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Online Supplementary Material S1. Product matrices involved in the Proof of Var(g) <
Var(4)

Sla. X'V X, which includes the unexposed cluster (Cluster 5). Where v;; = Zzzl v(pije) is
the marginal sum of v(y; ;) for each cluster:period cell.

X'VX =
Intervention Period2 Period3 Period4 Period5 Clusterl Cluster2 Cluster3 Cluster4 Cluster 5
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S1b. X'VX, which excludes the unexposed cluster (Cluster 5). Where v;; = Z:Zl v(pije) is
the marginal sum of v(y; ;) for each cluster:period cell.

XVX =
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j=2

Sic. X'V X, which includes all periods in all exposed clusters and only the first period of the
unexposed cluster (cluster 5). Where v;; = ZZ":jl v(ijx ) is the marginal sum of v(u;y ) for

each cluster:period cell.
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Online Supplementary Material S2. Complete Proof of Var(8) < Var(3).
First, we represent X'V X (Sla) and X'VX (S1c) in terms of submatrices:
(5 %)
5 ’
(5 5)
B D/
Submatrix 4 = A is a scalar equal to the sum of the weights v(,uijk) for all exposed
participants. Submatrix B = B is the 9 by 1 vector of marginal weighted sums for participants
who receive the intervention in each period and cluster. Submatrices D and D represent the 9

by 9 weighted matrix product of the rows and columns of the design matrix that represent the
dummy variables for the periods and clusters. Accordingly:
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Var(6) = X'VX){i = (A—-B'DB)7",
Var(§) = (X'VX){i = (A—B'D1B)™.

Given that X'VX and X'V X are same-sized positive definite matrices (X'VX > 0 and
X'VX > 0), then their principal submatrices D and D are also positive definite matrices (D >
0 and D > 0) (Horn and Johnson 2017). The difference between D and D is positive semi-
definite, where x’(E — ﬁ)x > 0 for all x in R® (Horn and Johnson 2017). Therefore, D and
D can be ordered as induced by Loewner partial ordering (Horn and Johnson 2017):

D =D,
and:
D-'<x D™

Given that vector B = B (here on referred to as B) and scalar A = A (here on referred to as
A), then:

(A-BD'B) <(A-BD'B)
and:
Var(8) < Var(é).
Assume that Var (&) = Var(§). This implies that:

B'D B =BD'B
B'(D'-D')B

Since x'Ax = 0 iff Ax = 0 [Observation 7.1.6] (Horn and Johnson 2017), the above
statement reduces to:

(b*-D')B=0



D and D are further broken down into submatrices, where D3 corresponds with observations
from the unexposed cluster:

D=
— P2 P3 P4 P5 C1 Cc2 C3 C4 C5
P2| Xqiviy 0 0 0 V12 Vo V3, Vg Vs 5
P3 0 Yi1Via 0 0 V13 V3 V33 V43 Vs 3
P4 0 0 YiiVia 0 Vig V24 V34 Vya Vs 4
P5 0 0 0 Y1 vis Vis V25 V35 Vys Vss
C1 V12 V13 V14 V15 Z]$=1 V1, 0 0 0 0
C2 Vo2 Vy3 Vs Vs 0 Z}$=1 V2 0 0 0
C3 U3'2 173'3 U3,4_ U3'5 0 0 Z]s=1 173‘]' 0 0
C4 Vg2 Va3 Vg Vys 0 0 0 215:1 Vg 0
C5|  ws, Vs 3 Vs 4 Vs, 0 0 0 0 Yie1Vs; i
@ 2
D2’ D3
D =
_ P2 P3 P4 P5 C1 Cc2 C3 C4 C5_
P2 | Xkivis 0 0 0 V12 V22 V32 V4 0
P3 0 Yi1vis 0 0 V13 V2,3 V33 V43 0
P4 0 0 D1 Vig 0 V1,4 Va4 V34 Vg 0
P5 0 0 0 Yiivis Vi Va5 V35 V4s 0
C1 ULZ U1'3 U1’4, VU1s 215=1 vl'j 0 0 0 0
C2| vy, V2,3 V2,4 V2,5 0 Y17, 0 0 0
C3 U3’2 U3’3 U3’4 U3’5 0 0 Z?:l 173J 0 0
Cal Tap 2% Va4 Vas 0 0 0 Yiivs; O
cs| o 0 0 0 0 0 0 0 v,
(BB
2" D3 0 D3
With inverses:
R | U
51 (D1 - D2D37'D2") —(D1-D2D37'D2') D2D37*
S s N
—-D37'D2'(D1-D2D37'D2') ~ D37+ D37'D2'(D1-D2D37'D2') D2D37*

=} 53
0 D371

Recall that B = B = B = (B, 0), then (D~ — D~')B = 0 can then be rewritten as:
pi-! ( 1- D2D3" Vz')‘l 0+ (D1 - D2D3-1D2") ' D2D3~ (B)
0+ D3~1p2'(D1 371052") " D3~'—(D37'+D3'D2'(D1- D2D37'D2') ' D2D371) J\0
0.

II/\

Leading to the following statement which cannot be true:



D3-1p2'(D1 - D2D371D2') "B = 0.

Since X'V X is positive definite, then D is positive definite [Observation 7.1.2] (Horn
and Johnson 2017). Therefore D~ is also positive definite [Observation 7.2.1] (Horn and
Johnson 2017). Given that 5~ is positive definite, (D1 — D2D3-1D2')" " is also positive
definite (as a principal submatrix of D~1) [Observation 7.1.2] (Horn and Johnson 2017). By
definition, x'(D1 — D2D371D2') " x > 0 unless x is a zero vector.

Furthermore, D37 1D2' = (522 o5 oo -85 , 0, 0) which

urthermore, D3 (E?=1v5,j’ Svey’ Yiivey’ Sh,vay’ 0, 0, 0, 0) whic
contains elements > 0. Altogether:

D3-1D2'(D1 - D2D371D2') " # 0.
Additionally, all elements of B > 0. Therefore, we have a contradiction where:
D3-1p2'(D1 - D2D371D2') B # 0.
This satisfies our proof by contradiction, revealing that the initial assumption

Var(8) = Var(§) is false and Var(§) # Var(§). This combined with our previously derived
inequality Var(8) < Var(§&) proves Var(3) < Var(§).
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Online Supplementary Material S3. The effect of including an always-exposed cluster on the
precision of the intervention effect estimator in a SW-CRT with binary or count outcomes.

The variance of the intervention effect estimator is equivalent when including a
cluster that is either unexposed or always-exposed. Let X be the N x 10 design matrix for the
analysis containing observations from all 5 periods in all 5 clusters, where cluster 5 is an
always-exposed cluster. Accordingly, X'VX resembles the matrix product X' VX (S1a.) with
an additional increase in the overall and marginal total of individuals that receive the
intervention from the always-exposed cluster 5.

Where v;; = 3.0, v(uji) is the marginal sum of v(u; ;) for each cluster:period cell.
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VX = (“11

Q21

512>
'QZZ

Cluster _
5

z Us,j

=




where submatrix €, is now a weighted 9 x 9 matrix product of the rows of X’ and columns
of X that represent the dummy variables for all model variables besides cluster 5. Submatrix
Q,, = 0}, is a row vector of length 9 that equals the weighted dot product of the last row of
X' (indicating cluster 5) by all columns but the last of X (containing dummy variables for all
model variables besides cluster 5). Submatrix Q,, is a scalar that equals the weighted dot
product of the last row of X’ by the last column of X, representing the total number of trial
participants in cluster 5, where ,, = 0,, = %5, vs ;.

Under these specified submatrices, Var(8) = ({;; — 0,,0;70,,)71 and Var(§) =
Q11 — 01,0520,1)1} are shown below to be equal.

Var(g) = (611 - (1125521.(\!221)1_%

1 -1
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and,
Var(g) = (511 - ?1125;21-(:221)1_%

1 -1
= (Qn — Q4 5—Qz1>
j=1Y5j 1,1
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which is equal to the Var(§) specified above.

In conclusion, we demonstrate that whether cluster 5 is unexposed or always-exposed has no
effect on the variance of the intervention effect estimator, and Var(§) = Var(3).



Online Supplementary Material S4. Complete Simulation Results for Binary Outcomes.
The impact of including unexposed clusters on properties of the fixed effects treatment effect
estimator for binary outcomes, presented across number of exposed clusters, unexposed

clusters, average cluster size E[n;], different true treatment effect values &, and between-

cluster variance 2.
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Online Supplementary Material S5. Complete Simulation Results for Count Outcomes.
The impact of including unexposed clusters on properties of the fixed effects treatment effect
estimator for count outcomes, presented across number of exposed clusters, unexposed
clusters, average cluster size E[n;], different true treatment effect values &, and between-
cluster variance 72.
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Online Supplementary Material S6. Monte Carlo Standard Errors across different
Simulation Scenarios. Monte-Carlo standard errors (standard deviation of the 2,000

estimated intervention effects (§,) for each scenario) with § = In(1.25) for binary outcomes
and § = In(0.80) for count outcomes.
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