
I. COMPETITION IN THE FIXED ENVIRONMENT.

A. Derivation of the time-behavior of two population sizes from elementary processes.

In this section we are going to derive the deterministic equations governing the populations sizes n(t) and m(t)
of A and B populations, respectively, from the more elementary processes. The derivation is based on the approach
developed in [1, 2] We assume that the carrying capacity of the environment is fixed K = const. The available
resources in the environment at time t is K − n(t)−m(t). We assume that in each small time interval ∆t, either one
or two entities are selected. These selections are governed by probabilities µ and 1− µ, respectively. Specifically, for
type A (and analogously for B), the elementary processes are as follows:

Processes with two entities (1)

AE → AA, reproduction,

AA → AE, intraspecies competition,

AB → EB, interspecies competition,

AB → AA, gene trasfer A → B,

One entity process

A → ∅, death of A

We denote the probability of encountering n(t) units of type A and m(t) units of type B at time t as P (n,m, t).
The temporal evolution of P (n,m, t) follows the Markov dynamics, characterized by the following transition rates:

T (n+ 1,m|n,m) = 2µρA
n

K

K − n−m

K − 1
, (2)

T (n− 1,m|n,m) = µcAA
n

K

n− 1

K − 1
+ 2µcAB

n

K

m

K − 1
+ (1− µ)δA

n

K
,

T (n,m+ 1|n,m) = 2µρB
m

K

K − n−m

K − 1
,

T (n,m− 1|n,m) = µcBB
m

K

m− 1

K − 1
+ 2µcBA

m

K

n

K − 1
+ (1− µ)δB

m

K
,

T (n+ 1,m− 1|n,m) = 2µγAB
n

K

m

K − 1
,

T (n− 1,m+ 1|n,m) = 2µγBA
m

K

n

K − 1
,

Here ρA and δA are reproduction and death rates respectively. cAA, cAB , and standing for intra and inter-species
competition, γAB is the gene transfer rate from A → B once A and B are chosen, that is A is a donor and B is a
reciepent, such that B entity change it’s type to A, B → A. To get the intuition, let us consider the transition rate
T (n+ 1,m|n,m), that is the reproduction of A. The rate is defined as follows, with probability µ two ball process is
chosen, then with probability n/K an entity of A type and (K −n−m)/(K − 1) an entity of E is chosen, and finally
with ρA the birth happens.
The master equation for P (n,m, t) has the following form

d

dt
P (n,m, t) =

∑
s′

T (s|s′)P (s′, t)− T (s′|s)P (s, t), (3)

here s = {n,m} , S′ = {n− 1,m+ 1} , .., {n+ 1,m− 1} .

We multiply (3) by n and average over possible values of n,m ∈ [0,K]. That is defining the average < n >=∑K
n,m=0 nP (n,m, t) we get from (3)

d

dt
< n > =

K∑
n,m=0

∑
S′′

n(T (s|s′′)P (s′′, t)− T (s′′|s)P (s′′, t)) +
∑

n,m=0,K

∑
S′/S′′

n(T (s|s′)P (s′, t)− T (s, |s)P (s′, t))(4)
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here S′′ = {{n,m+ 1} , {n,m− 1}} is the set of states that include variations in m only, the sum over these states
nullifies in. Indeed, from (4) we get

K∑
n,m=0

∑
S′′

n(T (s|s′′)P (s′′, t)− T (s′′|s)P (s′′, t)) =

K∑
n,m=0

nT (n,m|n,m+ 1)P (n,m+ 1)− (5)

K∑
n,m=0

nT (n,m+ 1|n,m)P (n,m) +

K∑
n,m=0

nT (n,m|n,m− 1)P (n,m− 1)−
K∑

n,m=0

nT (n,m− 1|n,m)P (n,m)

Changing the variable in the summation m = m′ − 1 in the first term and m = m′ +1 in the third one, and noting
that T (n,−1|n, 0) = T (n, 0|n,−1) = T (n,K|n,K+1) = T (n,K+1|n,K) = 0 we get that the right hand-side nullifies.
For the states in S′/S′′ we do the same trick, that is changing the summation variables for n and m. We further

assume that the averages in the form ⟨nm⟩ = ⟨n⟩⟨m⟩, that is the mean-field approach, and finally neglecting the terms

of 1/K in intra and inter species transition rates, that is n
K

n−1
K−1 = n2

K(K−1) (repeating the same procedure for B), we

get the deterministic equations governing the population sizes n(t) = ⟨n(t)⟩ and m(t) = ⟨m(t)⟩

dn

dt
= n(rA − aAAn− aABm) + γmn, (6)

dm

dt
= m(rB − aBAn− aBBm)− γmn, (7)

where rA = ⟨µ 2ρA

K−1 − (1− µ) δAK ⟩, aAA = ⟨µ 2ρA+cAA

K(K−1) ⟩, aAB = ⟨ 2µcAB

K(K−1) ⟩ and γ = ⟨2µγAB−γBA

K(K−1) ⟩, here ⟨⟩ are standing

for averaging over P (n,m). Those for B are obtained in similar way.
From (6,7) one can derive the equivalent representation of the evolutionary processes in terms of the total abundance

of both populations N(t) = n(t) +m(t) and the fractions of A and B populations in the total abundance pA = n(t)
N(t)

and pB = m(t)
N(t) , represented in the (3,4) in the main text.

B. Dynamical analysis of (6,7)

The two representations (6,7) and in terms of pA(t) and N(t) are equivalent, however, the analysis is more easily
accomplished in the system (6,7) due to the non-dimensialization of the system [3]. The non-dimensialzation of the
system is done as follows

du

dt1
= u(1− u− αv), (8)

dv

dt1
= βv(1− δu− v), (9)

where t1 = rAt u = aAA

rA
n, v = aBB

rB
m, β = rB

rA
, α = aAB−γ

rA
rB
aBB

and δ = aBA+γ
rB

rA
aAA

.

The possible equilibrium states of (8,9) are (u∗, v∗) = (0, 0), (1, 0), (0, 1), ( 1−α
1−αδ ,

1−δ
1−αδ ).

Note, that sgn(1− αδ) = sgn(DetA), where A is the following community matrix

A =

[
aAA aAB − γ

aBA + γ aBB

]
(10)

The equilibrium state is stable if the eigenvalues of the Jacobian matrix of the dynamical system in the equilibrium
have negative real parts Reλi < 0, i = 1, 2 [3, 4]. The Jacobian matrix of the dynamical system (8,9) has the following
form

J |u∗,v∗ =

[
1− 2u∗ − αv∗ −αu∗

−βδv∗ β(1− 2v∗ − δu∗)

]
(11)
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The eigenvalues have negative real parts if TrJ |u∗,v∗ < 0 and DetJ |u∗,v∗ > 0.
For (u∗, v∗) = (0, 0) we get both TrJ |0,0 > 0 and DetJ |0,0 > 0, hence the equilbrium is unstable, as long as β > 0

which is by default assumption always holds.
In the equilibrium (u∗, v∗) = (1, 0) we obtain TrJ |1,0 = −1 + β(1 − δ) and DetJ |1,0 = −β(1 − δ). Thus, the

equilibrium is stable if δ > 1. Similarly, we obtain the following condition α > 1 for the stability of (u∗, v∗) = (0, 1).
The nontrivial equilibrium (u∗, v∗) = ( 1−α

1−αδ ,
1−δ
1−αδ ) is meaningful if u∗ > 0, v∗ > 0, since n = rA/aAAu

∗ and

m∗ = rB/aBBv
∗. The condition (u∗, v∗) > 0 holds if either α < 1, δ < 1, αδ < 1 or α > 1, δ > 1, αδ > 1. For the

stability of the equilibrium we get

TrJ |u∗,v∗ = −(u∗ + βv∗), DetJ |u∗,v∗ = βu∗v∗(1− αδ) (12)

TrJ |u∗,v∗ < 0 as long as u∗ > 0, v∗ > 0 that is for both α < 1, δ < 1, αδ < 1 and α > 1, δ > 1, αδ > 1
cases. However, the DetJ |u∗,v∗ > 0 only for the first case, that is α < 1, δ < 1, αδ < 1. Thus, the non-trivial
equilibrium is either stable–representing coexistence of both population, or unstable–separating the basins of attraction
of (u∗, v∗) = (1, 0) and (u∗, v∗) = (0, 1), if exists. Note that, in the latter case both (u∗, v∗) = (1, 0) and (u∗, v∗) = (0, 1)
are still stable, while, in the former case they are unstable.

In the main text, we focus on the situation where all competition rates are equal aij = a and γ = 0. In this case
we get α = rB

rA
and δ = rA

rB
, thus, if rA ̸= rB , then there is no coexistence of both populations, even more there is no

bistability either. The only stable equilibrium state in this case is either (1, 0) or (0, 1), depending on the reproduction
rates rA and rB . The, one with greater reproduction rate outcompetes the opponent.

In the case α < 1, δ < 1, αδ > 1, where u∗ < 0, v∗ < 0 the solution of (8,9) go infinity. Indeed, let us take the
particular case α = δ and β = 1, and let’s assume that u(0) = v(0). Then, we get from (8,9) the following equation

du

dt
= u(1− (1 + α)u) (13)

Now, we get α < 1 and α2 > 1, which is possible if α < −1, thus, 1 + α < 0. Denoting ζ = |1 + α| > 0, and solving
for u, by assuming that 1/u(tf ) → 0, that is assuming that the solution goes to infinity, one can find the time of this

divergence tf = ln 1+ζu0

ζu0
, that is finite for all u0 > 0.

II. OSCILLATIONS IN THE ENVIRONMENT: COARSE-GRAINED DESCRIPTION

In the fixed environment the fractions and total abundance of both populations are found by the following system
of differential equations

dpi
dt

= pi(fi −
∑
j

pjfj), i, j = A,B (14)

dN

dt
= N

∑
j

pjfj . (15)

where pA + pB = 1. The fitnesses of the populations can be interpreted as expected payoffs in the following game

[
rA − aAAN rA − aABN + γN

rB − aBAN − γN rB − aBBN

]
(16)

Thus, the fitness of A and B populations are equal to fA = pA(rA − aAAN) + (1 − pA)(rA − aABN + γN) and
fB = pA(rB − aBAN − γN) + (1− pA)(rB − aBBN), where we have taken into account pA + pB = 1. Note, that the
total abundance of both populations proliferates with by the mean fitness of both populations. In the equilibrium,
the fitnesses of each population, presented in the equilibrium, nullifies.

We now proceed to the derivation of coarse-grained behavior of the fractions and total abundance of both populations
in oscillating environment.Though, it has to be noted that the same results could be obtained by considering the
population sizes n(τ),m(τ) described by (6,7).
We assume the environment is periodically varying with frequency ω > 1 and period 2π. We assume the environment

oscillates in the fast time scale τ = ωt.
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The variation in the environment induce oscillations in the reproduction rates and gene transfer balance rate, that
is

rA(τ + 2π) = rA(τ), rB(τ + 2π) = rB(τ), γ(τ + 2π) = γ(τ), (17)

while the within and between-competition rates are time independent aij = const.
We will further assume that the time dependent rates can be represented as a sum of constant and oscillating parts

ri(τ) = ri + r̃i, i = A,B, such that ri(τ) ≡
∫ 2π

0
dτ
2π ri(τ) = ri, and γ(τ) = γ.

Thus, in terms of the average rates we recover the deterministic description of the model in the constant environment
(14,15) in the main text.

The fitnesses of each population in the oscillating environment can be represented as sum of terms with the mean
rates and oscillating parts, for population A these are

fA(p(τ), N(τ)) = p(τ)(rA − aAAN(τ)) + (1− p(τ))(rA − aABN(τ) + γN(τ)), (18)

f̃A(p(τ), N(τ)) = r̃A + (1− p(τ))γ̃N(τ) (19)

here we used the normalizations pA(τ) + pB(τ) = 1. We will discuss only for pA(τ) = p(τ). The case for B can be
easily recovered then.

The representations of the fitnesses as a sum of two terms allow us to rewrite the right hand-side of (14) as a sum

of two term G(p(τ), N(τ)) + G̃(p(τ), N(τ)), where the last term includes only oscillating rates. Similarly, for (15) we

represent the right hand-side as a F (p(τ), N(τ)) + F̃ (p(τ), N(τ)).
We seek the solution of (14,15) with time-dependent rates as a sum of slowly-varying (varying in t) and oscillating

parts (varying in τ)

p = p(t) + π(p(t), N(t), τ), (20)

N = N(t) + V(p(t), N(t), τ) (21)

The oscillating parts averages to zero π(p(t), N(t), τ) = V(p(t), N(t), τ) = 0. Now we put (20,21) into the equations,

and expand the right-hand side over π(p(t), N(t), τ) and V(p(t), N(t), τ)

ṗ(t) + ṗ
∂

∂p
π + Ṅ

∂

∂N
π + ω∂τπ = G(p,N) + G̃(p,N) + π

∂

∂p
(G+ G̃) + V ∂

∂N
(G+ G̃), (22)

Ṅ + ṗ
∂

∂p
V + Ṅ

∂

∂N
V + ω∂τV = F (p,N) + F̃ (p,N) + π

∂

∂p
(F + F̃ ) + V ∂

∂N
(F + F̃ ). (23)

The oscillating parts are searched for via expanding by 1
ω , that is π =

∑∞
k=1

1
ωk πk and V =

∑∞
k=1

1
ωkVk. Note, that

the averages over the period of environmental variations is again zero for πk,Vk. We insert them back into (22,23),
and keep the terms up to 1

ω2 . The obtained equations containt terms in various order of magnitude and varying on
different time scales. We first collect the terms of O(1) that vary on the fast time. These are

∂τπ1 = G̃ ≡ p
(
r̃A + γ̃(1− p)N − (pr̃A + (1− p)r̃B)

)
(24)

∂τV1 = F̃ ≡ N(pr̃A + (1− p)r̃B). (25)

These equations could be directly integrated, since the left hand side depend of both equations depend on τ through
the oscillating rates. Denoting the primitives of reproduction and gene transfer balance rates as r̂i, i = 1, 2 and γ̂,
that is ∂τ r̂i = r̃i and ∂τ γ̂ = γ̃, then we get π1 = Ĝ and V1 = F̂ , where Ĝ and F̂ are the right hand sides of (24,25)

with primitives of the rates. Now, we average (22,23) over the period of oscillations, note that the terms G̃ and F̃ .
Also, the following terms nullify π1

∂
∂pG, π1

∂
∂pF , V1

∂
∂NG and V1

∂
∂N F , because only π1, τ depend on τ , and these

have zero averages. Similarly, on the left hand side the terms of the form ṗ ∂
∂p
π, also nullify after averaging.

Thus, we end up with the following set of differential equations

dp

dt
= G(p,N) +

1

ω
π1

∂

∂p
G̃+

1

ω
V1

∂

∂N
G̃, (26)

dN

dt
= F (p,N) +

1

ω
π1

∂

∂p
F̃ +

1

ω
V1

∂

∂N
F̃ (27)
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In the averaging process, we use the solutions of (24,25). Note, the following identities between the oscillating rates

ĥ1h̃1 = 0 and ĥ1h̃2 = −h̃1ĥ2, where h1, h2 stand for reproduction and gene transfer balance rates. Using the last

observation, one can show that the diagonal terms π1
∂
∂p G̃ = V1

∂
∂N F̃ = 0. Let us calculate the non-zero terms

π1
∂

∂p
F̃ = Ĝ

∂

∂p
F̃ = p

(
r̂A + γ̂(1− p)N − pr̂A − (1− p)r̂B

)
N(r̃A − r̃B) = (28)

= Np
(
r̂A(r̃A − r̃B) + γ̂(r̃A − r̃B)N(1− p)− pr̂A(r̃A − r̃B)− (1− p)r̂B(r̃A − r̃B)

)
=

= Np(1− p)
(
(r̂A − r̂B)(r̃A − r̃B) + γ̂(r̃A − r̃B)N

)
= N2p(1− p)(r̂B γ̃ − r̂Aγ̃).

here we have used the above identities. The remaining non-zero term is found in similar way

V1
∂

∂N
G̃ = F̂

∂

∂N
G̃ = N(pr̂A + (1− p)r̂B)γ̃p(1− p) = Np(1− p)(pr̂Aγ̃ + (1− p)r̂B γ̃). (29)

Putting these terms back into the system (26,27) we obtain

dpA
dt

= pA(fA −
∑

j=A,B

pjfj) +Np(1− p)(pκ+ (1− p)ξ), (30)

dN

dt
= N

∑
j=A,B

pjfj +N2p(1− p)(ξ − κ). (31)

where we have denoted ξ = 1
ω r̂B γ̃ and κ = 1

ω r̂Aγ. Note, that the fitnesses fA, fB in (30,31) are the same as in the
fixed/averaged environment.

The added terms could be represented in the form of additional fitnesses. That is

p(1− p)(ϕA − ϕB) = Np(1− p)(pκ+ (1− p)ξ), (32)

pϕA + (1− p)ϕB = Np(1− p)(ξ − κ). (33)

Solving these equations for ϕA, ϕB we find that ϕA = Nξ(1− p) and ϕB = −Nκp.
Putting these back into (30,31) we derive

dpi
dt

= pi(fi + ϕi −
∑
j

pj(fj + ϕj)), i, j = A,B (34)

dN

dt
= N

∑
j

pj(fj + ϕj). (35)

The initial conditions for (34,35) are found from (20,21). That is we find the initial condition p0, N0 by solving the
following system of equations with respect to p0, N0,

p(0) = p0 +
1

ω
Ĝ(0), (36)

N(0) = N0 +
1

ω
F̂ (0) (37)

with obvious constraints 0 ≤ p0 ≤ 1, N0 > 0, here p(0), N(0) are the initial condition for p(τ), N(τ).
Note, that the (34,35) could be obtained from (14,15) by substituting aAB → aAB − ξ and aBA → aBA + κ.

This holds for (6,7), also. That is, if we derive the coarse-grained behavior through n,m we end up in (6,7), with
aAB → aAB − ξ and aBA → aBA + κ.
Thus, dynamical analysis of the (I B) holds with these substitution.
For example, we obtained that coexistence is possible if α < 1,δ < 1 and αδ < 1. Now we substitute aAB and aBA

by aAB − ξ and aBA + κ, respectively, and end up with the following conditions
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(a) (b)

(c) (d)

FIG. 1: Comparing the behavior of the fractions and total abundance of both populations for γ and
−γ. In the first and last row γ = 1

2 sin τ and γ = − 1
2 sin τ . The reproduction rates are as follows

r̃A = −0.36 cos τ + 0.5 sin τ , r̃B = −0.84 cos τ and r̃A = 0.36 cos τ + 0.5 sin τ , r̃B = 0.84 cos τ for the top and bottom
rows, respectively. For both cases ξ = −0.07 and κ = −0.03. The remaining model parameters are rA = 1.8, rB = 1,

a = 0.1 and ω = 3.

aAB − ξ − γ

aBB

rB
rA

< 1,
aBA + γ + κ

aAA

rA
rB

< 1, (38)

aAB − ξ − γ

aBB

aBA + γ + κ

aAA
< 1.

Particularly, for the γ = 0 and aij = a case we get the conditions discussed in the main text

(1− ξ

a
) <

rA
rB

, (1 +
κ

a
) <

rB
rA

, (39)

(1− ξ

a
)(1 +

κ

a
) < 1 (40)

III. NUMERICAL VALIDATION AND LIMITATION OF THE MODEL.

As we have discussed in the SectionIB, the coarse grained approach failed in the regime where (39) is valid, but
(40) holds in reverse. In this case, the community matrix A, representing the competition rates within and between
populations has negative determinant. Indeed, the community matrix has the following form

A =

[
a a− ξ

a+ κ a

]
(41)

from which one get that DetA = a(ξ − κ) + ξκ, then we get DetA < 0 if (40) holds with reverse inequality sign.
Note, that the DetA stands in the denominator of the total abundance of both populations in the coexisting regime
N∗

c . Indeed, as one get closer to the a(ξ − κ) + ξκ = 0 line as greater becomes N∗
c , thus increasing the discrepancy

between the results of the coarse-grained approach and the time average of the solution obtained via time-dependent
rates. Before going further into the details, let us focus on the other limitation of the model.

The new payoff terms are determined via the averages of the product of gene transfer balance rate γ̃ and the
primitives of the oscillating reproduction rate r̂i, i = A,B, as it is seen from the form of new payoff terms ξ = 1

ω r̂B γ̃

and κ = 1
ω r̂Aγ.
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(a)

(b)

FIG. 2: Discrepancies between the solutions obtained via coarse-grained approach (34,35) and (14,15)
with time-dependent rates. The top and bottom rows shows the discrepancy between the fractions and total
abundance of both populations, respectively.Here γ = z/2 sin τ , r̃A = a cos τ + 0.5 sin τ , r̃B = b cos τ , where a, b are
found from the values of ξ, κ. The remaining model parameters are Tf = 200,T1 = 100 ω = 3, a = 0.1, rA = 1.8 and

rB = 1.

Therefore, γ̃ and −γ̃ may provide the same payoffs ξ and κ, as long as the sign of the reproduction rates are also
changed. In terms of the coarse-grained approach these two cases provide the same outcome, however, the numerical
solution of the model with time-dependent rates shows that the change in the sign of the rates may change the
dynamics drastically, see Fig.(1). As it is seen from the figure, the coarse-grained behavior of the fraction and total
abundance of both populations is in accordance with γ = 1

2 sin τ . Thus, the coarse-grained approach reveals the
behavior of the oscillatory behavior of one of the possible signs, but not both.

To analyze further the limitation and discrepancy between the results obtained via coarse-grained approach and
the solution of the model with time-dependent rates we introduce the following binary variable in the gene transfer
balance γ̃ = zh(τ), where z = ±1 and h(τ) is a periodic function.

Then for each ξ, κ we calculate the following averages for both z±1 and two different initial fractions p′ = 0.1, p′′ =
0.9, while N(0) = const. The corresponding initial conditions for coarse-grained approach are found from (36)

⟨p⟩ = 1

Tf − T1

∫ Tf

T1

p(τ)dτ, (42)

⟨N⟩ = 1

Tf − T1

∫ Tf

T1

N(τ)dτ (43)

where p(τ), N(τ) are obtained via numerically solving (14,15). The limits of integration should be distinct enough
to yield meaningful averaging. We compare these quantities with their counterparts obtained via coarse-grained
approach at time Tf . As a measure of discrepancy we use Euclidean distance
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(a) (b)

FIG. 3: The fractions and total abundance of both populations corresponding to the maximum
discrepancy in Fig.2. Here ξ = −0.05, κ = −0.06, that are obtained for γ = 1/2 sin τ and p(0) = 0.1. Thus,

r̃A = −0.72 cos τ + 0.5 sin τ , r̃B = −0.6 cos τ . The remaining model parameters are ω = 3, a = 0.1, rA = 1.8 and
rB = 1.

||pA − ⟨pA⟩|| =
√

2(pA − ⟨pA⟩)2,

and relative error |N − ⟨N⟩|/N for the fractions and total abundance of both populations, respectively, here

pA = pA(Tf ) and N = N(Tf ). Thus, the maximum error in the fractions is
√
2. We use relative error in the total

abundance, since the average ⟨N⟩ remains bounded, in general, while N(Tf ) may be unbounded,as we have seen
above.

The last step is we choose minimize the discrepancy between the fractions of both populations with respect to
z = ±1 and p(0) = (p′, p′′), that is

minz=±1,p′,p′′ ||pA − ⟨pA⟩|| (44)

While, the relative errors of the total abundance of both populations are calculated at z, p(0) for which the above
minimization is obtained, for any given ξ and κ.
The criterion (44) is used to construct the heat map of the euclidean distances presented in the Fig.2. As it is

seen from the figure, the discrepancy between the coarse grained approach and the numerical solution obtained via
time-dependent rates is negligible in the regions where either A or B wins. The discrepancy occurs in the coexistence
regime, as one might expect. Comparing the relative error in the total abundance of both populations we see that it
increases as one get closer to the line a(ξ − κ) + ξκ = 0, as we have expected.
The worst case is presented in Fig.3, that is maxξ,κminz±1,p′,p′′ ||pA − ⟨pA⟩||. Even in the worst case, both methods

represent coexistence between two populations, although the fractions are different.

[1] A. J. McKane and T. J. Newman, Physical review letters 94, 218102 (2005).
[2] A. J. McKane and T. J. Newman, Physical Review E 70, 041902 (2004).
[3] J. D. Murray, Mathematical biology i: an introduction (2002).
[4] S. H. Strogatz, Nonlinear dynamics and chaos with student solutions manual: With applications to physics, biology, chem-

istry, and engineering (CRC press, 2018).


