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Appendix A Population model for agreement

Let the random variable Yir denote the classification of patient i (i = 1, · · · , N) by observer r

(r = 1, · · · , Ri) on a K-ordinal scale. We assume that the number of observers is the same for all

patients (Ri = R, ∀i = 1, · · · , N).

Let P (Yis = j, Yit = k) denote the probability for a patient i randomly taken in the patients pop-

ulation I to be classified in category j by observer s and in category k by observer t (i = 1, · · · , N ;

s ̸= t = 1, · · · , R; j, k = 1, · · · ,K). Let first assume that the two observers are randomly taken in a

population of observers R.

Agreement and disagreement indexes are defined as the expected value, over the population of

patients and the population of observers, of a weighted sum of the probabilities P (Yis = j, Yit = k),

i.e., weighted disagreement is defined as

Qow =

K∑
j=1

K∑
k=1

νjkEIR (P (Yis = j, Yit = k))

where νjk are disagreement weights. The nominal disagreement weights are defined as νjk = 1−δjk

where δjk is the Kronecker delta equal to 1 if j = k or 0 otherwise. Weighted disagreement is then the

probability that two randomly taken observers disagree on the classification of a randomly taken pa-

tient. Linear disagreement weights are defined as νjk = |k− j| and the quadratic disagreement weights

are defined as νjk = (k−j)2 (j, k = 1, · · · ,K). Note that the disagreement weights can be standardized

to take values between 0 and 1 by dividing them by the maximum weight, i.e., νjk = |k − j|/(K − 1)

for the linear weights and νjk = (k − j)2/(K − 1)2 for the quadratic weights.

Using unscaled linear disagreement weights, the weighted disagreement is also called the mean

absolute deviation ,

Qow = MAD =

K∑
j=1

K∑
k=1

|j − k|EIR (P (Yis = j, Yit = k)) = EIR|Yis − Yit|.

The weighted disagreement is the expected Euclidian distance between the ratings of a randomly

taken patient by two randomly taken observers. Similarly, using unscaled quadratic disagreement

weights, the mean squared deviation is obtained,

Qow = MSD =

K∑
j=1

K∑
k=1

(j − k)2EIR (P (Yis = j, Yit = k)) = EIR(Yis − Yit)
2.
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The weighted disagreement is the expected squared Euclidian distance between the ratings of a

randomly taken patient by two randomly taken observers.

Similarly, the weighted agreement is defined as

Pow =

K∑
j=1

K∑
k=1

wjkEIR (P (Yis = j, Yit = k)) .

Agreement weights are usually defined in their scaled version, i.e., wjk = δjk for nominal weights,

wjk = 1− |k − j|/(K − 1) for linear weights and wjk = 1− (k − j)2/(K − 1)2 for quadratic weights.

Chance (dis)agreement is determined according to two principles. First, chance (dis)agreement is

obtained under the statistical independence assumption of the observers, i.e., P (Yis = j, Yit = k) =

P (Yis = j)P (Yit = k). Second, different assumptions are made on the distribution of the scores given

by the observers. Common assumptions are

Def 1. The probability for a randomly taken observer to classify a randomly taken patient in the cat-

egories of the scale is uniform, i.e., P (Yir = j) = 1/K. That is, it is assumed that patients are

classified completely at random on the scale.

Def 2. The probability for a randomly taken patient to be classified in category j of the scale by ob-

server r is equal to the observed proportion of patients classified by observer r in category j, i.e.,

P (Yir = j) = pj,r.

Def 3. The probability for a randomly taken patient to be classified in category j of the scale by

observer r is equal to the overall proportion of patients classified in category j, i.e., P (Yir = j) =

1
R

∑R
r=1 pj,r.

Then, the weighted kappa coefficients are defined as

κws = 1− Qow

Qews
=

Pow − Pews

1− Pews
.

The weighted kappa coefficients take values between -1 and 1. When the observers are fixed, the

expected value over the population of observers has to be replaced by the mean over the set of observers.

When two observers classify a sample of N patients or objects on aK-ordinal scale, the observations

can be summarized in a K×K contingency table (see Table 1 in the main manuscript). The estimators
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of the population agreement coefficients presented above are obtained by replacing probabilities by the

respective sample proportions, as shown below.

The weighted disagreement estimator is the weighted sum

qow = Q̂ow =

K∑
j=1

K∑
k=1

vjkpjk, (A1)

where vjk are the disagreement weights. In terms of agreement weights, we have

pow = P̂ow =

K∑
j=1

K∑
k=1

wjkpjk. (A2)

With the nominal disagreement weights, we obtain respectively the well-known proportion of disagree-

ment,

qo = 1−
K∑
j=1

pjj (A3)

and proportion of agreement,

po =

K∑
j=1

pjj = 1− qo. (A4)

Using the unscaled linear disagreement weights, we obtain the mean absolute deviation ,

M̂AD =

K∑
j=1

K∑
k=1

|j − k|pjk =

N∑
i=1

|yi1 − yi2|
N

(A5)

where yir denotes the category chosen by observer r = 1, 2 for patient/object i = 1, · · · , N . When the

unscaled quadratic weights are used, the mean squared deviation is estimated by

M̂SD =

K∑
j=1

K∑
k=1

(j − k)2pjk =

N∑
i=1

(yi1 − yi2)
2

N
. (A6)

The weighted disagreement and agreement expected by chance can be estimated according to

definitions 1, 2 or 3 as follows,

qew1 =
1

K2

K∑
j=1

K∑
k=1

vjk and pew1 =
1

K2

K∑
j=1

K∑
k=1

wjk, (A7)

qew2 =

K∑
j=1

K∑
k=1

vjkpj.p.k and pew2 =

K∑
j=1

K∑
k=1

wjkpj.p.k, (A8)

and
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qew3 =

K∑
j=1

K∑
k=1

vjk

(
pj. + p.k

2

)2

and pew3 =

K∑
j=1

K∑
k=1

wjk

(
pj. + p.k

2

)2

. (A9)

The weighted kappa coefficient can then be estimated by

κ̂ws = 1− qow
qews

=
pow − pew
1− pews

s = 1, 2, 3. (A10)

When there are more than two observers, the weighted (dis)agreement and the weighted (dis)agreement

expected by chance are obtained by taking the average over all R(R− 1) pairs of observers, i.e.

qow =
1

NR(R− 1)

R(R−1)∑
p=1

q(p)ow and pow =
1

NR(R− 1)

R(R−1)∑
p=1

p(p)ow (A11)

and

qews =
1

NR(R− 1)

R(R−1)∑
p=1

q(p)ews, and pews =
1

NR(R− 1)

R(R−1)∑
p=1

p(p)ews, s = 1, 2, 3 (A12)

where the subscript (p) denotes a pair of observers.

Appendix B Population model for reliability

B.1 Classical test theory

Reliability is a concept with origin in classical test theory [1]. In classical test theory, an observed

score Yi is modeled as the sum of a true score Ti and a measurement error Wi,

Yi = Ti +Wi, i = 1, · · · , N

where the measurement errors are assumed to have a mean of 0, to be uncorrelated and independent

of the true score. The observed scores, true scores and measurement errors are assumed to have

variance σ2
Y , σ

2
T and σ2

W , respectively. Reliability is then defined as the squared correlation between

the observed score and the true score,

cor(Yi, Ti)
2 =

σ2
T

σ2
Y

=
σ2
T

σ2
T + σ2

W

. (B1)

However, in practice, it is often not possible to know the value of the true score (see e.g., [2] for

a thorough discussion). The true score is commonly approached by considering R parallel replicated

measurements,
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Yir = Tir +Wir, i = 1, · · · , N ; r = 1, · · · , R.

If, on top on the assumptions of classical test theory, the assumption of parallel measurements is

further made, that it, all replicates have the same true score (E(Yir) = E(Yis) = Ti) and equal error

variance (var(Wir) = var(Wis) = σ2
W ), then the correlation between two replicated measurements is

equal to the reliability, as defined in Eqn. B1,

cor(Yir, Yir′) =
σ2
T

σ2
T + σ2

W

.

Depending on how replicated measurements are obtained, reliability takes different names, such as

for example, Cronbach α, split-half, test-retest, intra-observer or inter-observer reliability.

B.2 One-way ANOVA model

Under the parallel measurement assumption, data can also be represented in a one-way random effect

ANOVA model. Let Yir denote the score given by observer r (r = 1, · · · , R) on patient i (i = 1, · · · , N).

The score can be decomposed as

Yir = µ+ Si +Wir, (i = 1, · · · , N ; r = 1, · · · , R) (B2)

where µ is the overall population mean of the measurements, Si is the deviation of patient i from µ

(µ + Si = Ti) and Wir is a residual component equal to the sum of the non separable effects of the

observers, the interaction between the observers and the patients and the error term.

Since µ + Si = Ti, the variance of Si is equal to σ2
T and the variance of Wir is equal to σ2

W

(i = 1, · · · , N ; r = 1, · · · , R). Furthermore, Si are assumed to be independent of Wir. The expected

mean squares related to the one-way random effects ANOVA model are given in Table 1.

Table 1: One-way random effects ANOVA model
Variability Sum of squares Degrees of freedom Mean squares E(MS)
Between patients BSS N − 1 BMS Rσ2

T + σ2
W

Within patients WSS N(R− 1) WMS σ2
W

Total TSS NR− 1
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Under a one-way ANOVA model, reliability corresponds to an intraclass correlation coefficient,

ρ =
cov(Yir, Yis)√
var(Yir)var(Yis)

=
σ2
T

σ2
T + σ2

W

. (B3)

One can see in Table 1 that WMS is an unbiased estimate of σ2
W and (BMS −WMS)/R is an

unbiased estimate of σ2
B . The ANOVA estimator of ρ is given by

ρ̂ =
BMS −WMS

BMS + (R− 1)WMS
. (B4)

This estimator is consistent but biased [3] since the expectation of a ratio is not equal to the ratio of

the expectations. Note that while reliability as defined in Eqn. B.3 lies between 0 and 1, it is possible

to have estimates that are negative with the ANOVA estimator.

The weighted kappa coefficient with quadratic weights and chance definition 3 can be written [4]

κ̂w3 =
(N − 1)BMS/N −WMS

(N − 1)BMS/N + (R− 1)WMS

which is a biased estimator of

ρκ =
RN−1

N σ2
T + N−1

N σ2
W − σ2

W

RN−1
N σ2

T + N−1
N σ2

W +Rσ2
W − σ2

W

.

We can note that ρκ is asymptotically equivalent to ρ. This is why κ̂w3 can be seen as an estimator

of ρ for large N .

A representation of the data in a one-way ANOVA model is advised in intra-observer studies or in

inter-observer studies where different sets of observers are involved for each patient/object [5] because

it is not possible in that case to differentiate between measurement errors and systematic differences

between times/observers.

B.3 Two-way ANOVA model

This rather restrictive model was extended under the generalisability theory, to further decompose

the error variance according to different factors, named facets, such as observers, times, etc, according

to specific characteristics of the study design. One very common extension is when the same set of

observers assess a sample of patients. In that case, it is possible to account for possible systematic

differences between the observers by considering a two-way random effect ANOVA model
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Yir = µ+ Si +Rr + eir

where Rr is the effect of observer r randomly selected in the population of observers, with variance σ2
R,

eir represents the error for patient i and rater r with variance σ2
E and the other terms were defined in

previous section.

The corresponding ANOVA table is given in Table 2.

Table 2: Two-way random effects ANOVA model (MS for mean squares)
Variability Sum of squares Degrees of freedom MS E(MS)
Between patients BSS N − 1 BMS Rσ2

T + σ2
E

Within patients WSS
Between observers JSS (R− 1) JMS Nσ2

R + σ2
E

Residuals ESS (N − 1)(R− 1) EMS σ2
E

Total TSS NR− 1

Under this two-way ANOVA model, reliability is defined through two different intraclass correla-

tion coefficients, known as the intraclass correlation for consistency and the intraclass correlation for

agreement,

ρC =
σ2
T

σ2
T + σ2

E

and ρA =
σ2
T

σ2
T + σ2

R + σ2
E

. (B5)

The difference between the two reliability coefficients is in the denominator. In ρC , the variance

of the observers is ignored. This coefficient is used when researchers are interested in using the mea-

surement instrument only to rank patients/objects because it does not account for the fact that some

observers can systematically give lower or higher scores than the others. This possible systematic dif-

ference is taken into account in ρA, which is more commonly used because we are generally interested

in the value given by the measurement instrument rather than only using the measurement instrument

to rank patients.

In the above, observers were assumed to be random. When the observers in the study are the only

of interest, then observers are modeled through fixed effects. The terms Rr are replaced by ar under

the constraint
∑R

r=1 ar = 0. The parameter σ2
R is replaced by

θ2R =

R∑
r=1

a2r/(R− 1). (B6)

The estimators of the intraclass correlation coefficients are however the same when observers are

considered random or fixed and are given by
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ρ̂A =
BMS − EMS

BMS + (R− 1)EMS +R(JMS − EMS)/N
(B7)

and

ρ̂C =
BMS − EMS

BMS + (R− 1)EMS
. (B8)

Here too, while reliability lies between 0 and 1, it is possible to have estimates that are negative

with the ANOVA estimator.

When the scale is ordinal, [6] have shown that the quadratic weighted kappa coefficient can be

written as

κ̂w2 =
BMS − EMS

BMS + (R− 1)EMS +R JMS/(N − 1)

and is a biased estimator of

ρκ =
σ2
T

σ2
T + σ2

R + σ2
e + (σ2

R + σ2
e)/(N − 1)

. (B9)

If the number of patients N is large, then the quadratic weighted kappa coefficient estimates

ρA =
σ2
T

σ2
T + σ2

R + σ2
e

(B10)

which is the intraclass correlation coefficient for agreement ρA between the ratings of a randomly

selected patient by the randomly selected observers. This is why the quadratic weighted kappa coeffi-

cient with chance definition 2 is also considered to be a reliability measure.

In classical test theory and in the analysis of variance, there is no need for assumptions about the

shape of the distribution of the effects Si, Rj or the errors to define reliability. Such assumptions

(e.g., a normal distribution) are nevertheless needed to make statistical inference (e.g., based on the

F-distribution [5]).

Appendix C Large sample variance using the delta method

The large sample variance of the various agreement coefficients defined in Appendix A were derived

using the delta method. The formulas for MAD and MSD, are, to the best of our knowledge, not

yet presented in the literature and are generalisations of the formula for the proportion of agreement
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derived in [7].

C.1 Two-way ANOVA model

Under the two-way ANOVA model, we assume that the same R observers classify a sample of N

patients or objects on a K-ordinal scale. The large sample variance of the proportion of agreement,

MAD and MSD can be estimated by using

̂var(pow) =
1

N2
(

N∑
i=1

R∑
r=1

∑
t̸=r

w2
ir,it −Np2ow) (C1)

and

̂var(qow) =
1

N2
(

N∑
i=1

R∑
r=1

∑
t ̸=r

ν2ir,it −Nq2ow) (C2)

where the weights νir,it (resp. wir,it) are disagreement (resp. agreement) weights corresponding to the

cell where patient/object i was classified by observer r and observer t.

[8] and [9] derived the large sample variance of the weighted kappa coefficients using the delta

method. This gives for the weighted kappa coefficients under the different chance definitions s = 1, 2, 3,

var(κ̂ws) =

∑N
i=1((1− pews)pow,i − 2(1− pow)pews,i)

2/N − (powpews − 2pews + pow)
2

N(1− pews)4
(C3)

where

pow,i =

R∑
r=1

∑
t̸=r

wir,it/(R(R− 1)). (C4)

Under chance definition 2, we have

pews,i =

R∑
r=1

∑
t ̸=r

wr(it)/(R(R− 1)) (C5)

where

wr(it) =

K∑
k=1

wk,itpk,r

and where pk,r is the proportion of patients assigned to category k by observer r and wk,it the agree-

ment weight corresponding to category k and the category where observer t classified patient i.
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C.2 One-way ANOVA

Let mij denote the number of observers who classified patient or object i in category j (i = 1, · · · , N ;

j = 1, · · · ,K). By defining the following quantities

Pjk =
1

NR(R− 1)

N∑
i=1

mijmik when j ̸= k (j, k = 1, · · · ,K) (C6)

and

Pjj =
1

NR(R− 1)

N∑
i=1

mij(mij − 1) for j = 1, · · · ,K, (C7)

the observed weighted disagreement and agreement are respectively equal to

qow =

K∑
j=1

K∑
k=1

vjkPjk and pow =

K∑
j=1

K∑
k=1

wjkPjk (C8)

and

qew3 =

K∑
j=1

K∑
k=1

vjkPjPk and pew3 =

K∑
j=1

K∑
k=1

wjkPjPk (C9)

where Pj is the overall proportion of patients or objects in category j (j = 1, · · · ,K).

The large sample variance is then computed by replacing respectively pjk by Pjk and pj., p.k by Pj

and Pk in Equations C3 and C1. Furthermore, we need

pow,i =

K∑
j=1

K∑
k ̸=j

wjkmijmik/(R(R− 1)) +

K∑
j=1

wjjmij(mij − 1)/(R(R− 1))

and

pew3,i =

K∑
j=1

K∑
k=1

wjkmijPk/R.

Note that the value of the variances obtained will be the same as the one obtained by the general

formula under chance definition 3.

C.3 Fisher-Z transform

Using Fisher-Z transform is known to improve the statistical properties (e.g. the coverage) of confidence

intervals for kappa coefficients (see e.g., [10, 11]). The idea is to derive a confidence interval for

1

2
ln

(
1 + κ̂ws

1− κ̂ws

)
= artanh(κ̂ws), (−1 < κ̂ws < 1).

and then transform it back to the original scale. The lower and upper bounds of the (1− α)100%
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confidence interval are given by

L,U =
1

2
ln

(
1 + κ̂ws

1− κ̂ws

)
±QZ(1− α/2)

1√
1− κ̂2

ws

√
var(κ̂ws) (−1 < κ̂ws < 1)

where Qz(1 − α/2) is the (1 − α)× 100% percentile of the standard normal distribution, and κ̂ws

and var(κ̂ws) were previously defined. Then, the inverse of Fisher Z-transform of the lower (L) and

the upper (U) bounds is taken to form the (1 − α)100% confidence interval for the weighted kappa

coefficient,

exp(2L)− 1

exp(2L) + 1
;
exp(2U)− 1

exp(2U) + 1
.
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