
Additional file 2 - Methods

In this paper, we propose modeling the patient’s respiratory profile based on i.
use the daily distribution of measures in the plan breathing rate-amplitude and
ii. use the complete time series of valid breathing rate and amplitude measures.

In the first case, the method used consists of modeling the baseline week as
a Wasserstein barycenter and using the Wasserstein distance from the reference
model as a novelty score. In the second approach, the baseline week is modeled
by a Hidden Markov Model and the log-likelihood under the model is used as
novelty score.

Hereafter, the proposed methods are described.

Wasserstein distance

The distance between two distributions can be quantified using optimal trans-
port theory. The idea behind it can be explained with the pile of sand analogy.
We consider an initial distribution of mass µ that describes the pile of sand. We
wish to move each grain of sand so the final distribution is ν. The ground cost
for transporting one grain of sand from position x to position y is defined by the
cost function c(x, y). The optimal distance between the piles is the distance that
minimizes the overall cost of transportation [3, 4]. The Wasserstein distance is
this optimal value, that quantifies the similarity between two distributions.

For the comparison of sets of points, discrete distributions are defined ac-
cording to the points weights and locations. Equation 1 defines the discrete
distribution µ, according to the weights α and locations of points x1, . . . , xn,
where δx is the Dirac at position x.

µ =

n∑
i=1

αiδxi
(1)

In the Kantorovich formulation for discrete distributions, the distance be-
tween µ and ν can be estimated according to Equation 2, where Π are the
admissible transport plans between µ and ν. The transport plan can be under-
stood as the matrix that defines the amount of sand πij that is to be transported
from xi to yj . Thus, the mass moved from each distribution corresponds to its
initial mass (

∑m
j=1 πij = µi and

∑n
i=1 πij = νj) and the mass displaced is always

positive (πij ≥ 0). The total transportation cost is then

W (µ, ν) = min
π∈Π

n∑
i=1

m∑
j=1

πijc(xi, yj) (2)

As µ and ν are distributions, and all measures of a given day are considered
of equal importance, we use that all weights within a day containing n data
point are αi = 1/n. Moreover, to ensure that breathing rate and amplitude
have the same impact, the cost function used is the Mahalanobis distance.
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Wasserstein barycenters

Based on the Wasserstein distance between discrete distributions, the Wasser-
stein barycenter is a weighted average distribution ν that is at midway from a
given set of distributions {µj}. The Wasserstein barycenter of the distributions
{µj} is estimated with Equation 3, where the weights ρj ≥ 0 and

∑
j ρj = 1.

ν = min
ν

∑
ρjW (ν, µj) (3)

In the reference models, we give uniform weights to all reference days and we
estimate Wasserstein barycenters with 288 points, independently of the number
of valid measures available in the original daily distributions. This corresponds
to a complete day of oxygen therapy adherence under TeleOx® monitoring,
where a valid measure is recorded every 5 minutes.

Hidden Markov Model

A Markov model is a stochastic model that describes a Markov process. A
Markov process is a chain of events where the probability of the event at time
t + 1 depends only on the event at time t, and not on previous events (on
t − 1, t − 2, . . .). This assumption is defined in Equation 4 for a sequence of
states s0, s1, . . . , sT .

P (st = i|s0, . . . , st−1) = P (st = i|st−1) (4)

A representation of a Markov chain with two states i and j is given in Figure
1. The series S = s0, s1, . . . , sT is a series of states that can get values i or j.
The Markov chain is described by the parameters Πi = P (s0 = i), the initial
state probability, and A = {aij} = P (st = j|st−1 = i), the transition probability
matrix, which is independent of time.

Figure 1: Markov chain diagrams for two observable states

In the HMM the series of states S = s0, s1, . . . , sT is not directly observed.
Instead, the observations O = o0, o1, . . . , oT are variables that depend on the
hidden state. Thus, a new parameter B = {bj(ot)} = P (ot|st = j) defines the
emission probabilities.
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Figure 2: Hidden Markov model diagrams for two hidden states

Estimate the model parameters

A hidden Markov model is described by the parameter Θ = (A,B,Π). Θ can
be estimated from the observed data using the Baum-Welch algorithm, which
is a special case of the expectation-maximization (EM) algorithm [1].

The objective of the algorithm is to find the local maximum for Θ∗ =
Θargmax (O|Θ) through iterations of the forward and backward steps.

Θ is initialized randomly or with prior information. The algorithm starts
with the forward procedure that consists of estimating αt(j) = P (o0, o1, . . . , ot, st =
j|Θ), the probability of observing O0:t and being at state j at time t. The com-
putation is recursive, with the following equations:

Initialization: α0(i) = πi × bi(o0)

Recursion: αt+1(i) = bi(ot+1)

N∑
j

αt(j)aji, with 1 ≤ j ≤ N, 0 ≤ t ≤ T

Next, the backward procedure is used to estimate βt(j) = P (ot+1, . . . , oT |st =
j,Θ), the probability of future observations Ot+1:T given that the state is j at
time t. Recursive computation uses the following equations:

Initialization: βT (i) = 1

Recursion: βt(i) =

N∑
j

βt+1(j)aijbj(ot+1), with 1 ≤ j ≤ N, 0 ≤ t ≤ T

Then, two temporary variables are estimated. The state occupation prob-
ability γt(i) = P (st = i|O,Θ) is the probability of occupying state i at time
t given the series of observations O and the parameters Θ. ξt(i, j) = P (st =
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i, st+1 = j|O,Θ) is the probability of occupying state i at time t and state j at
time t+ 1 given the observation O and the parameters Θ.

γt(i) =
P (O, st = i|Θ)

P (O|Θ)
=

αt(i)βt(i)∑N
j αt(j)βt(j)

ξt(i, j) =
P (st = i, st+1 = j,O|Θ)

P (O|Θ)
=

αt(i)aijβt(j)bj(ot+1)∑N
t

∑N
w αt(k)akwβt+1(w)bw(pt+1)

Finally, the parameters are updated using:

π∗
i = γ0(1)

a∗ij =

∑T−1
t=1 ξt(i, j)∑T−1
t=1 γt(i)

b∗i (vk) =

∑T
t=1 1ot=vkγt(i)∑T

t=1 γt(i)
, with 1ot=vk = { 1if ot = vk

0 otherwise

For the estimation of the respiratory profile models, each day is considered
as a sequence of observations Or. The model is fitted to R sequences O1, . . . , OR

by estimating temporary variables γr,t(i) and ξr,t(i, j) for each sequence of ob-
servations. The parameters π, A and B are updated according to the following
equations :

π∗
i =

∑R
r=1 γ0(1)

R

a∗ij =

∑R
r=1

∑T−1
t=1 ξr,t(i, j)∑R

r=1

∑T−1
t=1 γr,t(i)

b∗i (vk) =

∑R
r=1

∑T
t=1 1or,t=vkγr,t(i)∑R

r=1

∑T
t=1 γr,t(i)

, with 1ot=vk = { 1if ot = vk

0 otherwise

These steps are repeated iteratively until convergence, the reference model
is thus defined by the parameter Θ = (A,B,Π).
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Series likelihood under HMM

The likelihood of a sequence of observations given the model parameters can
be estimated using the Forward algorithm. Instead of considering all marginal
conditions, the Forward algorithm considers the conditional independence rule
of the HMM that states that the observation ot only depends on the state st
and that the current state st only depends on the previous state st−1.

Thus, the probability of the observation ot being in state i (αt(i)) can be esti-
mated according to the probabilities associated with the previous observations
o0:t. The recursive computation of the likelihood of the sequence of observa-
tions corresponds to the forward procedure that was used to estimate the model
parameters.

Score normalization for the method based on HMM

The likelihood of a sequence of observations O given the model parameters Θ is
influenced by the length of the sequence. Thus, the daily scores are normalized
using the self model, ΘO, that is HMM generated from the daily sequence of
observations O.

The normalized daily score is given by P ∗(O|ΘM ) = P (O|ΘM )
P (O|ΘO) [2], where

P (O|ΘM ) and P (O|ΘO) are the likelihoods of the daily sequence O given the
patient’s baseline model ΘM and the self model ΘO.
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