Supplementary Materials
1. Model Equations

System |I] describes the evolution of the disease across the different com-
partments and age groups.
S; = —vS; — BlS,
Vi = vS; — BV,
E; = B;S; + B}Vi — pE;,
ff = pE; — ail; — il (1)
I = i1y — i I,
i = (1= 0,)1; — ' 11",

Ri = wili + ;™ I+l 1!

7 7

with initial condition

1.1. Transmission rate B and B}

Let z;; be the average number of contacts per person per unit time in
a representative group, where ¢ = 7 is within group contact and ¢ # j
outside group contacts. The unit time could be day(s) or month(s) (this
study considered daily number of contacts). This defines the contact matrix
in the population. We assumed heterogeneous effective transmission coeffi-

cients across age structures; these are respectively denoted as 3; and 3} for



susceptible and vaccinated individuals. B; and B} are expressed as

B — zn: Bixy(I; + I;™)
7 A N Y
j )
where we note that
Bl =(1-¢e)p;. (3)

N; is the population size of the individuals across age group j for all disease
compartments, n is the number of age groups, and 0 < e < 1 captures the

vaccine efficacy.

2. Reproduction number derivation

Using the Next Generation matrix we derive the reproduction numbers
as follows: We first write the vector T' containing the rate of appearance of
new infections in compartment ¢ and Y, the rate of transfer into and out of
compartments ¢ by all other means. Note that we the elements of 7" and X are
the generalized representation of the model, thus we include the happenings

in the vaccination compartments V;. This is presented as

B:S; + BV, pE,
T = o= 7 8 (4)
0 —a;(1 = 0) L+l 1!

To begin with our derivation, we focus on the expression for the basic repro-

duction number. We hereby assume v = 0, and considered new infections



involving only susceptible compartment. We, therefore, have the matrix cor-
responding to 7' as

BiX1151(0) B X1251(0)  B7X1351(0)  BiX1151(0)  BX1251(0) B X1351(0) 0

000 ™z No N3 Ny No N3 0 0
00 0 SXi\lh’Sz(O) B;‘X?\z[;%(()) /35)(?\3:2(0) [3§X3\1[;5'2(0) 55}(?\2];92(0) ﬂ;Xxfg(O) 00 0
00 0 §X3\1[;93(0) B§X:;\2/253<0) /3§X§5:s(0) §X:;\1[;5'3(0) ﬁ§X§\2]233(0) ﬂ%Xxfx(O) 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
T 000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
000 0 0 0 0 0 0 000
and that of X is
p 0 0 0 0 0 00 0 0 0 0
0 p 0 0 0 0 0O 0 0 0 0 0
0 0 »p 0 0 0 0O 0 0 0 0 0
—p 0 0 ar+m 0 0 0 0 0 0 0 0
0 —p 0 0 g + o 0 0 0 0 0 0 0
s _ 0 0 —p 0 0 oz + 00 0 0 0 0
0 0 0 — 0 0 mwm 0 0 0 0 0
0 0 0 0 —10, 0 0O m™ 0 0 0 0
0 0 0 0 0 —a3f 0 0 7™ 0 0 0
0 0 0 —oq(1—6) 0 0 0 0 0 7" o0
0 0 0 0 —a(1— 6,) 0 0 0 0 0 5" o0
0 0 0 0 0 —a3(1—063) 0 0 0 0 0 nff

We then numerically compute the Ry by noting that Ry is the spectral radius
T* 2*71 )




The matrices used to compute the effective reproduction numbers are >*

and

’)f\‘\(r \s(/+“ ()i\ 2a()  BiXis u)+“ ()1\14)

BXUSI0) | (] _ o) SN0

Z * 000 0 0 0 0 0 0

Now, for illustration purposes, we follow the works in [? ? ], and define
T;; = ¢i%ij, such that ¢; is the number of individuals contacted by an individ-
ual in group ¢ per unit time (in our case per day) and +;; is the proportion
of those contacts due to an individual in group ¢ with individuals in group j.
We note that >~ 7;; = 1 and the matrix P = [(; ;)] is the mixing matrix.
The mixing matrix determines the mixing pattern within and between the
age groups. This mixing patterns can be defined under different assump-
tions: proportional mixing, restricted mixing, and preferential mixing [? ?
|. For the purpose of our study, we assume a proportional mixing process.
This implies that 7;; can be expressed as the proportion of total contacts
attributable to the group j’s population. We have

N
Yij = 2:?]1—0]]]\[ =7-

By the above, the matrix P has it rows to be the same. For notational
purpose, we set z;; = x; = ¢;7;; = ¢;77; under this assumption. This implies

that the product of T¥*~! has rank 1. R; is the summation of that of the




age specific groups. That said, from 7T; and o;, we have

0 ﬁiji\ii(t) + (1 . e) 5?96]1'\[‘?@) /31-599]1'\[5;1‘(75) + (1 . 6) fojfi\[‘f(t) 0
0 0 0 0
th =
0 0 0 0
0 0 0 0
and
p 0 0 0

—p a1t 0 0

)

* —
z:1‘,1' -

We can therefore obtain the expression for 7>*~! and conclude that

Ro = ) Si(t) 57 (il +m™) + Vi(t) 87 (i + mi™)
‘ ‘ Nz(Oéz + u@,)msm ’

where we note that Ry is the effective reproduction number for age group
0,07 = (1—e€)f;, and
Ri=TRu + Rz + Rys.



3. Computing effective reproduction number

The below algorithm computes the average value of the effective repro-
duction number for each value combination of # and v for periods from 1 to

127 days.

Algorithm 1 Estimating average value of effective reproduction number for

each parameter value combination of # and v. Time period:1-127 in days.

1: Input baseline parameters and initial state values reported in Tables 77
and 77?7

2: Set range of values for 6 and v

3: For each value of 6

A. For each value of v

a. solve System Eq/[I]
I For each time period
i Compute effective reproduction number

IT Find the average effective reproduction number

4: End
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