	
	
	



ANNEX
School Food Environment and Healthy Eating in Italian Schools: Evidence from a Nationwide Teacher Survey
Annex 1. Data Analysis
 Constructs were estimated using Item Response Theory (IRT) (Andrich, 1978; Rasch, 1961) Rating Scale (RSM) and Rasch (RSH) models, accommodating either Likert or binary formats, respectively (O’Halloran et al., 2020). A hierarchical Bayesian framework jointly estimated latent traits and their association with consumption outcomes through an ordinal logit model (Micha et al., 2018).
Mathematically, the RSM and the RSH models can be formulated using the following category response functions, respectively (Engelhard, 2014; Furr, 2017):
	

	(1)


Where i indicates the  item, x is the response given by teacher j to any item i, and Pijx represents the probability that teacher j selects response x for item i. The parameter αi denotes the ith item’s difficulty, θj refers to the teacher’s latent trait corresponding to the perceived QO, QA, or RSG construct, and δ is a vector of threshold coefficients. We will hereafter re-express equation (1) more compactly as either:
	
	(2)


where each expression conveniently maps the latent construct of interest to the corresponding IRT model, based on the nature of the items that compose the surveys.
The latent construct q is expressed in a standard score form with a mean of zero and a standard deviation of one. Moreover, to guarantee statistical identification of the models’ parameters, (i) we constrain both the last item coefficients , ,  and the last threshold in the RSM to be the negative sum of the other item coefficients and thresholds, respectively (i.e.:  and , so that these terms average to zero); (ii) we specify a zero-mean weakly informative prior distribution for both the statement coefficients and the thresholds to allow identifying the mean-function parameters of .  
Since our Bayesian estimation strategy hinges on the joint distribution of , ,  and  as well as the remaining parameters in the ordered logit model (see below), we label equations (2) as the likelihood of the observed data, while ,  and  require their own prior distributions (Gelman et al., 2013). As recommended in Furr (2017), Luo and Jiao (2018) and Bürkner (2019), we adopt the following weakly informative priors:
	
	(3)


The latent variables modeled using IRT, , , , were included as predictors in an ordered logit model to examine their relationship with ordinal outcomes. This combined approach bridged measurement and inference: IRT captured unobservable traits by analyzing individual responses to survey items, while the ordered logit model evaluated how these traits influence the ordinal variables of interest (Wilson et al., 2008), namely children’s FVL consumption, measured on a five-point Likert scale and recoded into three ordered categories (low, medium, high). By integrating these methods, it was possible to jointly estimate latent traits and assess their associations with ranked outcomes, enhancing both precision and interpretability. Indeed, the ordered logit model is particularly suited for dependent variables with natural ranking (e.g., low, medium, high consumption levels), ensuring that the relationships between predictors and outcomes respect the inherent order of the categories (Grilli & Rampichini, 2021). Accordingly, we specify this lower level of the joint hierarchical model as follows:
	


	(4)


Where , ,  indicates the number of ordinal categories,  represent cutpoints along the real line, and the observed category  manifests through , where  indicates a latent variable  with  and the -dimensional covariate vector  including an intercept. The coefficients β quantify the influence of the latent variables on the probability of the outcome, while γ represent the effects of the observed covariates, measuring their specific contributions to the outcome.
Notice that, since vector measure how much a unit change in θj or in any regressor Xj shifts the log-odds of choosing category an adjacent category, we calculate and present . These are more naturally interpreted as the observed change n  probability of choosing category  for an observed unit change in either  or . 
Finally, since models (2) and (4) are estimated jointly, we need to specify priors for ,  and . Given the unit scale for the priors on  and after normalizing all the covariates in , a sensible choice of distributions for the slope and cutpoint coefficients is:
	
	(5)





Annex 2. Regional distribution of sample schools[footnoteRef:1] [1:  Percentages are based on a total sample of 2,431 teacher responses.] 

	Region
	% of sample

	Abruzzo
	1.5

	Basilicata
	1.1

	Calabria
	1.4

	Campania
	2.9

	Emilia-Romagna
	10.6

	Friuli-Venezia Giulia
	3.0

	Lazio
	3.9

	Liguria
	1.9

	Lombardia
	35.7

	Marche
	1.6

	Molise
	0.7

	Piemonte
	10.9

	Puglia
	2.1

	Sardegna
	1.8

	Sicilia
	2.3

	Toscana
	3.8

	Trentino-Alto Adige
	3.2

	Umbria
	1.6

	Valle d’Aosta
	0.3

	Veneto
	9.7

	Total
	100.0






Annex 3.  Full model estimates with standard deviations and confidence intervals[footnoteRef:2] [2:  Each table reports the average marginal effects of selected predictors on fruit, vegetable, or legume consumption, estimated using an ordered logit model with Bayesian inference.
Resp: Model equation number (e.g., 1 = low consumption vs. higher, 2 = medium vs. higher, etc.).
Variable: Predictor included in the model.
Estimate: Posterior mean of the marginal effect. Positive values indicate an increase in the probability of higher consumption levels; negative values indicate a decrease.
SD: Standard deviation of the posterior estimate.
5% CI and 95% CI: Bayesian 90% credible interval (from the 5th to the 95th percentile). If this interval does not include zero, the effect is considered meaningful.
Rhat: Gelman–Rubin convergence diagnostic. Values close to 1 indicate good convergence of the Markov chains.
no_zero: Significance marker (*), indicating that the 90% credible interval does not cross zero.
] 


	Resp
	Variable
	Estimate
	SD
	5% CI
	95% CI
	Rhat
	≠0

	QO
	Int
	-0.254
	0.459
	-1.035
	0.484
	1.000
	

	QO
	Class Number
	-0.013
	0.025
	-0.055
	0.028
	1.000
	

	QO
	Kindergarten
	0.132
	0.057
	0.038
	0.226
	1.001
	*

	QO
	Rural Area
	0.147
	0.046
	0.072
	0.223
	1.002
	*

	QO
	International_Mid_High
	-0.108
	0.051
	-0.192
	-0.024
	1.001
	*

	QO
	Private Non Paritary
	0.076
	0.469
	-0.702
	0.847
	1.001
	

	QO
	Private Paritary
	1.080
	0.060
	0.981
	1.180
	1.001
	*

	QO
	Lunch Break Activities
	0.043
	0.059
	-0.052
	0.141
	1.000
	

	QO
	North-West Area
	0.670
	0.052
	0.584
	0.757
	1.000
	*

	QO
	North-East Area
	-0.073
	0.051
	-0.155
	0.010
	1.003
	

	QO
	Center Area
	-0.224
	0.458
	-0.965
	0.552
	1.001
	

	QO
	South And Islands Area
	0.001
	0.457
	-0.729
	0.780
	1.001
	

	QA
	Int
	-0.085
	0.466
	-0.837
	0.678
	1.000
	

	QA
	Class Number
	-0.040
	0.041
	-0.108
	0.029
	1.002
	

	QA
	Kindergarten
	-0.638
	0.090
	-0.786
	-0.493
	1.001
	*

	QA
	Rural Area
	-0.120
	0.074
	-0.243
	0.002
	1.001
	

	QA
	International_Mid_High
	0.199
	0.081
	0.064
	0.332
	1.003
	*

	QA
	Private Non Paritary
	-0.295
	0.647
	-1.354
	0.749
	1.001
	

	QA
	Private Paritary
	0.280
	0.091
	0.129
	0.429
	1.001
	*

	QA
	Lunch Break Activities
	0.133
	0.091
	-0.018
	0.282
	1.003
	

	QA
	North West Area
	-0.013
	0.080
	-0.146
	0.113
	1.001
	

	QA
	North East Area
	0.383
	0.083
	0.244
	0.519
	1.002
	*

	QA
	Center Area
	-0.242
	0.454
	-0.996
	0.480
	1.000
	

	QA
	South And Islands Area
	-0.007
	0.453
	-0.759
	0.710
	1.000
	

	RSG
	Int
	-1.180
	0.456
	-1.931
	-0.455
	1.002
	*

	RSG
	Class Number
	-0.053
	0.040
	-0.119
	0.012
	1.001
	

	RSG
	Kindergarten
	0.301
	0.085
	0.162
	0.440
	1.001
	*

	RSG
	Rural Area
	0.143
	0.071
	0.025
	0.256
	1.001
	*

	RSG
	International_Mid_High
	0.015
	0.078
	-0.115
	0.147
	1.001
	

	RSG
	Private Non Paritary
	0.421
	0.635
	-0.612
	1.468
	1.002
	

	RSG
	Private Paritary
	0.893
	0.089
	0.749
	1.039
	1.000
	*

	RSG
	Lunch Break Activities
	0.218
	0.085
	0.078
	0.359
	1.001
	*

	RSG
	North-West Area
	0.112
	0.078
	-0.017
	0.242
	1.003
	

	RSG
	North-East Area
	0.345
	0.079
	0.216
	0.476
	1.003
	*

	RSG
	Center Area
	-0.678
	0.448
	-1.392
	0.078
	1.003
	

	RSG
	South And Islands Area
	-0.373
	0.450
	-1.093
	0.365
	1.003
	






Annex 4. Average marginal effects of FVL consumption and model diagnostics
Annex 4a. Fruit consumption
	
	
	
	
	
	
	
	
	

	
	Resp
	Variable
	Estimate
	SD
	5% CI
	95% CI
	Rhat
	≠0

	
	
	
	
	
	
	
	
	

	1
	1
	Class Number
	0.454
	0.349
	-0.125
	1.05
	1.001
	

	2
	1
	Kindergarten
	-1.837
	0.871
	-3.251
	-0.427
	1.002
	*

	3
	1
	Rural Area
	1.012
	0.651
	-0.067
	2.074
	1.001
	

	4
	1
	International_Mid_High
	-1.064
	0.711
	-2.243
	0.092
	1.002
	

	5
	1
	Private Non Paritary
	4.9
	4.726
	-3.14
	12.618
	1.001
	

	6
	1
	Private Paritary
	0.336
	0.842
	-1.053
	1.747
	1.001
	

	7
	1
	Lunch Break Activities
	0.212
	0.815
	-1.153
	1.535
	1
	

	8
	1
	North-West Area
	-0.321
	3.158
	-5.612
	4.681
	1
	

	9
	1
	North-East Area
	-0.455
	3.171
	-5.841
	4.548
	1.001
	

	10
	1
	Center Area
	-0.291
	3.156
	-5.502
	4.701
	1.001
	

	11
	1
	South And Islands Area
	1.396
	3.211
	-3.881
	6.51
	1
	

	12
	1
	QO
	-10.601
	0.609
	-11.624
	-9.619
	1
	*

	13
	1
	QA
	-0.198
	0.501
	-1.015
	0.634
	1.003
	

	14
	1
	RSG
	-0.323
	0.503
	-1.144
	0.5
	1.001
	

	15
	2
	Class Number
	0.529
	0.408
	-0.144
	1.228
	1.002
	

	16
	2
	Kindergarten
	-2.131
	1.006
	-3.793
	-0.492
	1.002
	*

	17
	2
	Rural Area
	1.176
	0.758
	-0.073
	2.415
	1.001
	

	18
	2
	International_Mid_High
	-1.239
	0.828
	-2.59
	0.105
	1.002
	

	19
	2
	Private Non Paritary
	5.693
	5.491
	-3.587
	14.685
	1.001
	

	20
	2
	Private Paritary
	0.392
	0.976
	-1.224
	2.037
	1.001
	

	21
	2
	Lunch Break Activities
	0.248
	0.946
	-1.328
	1.777
	1
	

	22
	2
	North-West Area
	-0.364
	3.674
	-6.514
	5.498
	1
	

	23
	2
	North-East Area
	-0.522
	3.692
	-6.613
	5.349
	1.001
	

	24
	2
	Center Area
	-0.33
	3.676
	-6.33
	5.519
	1.001
	

	25
	2
	South And Islands Area
	1.635
	3.746
	-4.436
	7.632
	1
	

	26
	2
	QO
	-12.305
	0.611
	-13.313
	-11.315
	1.001
	*

	27
	2
	QA
	-0.232
	0.582
	-1.188
	0.72
	1.003
	

	28
	2
	RSG
	-0.373
	0.583
	-1.317
	0.572
	1.001
	

	29
	3
	Class Number
	-0.983
	0.755
	-2.262
	0.27
	1.002
	

	30
	3
	Kindergarten
	3.968
	1.867
	0.926
	7.044
	1.002
	*

	31
	3
	Rural Area
	-2.189
	1.405
	-4.488
	0.141
	1.001
	

	32
	3
	International_Mid_High
	2.303
	1.534
	-0.197
	4.799
	1.002
	

	33
	3
	Private Non Paritary
	-10.593
	10.198
	-27.107
	6.796
	1.001
	

	34
	3
	Private Paritary
	-0.728
	1.816
	-3.783
	2.272
	1.001
	

	35
	3
	Lunch Break Activities
	-0.459
	1.759
	-3.32
	2.48
	1
	

	36
	3
	North West Area
	0.685
	6.826
	-10.241
	12.086
	1
	

	37
	3
	North East Area
	0.977
	6.857
	-9.85
	12.51
	1.001
	

	38
	3
	Center Area
	0.622
	6.826
	-10.199
	11.784
	1.001
	

	39
	3
	South And Islands Area
	-3.03
	6.949
	-14.1
	8.302
	1
	

	40
	3
	QO
	22.905
	0.713
	21.749
	24.074
	1
	*

	41
	3
	QA
	0.429
	1.081
	-1.363
	2.202
	1.003
	

	42
	3
	RSG
	0.696
	1.084
	-1.067
	2.462
	1.001
	

	
	
	
	
	
	
	
	
	



Annex 4b. Vegetable consumption
	
	
	
	
	
	
	
	
	

	
	resp
	Variable
	Estimate
	SD
	5% CI
	95% CI
	rhat
	≠0

	
	
	
	
	
	
	
	
	

	1
	1
	class number
	0.369
	0.752
	-0.872
	1.593
	1.001
	

	2
	1
	kindergarten
	0.656
	1.827
	-2.295
	3.645
	1.001
	

	3
	1
	rural area
	-0.662
	1.317
	-2.846
	1.466
	1
	

	4
	1
	international_mid_high
	1.681
	1.476
	-0.751
	4.087
	1.001
	

	5
	1
	private non paritary
	6.433
	9.615
	-9.535
	22.398
	0.999
	

	6
	1
	private paritary
	-0.801
	1.772
	-3.687
	2.083
	1
	

	7
	1
	lunch break activities
	0.376
	1.679
	-2.331
	3.116
	1
	

	8
	1
	north west area
	0.209
	6.997
	-10.976
	11.919
	1.002
	

	9
	1
	north east area
	-6.506
	6.997
	-17.942
	5.228
	1.002
	

	10
	1
	center area
	5.328
	7.066
	-6.278
	17.059
	1.002
	

	11
	1
	south and islands area
	0.263
	7.065
	-11.265
	11.787
	1.002
	

	12
	1
	QO
	-19.336
	0.716
	-20.538
	-18.165
	1.002
	*

	13
	1
	QA
	-0.735
	1.072
	-2.546
	0.998
	1.006
	

	14
	1
	RSG
	-2.439
	1.038
	-4.134
	-0.719
	1.001
	*

	15
	2
	class number
	0.008
	0.02
	-0.018
	0.044
	1.001
	

	16
	2
	kindergarten
	0.015
	0.045
	-0.049
	0.097
	1
	

	17
	2
	rural area
	-0.014
	0.032
	-0.075
	0.032
	1
	

	18
	2
	international_mid_high
	0.033
	0.042
	-0.018
	0.112
	1
	

	19
	2
	private non paritary
	0.121
	0.247
	-0.218
	0.576
	0.999
	

	20
	2
	private paritary
	-0.02
	0.045
	-0.104
	0.04
	1.001
	

	21
	2
	lunch break activities
	0.009
	0.04
	-0.05
	0.078
	1
	

	22
	2
	north west area
	0.002
	0.167
	-0.281
	0.277
	1.001
	

	23
	2
	north east area
	-0.13
	0.191
	-0.498
	0.108
	1.001
	

	24
	2
	center area
	0.104
	0.184
	-0.137
	0.44
	1.002
	

	25
	2
	south and islands area
	0.005
	0.168
	-0.274
	0.287
	1.001
	

	26
	2
	QO
	-0.378
	0.259
	-0.808
	0.053
	1.003
	

	27
	2
	QA
	-0.015
	0.028
	-0.069
	0.021
	1.003
	

	28
	2
	RSG
	-0.046
	0.039
	-0.117
	0.007
	1.001
	

	29
	3
	class number
	-0.377
	0.768
	-1.63
	0.891
	1.002
	

	30
	3
	kindergarten
	-0.671
	1.864
	-3.732
	2.333
	1.001
	

	31
	3
	rural area
	0.675
	1.343
	-1.485
	2.917
	1
	

	32
	3
	international_mid_high
	-1.714
	1.506
	-4.151
	0.765
	1.001
	

	33
	3
	private non paritary
	-6.554
	9.805
	-22.816
	9.758
	0.999
	

	34
	3
	private paritary
	0.821
	1.808
	-2.112
	3.782
	1
	

	35
	3
	lunch break activities
	-0.386
	1.712
	-3.178
	2.361
	1
	

	36
	3
	north west area
	-0.211
	7.135
	-12.15
	11.278
	1.002
	

	37
	3
	north east area
	6.636
	7.138
	-5.276
	18.291
	1.002
	

	38
	3
	center area
	-5.432
	7.206
	-17.43
	6.385
	1.002
	

	39
	3
	south and islands area
	-0.269
	7.204
	-12.011
	11.449
	1.002
	

	40
	3
	QO
	19.714
	0.676
	18.623
	20.845
	1.002
	*

	41
	3
	QA
	0.751
	1.094
	-1.014
	2.608
	1.006
	

	42
	3
	RSG
	2.485
	1.054
	0.734
	4.203
	1.001
	*

	
	
	
	
	
	
	
	
	



Annex 4c. Legume consumption
	
	Resp
	Variable
	Estimate
	SD
	5% CI
	95% CI
	Rhat
	≠0

	
	
	
	
	
	
	
	
	

	1
	1
	-0.327
	0.687
	-1.443
	0.793
	-0.327
	1.002
	

	2
	1
	-6.781
	1.745
	-9.735
	-3.95
	-6.781
	1.002
	*

	3
	1
	2.537
	1.337
	0.39
	4.731
	2.537
	1.002
	*

	4
	1
	0.766
	1.467
	-1.664
	3.184
	0.766
	1.001
	

	5
	1
	2.514
	9.677
	-13.312
	18.413
	2.514
	1.001
	

	6
	1
	2.34
	1.696
	-0.411
	5.056
	2.34
	1
	

	7
	1
	-0.386
	1.656
	-3.051
	2.392
	-0.386
	1.001
	

	8
	1
	5.383
	7.015
	-6.308
	16.744
	5.383
	1.001
	

	9
	1
	2.904
	7.023
	-8.904
	14.391
	2.904
	1.001
	

	10
	1
	-0.225
	7.105
	-12.252
	11.183
	-0.225
	1.001
	

	11
	1
	-7.197
	7.148
	-19.105
	4.673
	-7.197
	1.001
	

	12
	1
	-19.327
	0.722
	-20.541
	-18.178
	-19.327
	1.003
	*

	13
	1
	-1.159
	1.083
	-2.937
	0.626
	-1.159
	1.002
	

	14
	1
	-1.961
	1.012
	-3.643
	-0.298
	-1.961
	1.002
	*

	15
	2
	Class Number
	-0.003
	0.015
	-0.031
	0.018
	1.001
	

	16
	2
	Kindergarten
	-0.072
	0.124
	-0.286
	0.116
	1.001
	

	17
	2
	Rural Area
	0.026
	0.051
	-0.05
	0.119
	1.001
	

	18
	2
	International_Mid_High
	0.011
	0.033
	-0.032
	0.074
	1.001
	

	19
	2
	Private Non Paritary
	0.023
	0.196
	-0.277
	0.36
	1.001
	

	20
	2
	Private Paritary
	0.022
	0.052
	-0.052
	0.117
	1
	

	21
	2
	Lunch Break Activities
	-0.003
	0.033
	-0.061
	0.049
	1.001
	

	22
	2
	North West Area
	0.057
	0.171
	-0.18
	0.372
	1.001
	

	23
	2
	North East Area
	0.031
	0.152
	-0.184
	0.304
	1.001
	

	24
	2
	Center Area
	-0.002
	0.148
	-0.242
	0.228
	1
	

	25
	2
	South And Islands Area
	-0.072
	0.193
	-0.429
	0.181
	1
	

	26
	2
	QO
	-0.196
	0.332
	-0.742
	0.356
	1.001
	

	27
	2
	QA
	-0.013
	0.03
	-0.07
	0.025
	1.001
	

	28
	2
	RSG
	-0.018
	0.038
	-0.085
	0.041
	1.001
	

	29
	3
	Class Number
	0.331
	0.695
	-0.803
	1.46
	1.002
	

	30
	3
	Kindergarten
	6.853
	1.773
	4.013
	9.875
	1.002
	*

	31
	3
	Rural Area
	-2.563
	1.35
	-4.786
	-0.395
	1.002
	*

	32
	3
	International_Mid_High
	-0.777
	1.483
	-3.227
	1.67
	1.002
	

	33
	3
	Private Non Paritary
	-2.537
	9.774
	-18.643
	13.435
	1.001
	

	34
	3
	Private Paritary
	-2.362
	1.712
	-5.118
	0.417
	1
	

	35
	3
	Lunch Break Activities
	0.389
	1.673
	-2.416
	3.086
	1.001
	

	36
	3
	North West Area
	-5.44
	7.089
	-16.907
	6.374
	1.001
	

	37
	3
	North East Area
	-2.935
	7.096
	-14.528
	8.975
	1.001
	

	38
	3
	Center Area
	0.226
	7.18
	-11.306
	12.36
	1.001
	

	39
	3
	South And Islands Area
	7.269
	7.22
	-4.696
	19.309
	1.001
	

	40
	3
	QO
	19.523
	0.664
	18.434
	20.618
	1.003
	*

	41
	3
	QA
	1.173
	1.095
	-0.627
	2.964
	1.002
	

	42
	3
	RSG
	1.978
	1.017
	0.293
	3.667
	1.002
	*


Annex 5. Latent Trait Quality and Computational Adequacy

In this section we present a series of reliability measures for the estimated latent constructs upon which the results of Section 3 hinge. 

Marginal reliability. Marginal reliability quantifies whether the fitted scale separates teachers reliably across the sample. For any construct , where , each teacher's posterior mean latent score is calculated by averaging that teacher's  posterior draws, and the corresponding posterior variance records the uncertainty remaining around that score. Marginal reliability then divides the sample variance of the posterior mean scores by the sum of that between-teacher variance and the average posterior variance within teachers. The numerator therefore represents the estimated signal, namely the degree to which teachers differ on the construct, whereas the added term in the denominator represents average measurement uncertainty:

where


The coefficient ranges from zero to one. Values near one indicate that between-teacher differences dominate posterior score uncertainty, while values near zero indicate that apparent differences are small relative to measurement error. Clearly, the close the index to one, the better. This signal-to-total-variance decomposition is convenient as it is defined on the same latent scale as the reported scores and incorporates the uncertainty delivered by the fitted response model, rather than assuming a common measurement error for all teachers (Green et al., 1984; Kim and Feldt, 2010; Kim, 2012).

Global posterior-predictive probability. The global posterior-predictive probability evaluates whether the response model for an entire construct can reproduce the aggregate residual variation observed in the item replies. The calculation begins at each posterior draw by substituting that draw's teacher score, item parameter and, where applicable, threshold vector into equations (1)-(2). This gives the probability of every response category, from which the conditional mean and variance of the scored reply are obtained. A replicated reply is then drawn from the same category probabilities, as follows:[footnoteRef:3] [3:  Notice that the number of scored categories is item-specific. In practice, diagnostic scores run from zero to , while for binary RSG items,  equals two and the threshold vector is omitted.] 





Observed and replicated replies are compared through the draw-specific Pearson discrepancies indicates in equations (5)-(6). For each construct, the observed discrepancy sums squared deviations of the actual replies from their model-implied means, divided by their model-implied variances, over all non-missing item-teacher pairs. The replicated discrepancy applies exactly the same calculation to the simulated replies, . Here, standardization makes residual contributions from items with different category structures comparable, and repeating the calculation across posterior draws incorporates parameter uncertainty into both discrepancy distributions. The upper-tail probability is the proportion of draws in which the replicated discrepancy is at least as large as the observed discrepancy. The reported two-sided probability doubles the smaller of this proportion and its complement, with a maximum of one.
	
	(5)

	
	(6)






The global probability measure  is large when the observed discrepancy is typical of the replicated reference distribution and approaches zero when the observed discrepancy lies in either extreme tail. Values below 0.05 are therefore used here as diagnostic flags.[footnoteRef:4] Finally, every observed and replicated discrepancy,  and , is also divided by the replicated median for the same construct and outcome model. This normalization gives the replicated reference measure a common centre at one and allows the resulting constructs to be displayed on a common horizontal scale (See figure A5.1). [4:  Notice that these are not classical null-hypothesis p-value: the data are used both to estimate the posterior and to form the observed discrepancy, so posterior-predictive probabilities tend to be conservative and should be interpreted as calibrated measures of model-data compatibility rather than significance tests (Gelman et al., 1996; Sinharay et al., 2006).] 


Observed/replicated median discrepancy ratio. The observed/replicated median discrepancy ratio complements the global posterior-predictive checks by describing the direction and approximate magnitude of any aggregate discrepancy. It is calculated as the median, across posterior draws, of the observed Pearson discrepancy divided by the corresponding median[footnoteRef:5] of the replicated discrepancy as follows: [5:  Using medians reduces sensitivity to unusually large discrepancy draws and places the observed residual variation on the same scale as the variation generated by the fitted model.] 


A ratio of one indicates close agreement between typical observed and replicated residual variation. A value above one means that the actual replies contain more aggregate residual variation than the model usually generates; a value below one means that the replies are more regular than the replications. The ratio is a useful complement to the global posterior-predictive probability as the latter reports extremeness of the possible divergences, but not direction or practical magnitude.
Results. Table A5.1 and Figure A5.1 report the numerical values for the reliability indicators presented above, for each latent construct discussed in the main manuscript and for each estimated model (i.e., fruit, vegetables and legumes).

Table A5.1. Summary of construct quality across the three joint outcome models.
	Construct
	Marginal reliability
	Global PPC 
	Observed/repeated median
	Overall assessment

	QO
	0.9417–0.9421
	0.6235–0.6560
	0.993–0.994
	High precision; aggregate fit supported.

	QA
	0.4327–0.4336
	0.0140–0.0225
	1.065–1.066
	Low precision and reproducible global misfit.

	RSG
	0.5243–0.5266
	0.7745–0.7940
	1.009–1.010
	Limited precision despite acceptable aggregate fit.


Notes: Ranges are across the fruit, vegetable, and legume joint outcome models. Global PPC p is the two-sided posterior predictive probability defined above. Obs./rep. median is the median observed Pearson discrepancy divided by the median replicated discrepancy.

Figure A5.1. Construct-level posterior-predictive checks. 
[image: ]
Notes: Diamonds and thin black intervals show the observed posterior median and 5th-95th percentiles for ; squares and thick blue intervals show the replicated summaries for . The values of the right-hand side indicate the two-sided posterior predictive p-values.

First, QO is the strongest construct. Marginal reliability is approximately 0.942, indicating clear teacher separation relative to score uncertainty. The global PPC p-values (0.624-0.656) and observed/replicated ratios (0.993-0.994) show no evidence of excess or deficient aggregate residual variation. Conversely, QA is more problematic and does not appear to be supported as a comparably reliable construct. In fact, reliability is only 0.433-0.434, and the global PPC flags the construct in all three analyses ( = 0.014-0.023). Its observed discrepancy is about 6.5% larger than the replicated median. Thus, QA combines weak score separation with reproducible aggregate misfit, indicating that conclusions that make use of QA should be treated as sensitive to the measurement specification. Last, RSG reproduces aggregate response variation adequately (global PPC p = 0.775-0.794; observed/replicated ratio = 1.009-1.010), but its reliability is limited (0.524-0.527). The fitted model therefore gives an acceptable construct-level account of the replies while individual latent scores remain noisy.

Computational adequacy. We sample from the posterior distribution of the joint posterior of the parameters implied by equations (1) through (5) using Stan. Specifically, we run the corresponding Hamiltonian Monte Carlo sampling algorithm for 2000 iteration over four chains in parallel, and applied a 50% burin-in. In this respect, however, the posterior summaries presented in Section 3 are credible only if the Markov chains sampled the target distribution adequately. Across all the parameters of interest (including teacher latent scores, item parameters, threshold components, regression coefficients, and outcome parameters), we computed standard measures of convergence such as rank-normalized R-hat, bulk and tail effective sample sizes (ESS). The former compares between- and within-chain behavior (target at or below 1.01), the latter quantify information in the center and tails of each posterior, respectively (400 is commonly used as a practical minimum threshold). Table A5.2 reports the maximum R-hat, the number of monitored quantities with R-hat above 1.01, and the minimum bulk and tail ESS. Moreover, Div./TD indicates the total numbers of divergent transitions and maximum-tree-depth hits across chains, while Min E-BFMI is the minimum chain-specific energy Bayesian fraction of missing information (in this case, the literature suggests 0.30 as a practical lower bound).

Table A5.2. Computational diagnostics by outcome model
	Outcome
	Max R-hat
	n > 1.01
	Min bulk ESS
	Min tail ESS
	Div./TD
	Min E-BFMI
	Assessment

	Fruit
	1.0098
	0
	421.6
	1372.2
	0/0
	0.840
	Meets all reported screens.

	Vegetables
	1.0143
	2
	675.2
	1443.0
	0/0
	0.755
	Two isolated R-hat warnings.

	Legumes
	1.0109
	3
	551.3
	1311.1
	0/0
	0.772
	Three QO-parameter R-hat warnings.


Notes: n > 1.01 counts parameters exceeding the R-hat threshold using unrounded values. Div./TD reports divergent transitions and maximum-tree-depth hits. Min E-BFMI is the lowest chain-specific value.

Results are globally very satisfactory. All three model displayed zero divergences and zero maximum-tree-depth hits, minimum E-BFMI was 0.755-0.840, and every reported bulk and tail ESS exceeded 400. The fruit equation also met the strict R-hat screen of 1.01. Conversely, the vegetable model contained two isolated latent-score values above 1.01 (maximum 1.0143), while the legume fit contained three QO discrimination parameters above 1.01 (maximum 1.0109). However, these departures are small and sporadic and, as such, they are unlikely to have a meaningful impact of the posterior summaries discussed in Section 3.
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