
Supplementary Material

A.1. Proof of the positively invariant set

According to system (2)

dS1

dt
|S1=0,S2=0,V =0 = 0,

dS2

dt
|S1=0,S2=0,V =0 = 0,

dE

dt
|S1=0,S2=0,E=0 = 0,

dI

dt
|E=0,I=0 = 0,

dV

dt
|S2=0,V =0 = 0,

dB

dt
|E=0,I=0,B=0 = 0,

dSh

dt
|Sh=0 = 0,

dIah

dt
|Sh=0,Iah=0 = 0,

all of the above values are non-negative in the bounded plane of R+
8 = {(x0, x1, x2, x3, x4, x5,

x6, x7) : xi ≥ 0, i = 0, 1, 2, 3, 4, 5, 6, 7}. If the initial solution of system (2) is in R+
8 , then

all the solutions are non-negative. Let (S1, S2, E, I, V, B, Sh, Iah) be the solution under

the initial condition, satisfy N = S1 + S2 + E + I + V, Nh = Sh + Iah, then

dN

dt
= A + α(S2 + V ) − µN − γI ≤ A − (µ − α)N.

It follows that

lim
t→∞

sup N(t) =
A

µ − α
.

From system (2), one can obtain that

dB

dt
≤ kN − (d + nτ)B ≤

kA

µ − α
− (d + nτ)B,

then

lim
t→∞

sup B(t) =
kA

(µ − α)(d + nτ)
.

Similarly, it can be obtained

lim
t→∞

sup Nh =
Ah

µh

.

This completes the proof.

A.2. Proof of the local stability of E0

The Jacobian matrix of system (2) at E0 is given by

J(E0) =





Ω1 0 0

Ω2 Ω3 0

Ω4 0 Ω5




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where

F =





εβS0
1 + βS0

2 εβS0
1 + βS0

2 εβ1S
0
1 + β1S

0
2

0 0 0

0 0 0



 , V =





µ + σ 0 0

−σ µ + γ 0

−k −k d + nτ



 ,

Let Ω1 = F − V

Ω1 =





εβS0
1 + βS0

2 − (µ + σ) εβS0
1 + βS0

2 εβ1S
0
1 + β1S

0
2

σ −(µ + γ) 0

k k −(d + nτ)



 ,

Ω2 =





−εβS0
1 −εβS0

1 −εβS0
1

−β2S
0
2 −β2S

0
2 −β1S

0
2

0 0 0



 , Ω3 =





−(µ + m) α α

m −(µ + θ) δ

0 θ −(µ + δ)



 ,

Ω4 =

(

−βhS
0
h −βhS

0
h 0

0 0 0

)

, Ω5 =

(

−µh 0

0 −(µh + δh + r)

)

.

Define s(Ω1) be the spectral bound of matrix Ω1. s(Ω1) = max{Reλ : λ is an eigenvalue of Ω1} ,

according to Theorem 2 of [?], it can be obtained

R0 > 1 ⇔ s(Ω1) > 0, R0 < 1 ⇔ s(Ω1) < 0.

The characteristic equation of J(Ω3) is

p(λ) = λ3 + b1λ
2 + b2λ + b3 = 0,

where

b1 = 3µ + θ + m + δ,

b2 = µ(µ + θ + δ) + (µ + m)(2µ + θ + δ) − mα,

b3 = µ(µ + m)(µ + θ + δ) − mα(µ + θ + δ).

Obviously, b1 > 0, b2 > 0, b3 > 0, and

b1b2 − b3 = (3µ + θ + δ + m)[(µ + θ + δ)(2µ + m) + µ(µ + m) − mα]

− (µ + θ + δ)(µ2 + mµ − mα)

> (3µ + θ + δ + m)(µ + θ + δ)(2µ + m) − (µ + θ + δ)(µ2 + mµ)

+ (µ + θ + δ)mα

> 0.

According to the Routh-Hurwitz criterion, the matrix J(Ω3) has eigenvalues with

negative real parts. Therefore, when R0 < 1, there are s(Ω1) < 0 and s(J |E0) < 0. Thus,

the disease-free equilibrium E0 of system (2) is locally asymptotically stable. When R0 >

1, there is a positive eigenvalue, the disease-free equilibrium E0 is unstable.
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A.3. Proof of the global stability of E0

First, we define the Lyapunov function as follows

L1(t) = S1(t) − S0
1 − S0

1 ln
S1(t)

S0
1

+ S2(t) − S0
2 − S0

2 ln
S2(t)

S0
2

+ V (t) − V 0 − V 0 ln
V (t)

V 0

+ E +
(µ + σ)(d + nτ) − (d + nτ)(εβS0

1 + βS0
2) − k(εβ1S

0
1 + β1S

0
2)

σ(d + nτ)
I

+
εβ1S

0
1 + β1S

0
2

d + nτ
B.

From equation (4), when R0 < 1, it can be obtained

(µ + σ)(d + nτ) > (d + nτ)(εβS0
1 + βS0

2) + k(εβ1S
0
1 + β1S

0
2),

(µ + σ)(d + nτ) − (d + nτ)(εβS0
1 + βS0

2) − k(εβ1S
0
1 + β1S

0
2)

σ(d + nτ)
> 0,

Taking derivative along with the solution of model (2), we have

dL1(t)

dt
= (1 −

S0
1

S1
)[A + α(S2 + V ) − ε(βS1I + βS1E + β1S1B)

−
A + α(S0

2 + V 0)

S0
1

S1] + (1 −
S0

2

S2
)[mS1 + δV − (βS2I + βS2E

+ β1S2B) −
mS0

1 + δV 0

S0
2

S2] + (1 −
V 0

V
)[θS2 −

θS0
2

V 0
V ]

+ ε(βS1I + βS1E + β1S1B) + (βS2I + βS2E + β1S2B) − (µ + σ)E

+
(µ + σ)(d + nτ) − (d + nτ)(εβS0

1 + βS0
2) − k(εβ1S

0
1 + β1S

0
2)

σ(d + nτ)

[σE − (µ + γ)I] +
εβ1S

0
1 + β1S

0
2

d + nτ
[k(E + I) − (d + nτ)B],

(A1)

where A = µS0
1 +µV 0+µS0

2−α(S0
2 +V 0), mS0

1 = µV 0+µS0
2 , θS

0
2 = (µ+δ)V 0, substituting

into (A1), then

dL1(t)

dt
= µS0

1(2 −
S0

1

S1
−

S1

S0
1

) + (µV 0 − αV 0)(4 −
S0

1

S1
−

S0
2S1

S0
1S2

−
V

V 0
−

S2V
0

S0
2V

)

+ (µS0
2 − αS0

2)(3 −
S0

1

S1

−
S2

S0
2

−
S0

2S1

S0
1S2

) + δV 0(2 −
S0

2V

S2V 0
−

S2V
0

S0
2V

)

+ αS0
2(2 −

S0
2S1

S0
1S2

−
S0

1S2

S0
2S1

) + αV 0(3 −
S2V

0

S0
2V

−
S0

1V

S1V 0
−

S0
2S1

S0
1S2

)

+
(µ + σ)(µ + γ)

σ
I(R0 − 1).

Therefore, when R0 < 1, dL1(t)

dt
< 0 and dL1(t)

dt
= 0 if and only if S1 = S0

1 , S2 = S0
2 , E =

0, I = 0, V = V 0, B = 0.

In order to prove the global stability of the disease-free equilibrium at E0, consider
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system (2) with the remaining two equations in disease-free state,











dSh

dt
= Ah − µhSh,

dIah

dt
= −(µh + δh + r)Iah.

Constructing the Lyapunov function as follows

L2(t) = (Sh − S0
h − S0

h ln
Sh

S0
h

) + Iah.

Taking the derivative at the disease-free equilibrium point E0
h = (S0

h, I
0
ah) of sys-

tem (2), we can get

dL2(t)

dt
=

Sh − S0
h

Sh

(Ah − µhSh) − (µh + δh + r)Iah

= −
Ah

Sh

(Sh − S0
h)

2 − (µh + δh + r)Iah.

It can be obtained dL2(t)

dt
≤ 0, and dL2(t)

dt
= 0 if and only if Sh = S0

h, Iah = I0
ah = 0.

From the LaSalle
′

s invariant principle, the disease-free equilibrium point E0
h = (S0

h, I
0
ah) is

globally asymptotically stable within Γ.

In summary, when R0 < 1, the disease-free equilibrium point E0 of system (2) is

globally asymptotically stable.

A.4. Proof of the global stability of E∗

The Jacobian matrix J(E∗) at the endemic equilibrium E∗ is

J(E∗) =





Ψ1 Ψ2 0

Ψ3 Ψ4 0

Ψ5 Ψ6 Ψ7





where

Ψ1 =





−µ − m − ε(βI + βE + β1B) α −εβS1

m −θ − µ − β(I + E) − β1B −βS2

ε(βI + βE + β1B) β(I + E) + β1B −(µ + σ)



 ,

Ψ2 =





−εβS1 α −εβ1S1

−βS2 δ −β1S2

εβS1 + βS2 0 εβ1S1 + β1S2



 , Ψ3 =





0 0 σ

0 θ 0

0 0 k



 ,

Ψ4 =





−(µ + γ) 0 0

0 −(µ + σ) 0

k 0 −(d + nτ)



 , Ψ5 =

(

0 0 −βhSh

0 0 βhSh

)

,

Ψ6 =

(

−βhSh 0 0

βhSh 0 0

)

, Ψ7 =

(

−βh(E + I) − µh 0

βh(E + I) −(µh + δh + r)

)

,
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The characteristic equation of J(Ψ1) is

|xI − J(Ψ1)| = (x + µ + m + εβI + εβE + εβ2B)[x2 + x(β2S2I + β2S2E + ββ1S2B

− ε2S1Iβ2 − ε2S1Eβ2 − ε2ββ1S1B − mα) + (−ε2S1Iβ2 − ε2S1Eβ2

− ε2ββ1S1B)(θ + µ + βI + βE + β1B) + (β2S2I + β2S2E + ββ1S2B)

(µ + m + εβI + εβE + εβB) + (µ + σ)mα] + (x + θ + µ + βI + βE

+ β1B)(x + µ + σ)

= x3 + a2x
2 + a1x + a0

where

a2 = µ + m + εβI + εβE + εβ2B,

a1 = β2S2I + β2S2E + ββ1S2B − ε2S1Iβ2 − ε2S1Eβ2 − ε2ββ1S1B − mα

+ µ + σ + θ + µ + βI + βE + β1B

a0 = (β2S2I + β2S2E + ββ1S2B)(µ + m + εβI + εβE + εβB)

− ε2S1(Iβ2 + Eβ2 + ββ1B)(θ + µ + βI + βE + β1B)

+ (µ + σ)mα + (θ + µ + βI + βE + β1B)(µ + σ)

Obviously, a0 > 0, a1 > 0, a2 > 0, and

a1a2 − a0 = (θ + µ + βI + βE + β1B)(ε2S1Iβ2 + ε2S1Eβ2 + ε2ββ1S1B + µ + σ)

+ (µ + m + εβI + εβE + εβB)(2β2S2I + 2β2S2E + 2ββ1S2B − ε2S1Iβ2

+ ε2S1Eβ2 + ε2ββ1S1B − mα + 2µ + σ + θ + βI + βE + β1B)

> 0.

According to the Routh-Hurwitz criterion,the matrix J(Ψ1) has eigenvalues with neg-

ative real parts. Thus, the endemic equilibrium E∗ of system (2) is locally asymptotically

stable.

Next, we define the Lyapunov function as follows

L3(t) = S1(t) − S∗

1 − S∗

1 ln
S1(t)

S∗

1

+ S2(t) − S∗

2 − S∗

2 ln
S2(t)

S∗

2

+ V (t) − V ∗ − V ∗ ln
V (t)

V ∗
+ E(t) − E∗ − E∗ ln

E(t)

E∗

+ (
εβS∗

1I
∗

σE∗
+

kI∗(εβ1S
∗

1B
∗ + β1S

∗

2B
∗)

σE∗(kE∗ + kI∗)
)[I(t) − I∗ − I∗ ln

I(t)

I∗
]

+
εβ1S

∗

1B
∗ + β1S

∗

2B
∗

kE∗ + kI∗

[B(t) − B∗ − B∗ ln
B(t)

B∗

]
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Taking derivative along with the solution of model (2), we have

dL3(t)

dt
= (1 −

S∗

1

S1
)[A + α(S2 + V ) − ε(βS1I + βS1E + β1S1B)]

− (1 −
S∗

1

S1
)[

A + α(S∗

2 + V ∗) − ε(βS∗

1I
∗ + βS∗

1E + β1S
∗

1B
∗)

S∗

1

S1]

+ (1 −
S∗

2

S2

)[mS1 + δV − (βS2I + βS2E + β1S2B))]

− (1 −
S∗

2

S2
)[

mS∗

1 + δV ∗ − (βS∗

2I
∗ + βS∗

2E
∗ + β1S

∗

2B
∗)

S∗

2

S2]

+ (1 −
E∗

E
)[ε(βS1I + βS1E + β1S1B) + βS2I + βS2E + β1S2B)]

− (1 −
E∗

E
)[

ε(βS∗

1I
∗ + βS∗

1E
∗ + β1S

∗

1B
∗) + βS∗

2I
∗ + βS∗

2E
∗ + β1S

∗

2B
∗)

E∗
E]

+ (1 −
V ∗

V
)[θS2 −

θS∗

2

V ∗

V ] + (εβS∗

1I
∗ + βS∗

2I
∗)(1 −

I∗

I
)(

E

E∗

−
I

I∗

)

+
kI∗(εβ1S

∗

1B
∗ + β1S

∗

2B
∗)

kE∗ + kI∗

(1 −
I∗

I
)(

E

E∗

−
I

I∗

)

+
εβ1S

∗

1B
∗ + β1S

∗

2B
∗

kE∗ + kI∗

kE∗(1 −
B∗

B
)(

E

E∗

−
B

B∗

)

+
εβ1S

∗

1B
∗ + β1S

∗

2B
∗

kE∗ + kI∗
kI∗(1 −

B∗

B
)(

I

I∗
−

B

B∗
)

Taking note that

θS∗

2 = (µ + δ)V ∗, mS∗

1 = µ(S∗

2 + V ∗) − δV ∗ + βS∗

2I
∗ + βS∗

2E
∗ + β1S

∗

2B
∗

A = µ(S∗

1+S∗

2+V ∗)−α(S∗

2 +V ∗)+ε(βS∗

1I
∗+β, S∗

1E
∗+β1S

∗

1B
∗)+βS∗

2I
∗+βS∗

2E
∗+β1S

∗

2B
∗.
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Then

dL3(t)

dt
= µS∗

1(2 −
S∗

1

S1

−
S1

S∗

1

) + µV ∗(4 −
S∗

1

S1

−
S∗

2S1

S∗

1S2

−
V

V ∗

−
S2V

∗

S∗

2V
)

+ µS∗

2(3 −
S∗

1

S1
−

S2

S∗

2

−
S∗

2S1

S∗

1S2
) + δV ∗(2 −

S∗

2V

S2V ∗
−

S2V
∗

S∗

2V
)

− αS∗

2(1 −
S∗

1

S1
−

S2

S∗

2

+
S2S

∗

1

S1S
∗

2

) − αV ∗(1 −
S∗

1

S1
−

V

V ∗

+
S∗

1V

S1V ∗

)

+ εβS∗

1I
∗(3 −

S∗

1

S1
−

I∗E

IE∗
−

E∗S1I

ES∗

1I
∗
) + εβS∗

1E
∗(2 −

S∗

1

S1
−

S1

S∗

1

)

+ εβ1S
∗

1B
∗(2 −

S∗

1

S1
−

E

E∗

+
B

B∗

−
E∗S1B

ES∗

1B
∗

) + βS∗

2E
∗(3 −

S∗

1

S1
−

S1S
∗

2

S2S
∗

1

−
S2

S∗

2

)

+ βS∗

2I
∗(4 −

S∗

1

S1

−
I∗E

IE∗

−
S1S

∗

2

S2S
∗

1

−
E∗S2I

ES∗

2I
∗

)

+ β1S
∗

2B
∗(3 −

S∗

1

S1
−

S1S
∗

2

S2S
∗

1

−
E

E∗
+

B

B∗
−

E∗S2B

ES∗

2B
∗
)

+
kI∗εβ1S

∗

1B
∗

kE∗ + kI∗

(2 +
E

E∗

−
B

B∗

−
I∗E

IE∗

−
B∗I

BI∗

)

+
kI∗β1S

∗

2B
∗

kE∗ + kI∗

(2 +
E

E∗

−
B

B∗

−
I∗E

IE∗

−
B∗I

BI∗

)

+
kE∗εβ1S

∗

1B
∗

kE∗ + kI∗

(
E

E∗

−
B

B∗

−
B∗E

BE∗

+ 1) +
kE∗β1S

∗

2B
∗

kE∗ + kI∗

(
E

E∗

−
B

B∗

−
B∗E

BE∗

+ 1)

= µS∗

1(2 −
S∗

1

S1
−

S1

S∗

1

) + (µV ∗ − αV ∗)(4 −
S∗

1

S1
−

S∗

2S1

S∗

1S2
−

V

V ∗
−

S2V
∗

S∗

2V
)

+ (µS∗

2 − αS∗

2)(3 −
S∗

1

S1
−

S2

S∗

2

−
S∗

2S1

S∗

1S2
) + δV ∗(2 −

S∗

2V

S2V ∗

−
S2V

∗

S∗

2V
)

+ αS∗

2(2 −
S2S

∗

1

S1S
∗

2

−
S∗

2S1

S∗

1S2

) + αV ∗(3 −
S∗

2S1

S∗

1S2

−
S∗

1V

V ∗S1

−
S2V

∗

S∗

2V
)

+ εβS∗

1I
∗(3 −

S∗

1

S1
−

I∗E

IE∗

−
E∗S1I

ES∗

1I
∗

) + εβS∗

1E
∗(2 −

S∗

1

S1
−

S1

S∗

1

)

+ βS∗

2I
∗(4 −

S∗

1

S1

−
I∗E

IE∗

−
S1S

∗

2

S2S
∗

1

−
E∗S2I

ES∗

2I
∗

) + βS∗

2E
∗(3 −

S∗

1

S1

−
S1S

∗

2

S2S
∗

1

−
S2

S∗

2

)

+
kI∗εβ1S

∗

1B
∗

kE∗ + kI∗

(4 −
S∗

1

S1
−

I∗E

IE∗

−
B∗I

BI∗

−
E∗S1B

ES∗

1B
∗

)

+
kI∗β1S

∗

2B
∗

kE∗ + kI∗
(5 −

S∗

1

S1
−

S1S
∗

2

S2S
∗

1

−
I∗E

IE∗
−

B∗I

BI∗
−

E∗S2B

ES∗

2B
∗
)

+
kE∗εβ1S

∗

1B
∗

kE∗ + kI∗
(3 −

S∗

1

S1
−

B∗E

BE∗
−

E∗S1B

ES∗

1B
∗
)

+
kE∗β1S

∗

2B
∗

kE∗ + kI∗

(4 −
S∗

1

S1

−
S1S

∗

2

S2S
∗

1

−
B∗E

BE∗

−
E∗S2B

ES∗

2B
∗

).

Since

2 −
S∗

1

S1

−
S1

S∗

1

≤ 0, 3 −
S∗

1

S1

−
I∗E

IE∗

−
E∗S1I

ES∗

1I
∗

≤ 0

4 −
S∗

1

S1
−

I∗E

IE∗
−

S1S
∗

2

S2S
∗

1

−
E∗S2I

ES∗

2I
∗
≤ 0, 5 −

S∗

1

S1
−

S1S
∗

2

S2S
∗

1

−
I∗E

IE∗
−

B∗I

BI∗
−

E∗S2B

ES∗

2B
∗
≤ 0.
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Therefore dL3(t)
dt

≤ 0, dL3(t)
dt

= 0 if and only if S1 = S∗

1 , S2 = S∗

2 , E = E∗, I = I∗, V =

V ∗, B = B∗. In order to prove the global stability of the endemic equilibrium E∗, we

need to consider the systems of the remaining two equations of system (2) in the endemic

state










dSh

dt
= Ah − βhSh(E

∗ + I∗) − µhSh,

dIah

dt
= βhSh(E

∗ + I∗) − (µh + δh + r)Iah.

We define the Lyapunov function as follows

L4(t) = Sh − S∗

h − S∗

h ln
Sh

S∗

h

+ Iah − I∗

ah − I∗

ah ln
Iah

I∗

ah

,

Taking the derivative at the endemic equilibrium point E∗ of system (2), we can get

dL4(t)

dt
= (1 −

S∗

h

Sh

)[βhS
∗

h(E + I) + µhS
∗

h − βhSh(E
∗ + I∗) − µhSh]

+ (1 −
I∗

ah

Iah

)[βhSh(E
∗ + I∗) − (µh + δh + r)Iah]

= −
βh(E

∗ + I∗) + µh

Sh

(Sh − S∗

h)
2 −

µh + δh + r

Iah

(Iah − I∗

ah)
2.

Therefore dL4(t)
dt

≤ 0,dL4(t)
dt

= 0 if and only if Sh = S∗

h, Iah = I∗

ah. From the LaSalle
′

s in-

variant principle, the endemic equilibrium point E∗ is globally asymptotically stable

within Γ.
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