Supplementary Material

A.1. Proof of the positively invariant set

According to system (2)

dS; d.S, dE
E|5’1:0,SQ:O,V:O =0, E|5’1:0,SQ:O,V:O =0, E|S1:O,S2:O,E:O =0,
dl dVv dB ds, di,
E|E:O7I:O =0, ELS‘Q:O,V:O =0, E|E:O,I:O,B:O =0, d—th sp=0 = 0, d—th|5h:0,1ah:o =0,

all of the above values are non-negative in the bounded plane of Ry = {(x¢, 71, T2, T3, 74, Ts5,
Te,x7) tw; > 0,1 =0,1,2,3,4,5,6,7}. If the initial solution of system (2) is in Ry, then
all the solutions are non-negative. Let (51, S, E,I,V, B, Sy, I.,;) be the solution under
the initial condition, satisfy N =51+ Se+ E+ 1+ V, N, =Sy + I, then
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From system (2), one can obtain that
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Similarly, it can be obtained
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This completes the proof.

A.2. Proof of the local stability of EY

The Jacobian matrix of system (2) at E° is given by
Q 0 0

J(EO): QQ Qg 0
Q 0 Qs



where
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Define s(£2;) be the spectral bound of matrix €2;. (1) = max{Re\ : \is an eigenvalue of {2, } ,

according to Theorem 2 of [?], it can be obtained

Ry>1<5(21) >0,Ry <1< s() <0.

The characteristic equation of J(23) is
P(A) = X3+ by A2+ by + b3 =0,
where
by =3pu+0+m+9,
by =p(p+0+6)+ (p+m)2u+60+46) —ma,
by = p(p+m)(p+60+6) —ma(p+6+59).

Obviously, b, > 0,by > 0,b3 > 0, and
biby —bs = Bu+0+0+m)[(u+0+0)(2u+m) + pu( +m) —ma]
— (40 +8)(u* +mu — ma)
> BuA+0+5+m)(u+0+0)2u+m) — (u+ 0+ 8)(u? +mpu)
+ (u+ 6+ 0)ma
> 0.
According to the Routh-Hurwitz criterion, the matrix J(€23) has eigenvalues with
negative real parts. Therefore, when Ry < 1, there are s(Q;) < 0 and s(J|E°) < 0. Thus,

the disease-free equilibrium E° of system (2) is locally asymptotically stable. When Ry >
1, there is a positive eigenvalue, the disease-free equilibrium E° is unstable.



A.3. Proof of the global stability of £’

First, we define the Lyapunov function as follows
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From equation (4), when Ry < 1, it can be obtained
(n+o)(d+nt) > (d+n7)(eBSY + BSY) + k(e1S) + £1.59),
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Taking derivative along with the solution of model (2), we have
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where A = pSY+puVO0+pS9—a(SI+V0), mSY = pVOo+uS9, 05y = (u+06)VP, substituting
into (A1), then
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Therefore, when Ry < 1, dL&t(t) < 0 and de;t(t) =0 if and only if S} = 59,5y = S E =
0,/=0,V=V°B=0.
In order to prove the global stability of the disease-free equilibrium at E°, consider



system (2) with the remaining two equations in disease-free state,

ds,
? = A, — :U’thH

dl,n
dt

= _(/J/h + 5h + T)]ah-

Constructing the Lyapunov function as follows

Lg(t) = (Sh — S}? - 52 In %) + ]ah~
h
Taking the derivative at the disease-free equilibrium point EY = (S, 1%) of sys-
tem (2), we can get
dLs(t) _ Sh— Sy
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It can be obtained %t(t) < 0, and d%f” = 0 if and only if S, = S}, I, = I%, = 0.
From the LaSalle's invariant principle, the disease-free equilibrium point EY = (59, 12, ) is
globally asymptotically stable within I'.

In summary, when Ry < 1, the disease-free equilibrium point E° of system (2) is
globally asymptotically stable.

A.4. Proof of the global stability of £*

The Jacobian matrix J(E*) at the endemic equilibrium E* is
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The characteristic equation of J(W;) is

lol — J(U))| = (x + p+m+ Bl + eBE + eBoB)[2* + 2(5°So] + B2SoE + $515,B
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Obviously, ag > 0,a; > 0,as > 0, and

aray —ag = (0 + p+ BI + BE + 3, B) (281 13% + 28, EB% + 286,51 B + ju + 0)
+ (u+m+eBIl +eBE + eB)(26%S2] + 2625, E + 28615 B — 25,13
+ 281 EB% 4+ 28319, B — ma 42+ o + 0 + 31 + BE + 3, B)
> 0.

According to the Routh-Hurwitz criterion,the matrix J(W;) has eigenvalues with neg-
ative real parts. Thus, the endemic equilibrium E* of system (2) is locally asymptotically
stable.

Next, we define the Lyapunov function as follows
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Taking derivative along with the solution of model (2), we have
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Taking note that
0S; = (4 0V, mS; = u(S; + V*) = 0V* + 3S;1* + BS;E* + 3,5 B*

A = p(ST+55+V7) —a(S3+V7)+e(BSTT+ 5, STE™+ 5151 BY)+ 85, "+ S, E" + 1.5, B”.
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Therefore dL3() <0, dL3(t =0if and only if S} =S57,5% =55, E=E"1=1"V =
V*, B = B*. In order to prove the global stability of the endemic equilibrium E*, we
need to consider the systems of the remaining two equations of system (2) in the endemic
state
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We define the Lyapunov function as follows
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Taking the derivative at the endemic equilibrium point E* of system (2), we can get
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Therefore dL4( ) <, dL4 = 0if and only if S), = S}, I, = I?,. From the LaSalle's in-
variant pr1nc1ple, the endemlc equilibrium point E* is globally asymptotically stable
within T'.



