A prior (), data generating distribution f(y|6),
threshold value X € [0, 1], Bayesian test statistics T'(y y),
true data generating parameter #, number of repetitions of trials R,
and number of posterior samples S.

Output: An approximated value ¥(6).

For (r=1,---,R){

e Generate the synthetic responses of N patients assuming that 6 is true

v = ) ~ Fl6)
For (s=1,---,58){
e Sample from posterior distribution given yS\T,)

0 ~ 7 (6ly)
}

e Approximate Bayesian test statistics T( ) by {6()}5_,
T(yi') = g0, ,0),
where the function g(+) is chosen appropriately according to the form of T'(y )

e Approximate power function () by {T(y )™},

1SN
=R;1(T<y§§>>>A)

On the other hand, the Bernstein-Von Mises theorem [1, 2] states that, if the sam-
ple size N is sufficiently large, the posterior distribution 7 (f|yy) is approximately
normally distributed with the mean same as 77(yy) (the maximum likelihood esti-
mator) and the variance same as the reciprocal of the Fisher information evaluated at
the truth, i.e., 1/1(6;), independently of the form of prior 7(6). Thus, the following
equation holds

Ta(yn) =P[O > Oolyn]
:P[ I(6,)- (0 —Ti(yn)) > VI(6:) - (6o —Th( YN))|YN}
~P {Z >\/I(0) - (00 —Th(yn )\yN] for large NV

:1—@(\/@ (6o — T1(yn) )



Therefore, if the true data generating parameter 6; is the performance goal 6, it holds
To(yn)=1—® ( I(6p) - (6 — Tl(yN))> for large N. (3)

By the asymptotic equations (2) and (3), it holds To(yn) &~ 1—p(yn) if N is sufficiently
large.
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