Additional file 2 – Weighted log rank tests     
The log-rank test (LRT) is commonly used in statistics to test the hypothesis that two survival curves are the same and it is known to have optimal power under the proportional hazards (PH) assumption. The test statistic can be expressed as follows:

Where: 
· Ot denotes the observed number of deaths at time t.
· Et denotes the expected number of deaths at time t.
· σt denotes the variance of the expected number of deaths at time t.
· D is the total number of event times.
In this situation, the treatment effect can be expressed by a hazard ratio (HR) and can be estimated using for example a Cox regression model. When the PH assumption does not hold, the LRT is adjusted to include weights. The weighted log-rank test (WLRT) statistic can be thus expressed as follows:

Where the only difference is the inclusion of wt, a weight function at time t. The main purpose of the weight function is to give weight to certain parts of KM curve. 

Many different weights have been proposed in the literature. The Fleming-Harrington’s G(𝜌,𝛾) class of weights is one of the most frequently reported in the literature.(1) When this class of weights is applied, the weight function at time t can be defined as W(𝜌,𝛾) = 𝑆(𝑡)𝜌[1−𝑆(𝑡)]𝛾, where S(t) is the Kaplan–Meier estimate of the survival function at time t, and 𝜌, 𝛾 ≥ 0 are the Fleming-Harrington test parameters. With this notation, when 𝜌 = 0 and 𝛾 > 0, more weights are placed on late events, which is more appropriate to detect delayed treatment effects. Likewise, when 𝜌 > 0 and 𝛾 = 0, more weights are placed on early events, which is more appropriate to detect early treatment effect with a possibly waning over time. When 𝜌 = 𝛾 > 0 more weights are placed in the middle. Finally, when both 𝜌 = 𝛾 = 0 no weights are applied, which corresponds to the standard log-rank statistic that is most appropriate under the PH assumption. Fine 2007 and Hasegawa 2014 used the Fleming-Harrington WLRT to design a study under the assumption of a delayed treatment effect.(2,3) However, it has been shown that Fleming-Harrington weights are sub-optimal for a delayed treatment effect model and that study designs using the Fleming-Harrington WLRT can be inefficient.(4) Therefore, to overcome some the limitations of the FH class of tests, several alternatives were proposed in the literature. 

The first alternative approach is based on adding complexity to the PH model. Xu et al. 2017 suggested a piecewise constant proportional hazards model to derive an optimal WLRT that incorporates a fixed delay time in treatment effect.(5) Thus, the treatment effect is assumed to be a piecewise HR, with one fixed lag time at which the hazards change. They showed that under the delayed effect scenario, the piecewise WLRT with weight 0 before the lag time and 1 after the lag time is the most powerful WLRT. This is essentially a regular LRT considering only the events that occurred after the lag time. Note that the piecewise PH model can be easily generalised to multiple lag times where the hazards change. However, as Ding and Wu 2020 indicated, even though a lag time (or multiple changes in hazards) can be expected in IO therapies, it is often difficult to prespecify these in advance.(6) The piecewise PH test is also restricted to the fixed lag time t, and it has been shown that misspecification of the lag function may result in loss of efficiency.(6) Furthermore, another important aspect of IO therapies, such as long-term effects (e.g., cure rate), was not considered in the piecewise PH model. A piecewise PH cure rate model with fixed delay time was suggested in Chen 2013, and Mick and Chen 2015 to incorporate both a fixed lag time and a long-term benefit (cure rate).(7,8) This model assumes that all patients have a fixed lag time. However, Liu et al. 2018 indicated that for many IO therapies, it could be more appropriate to assume that the lag time is patient-specific and thus random among the patients, deriving  a new WLRT.(9) This test is still built under the PH model assumption (piecewise PH cure rate model with random delay), which means the difference of cure rates between treatment groups cannot be tested. Wu and Wei 2022 extended the approach in Liu et al. 2018 to a general random delayed cure rate model.(10)

The second alternative to the Fleming-Harrington weights is mainly based on the work by Zucker and Lakatos 1990, where a maximin efficiency robust test (MERT) was suggested to account for time lags in survival curves.(11) The MERT falls also in the class of WLRT and giving less weight on early events and full weight after the time lag. This approach was taken for example by Ye and Yu 2018, who extended the work by Zucker and Lakatos taking into account scenarios in which a treatment has no effect before a lag time t1, but then achieves its full effect after a later time t2.(4) Their method was implemented in R and the code was made available as part of the supplementary materials of the paper. More recently, Ding and Wu 2020 derived an alternative simple MERT, which is an approximated version of the maximin test, given by V0 = U0 + Ut, where U0 is the standard log-rank test and Ut is obtained by computing the log-rank test for the data beyond the lag time point t.(6) 

Other options such as the modestly WLRT introduced by Magirr and Burman 2013 can also be found in the literature but are less frequently reported.(12) An R package for performing the modestly WLRT was provided in the supplementary material of their paper.
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