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A simple method for identifying parameter correlations in partially
observed linear models

Pu Li and Quoc Dong Vu

Derivation of the sensitivity matrix and solutions of the
homogeneous linear equations in example 1, 2 and 4

1) Derivation of the output sensitivity matrix

The output sensitivities to the parameters in the individual matrices are as follows
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aoY(s) _ At

E =C(sl-A) My(U(s)) (A2)
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where the state variables can be expressed as

X(s) (adj(s1-A))(BU(s) +X,) (A5)

_ 1
det(sl — A)
From Eq. (A1)

aY(s) _ 1
op, det(sl-A)
1

= e gy LAV (51 A)(BUS) +x,)

(C(adj(s! —A))MA(X(S)))
(A6)

From Eq. (A2)

oY(s) _ 1
opy  det(sl-A)

(C(adj(s1-A))M4(U(s))

Thus the output sensitivity matrix has the following form



C(adj(s1 - A)) M., (adi(s1 - A))(BU(S) +,)) |
aY(s) _ 1 det(sl - A)C(adj (sl - A))M, (U(s))

op  (det(sl-A))’| det(sl—A)M((adj(sl-A))(BU(s)+Xx,)) (A7)
(det(sl —A))° M, (U(s))
Let
Q. (s)=C(adj(sI -A))M,,((adj (s1 - A))(BU(s) +X,))
Q, (s) =det(sl - A)C(adj (sl - A)) M, (U(s))
(A8)

Qc (s) = det(sl - A)M ((adj (sI - A))(BU(s) +x,))
Qo (s) = (det(sl - A))* M, (U(s))

In (A8), A,B,C,D are constant matrices, X, is a constant vector, U(S) is the input vector.
det(sl —A) is a polynomial with the highest order of n,. The elements in the adjunct matrix
adj (SI —A) are polynomials with the highest order of n,—1. Therefore, the highest order of the
polynomials of the elements in the matrices Q,(S), Q5 (S), Q. (S), Qp(s) will be 2(n,—1), 2n, -1,
2n, -1, 2n,, respectively. The coefficients of the terms of these polynomials are functions of the
parameters in the matrices A,B,C,D, the elements of the input vector U(S) as well as the

elements of the initial state vector X .

2) Solutions of the linear homogeneous equations in Example 1

In this example, the polynomials in the output sensitivity vector are

0,(s) =V (s+p;+ p4)((s+ P; + P U (S) +X) + psxzo)
qz(s) =V(5+ p4)((5+ Ps + p4)(U (S)+ X10)+ p3X20)

Gy (S) =V (5+ Pa) (P, (U (8) +X0) + (S + Py + P,)Xyo) (A9)
q,(s) =Vp3(pz(U (8)+Xp)+(s+p,+ pz)xzo)
05(8) = ((S+ Py + P U (S) + Xy0) + PaXog ) ((S+ Py + P,)(S+ Py + Py) — P, P5)
Now we define &= (a;, ++, )" and let
Othl(S)+---+055q5(S) =0 (A10)

It follows a polynomial equation with the highest order of 3 which leads to the following 4

homogenous linear equations with (¢, -, &5 ) as unknowns



o, =0

U (s) + X0)( + ) — Xy, =0

[(2(p3 + Pa)U (8) +X0) + PyXog )ty + (P +2P, ) (U (S) +Xy0) + p3xzo)a2}
(P, (U (8) +Xy0) + (Py + P,)Xp0) 3 + PsXpot,

[((na + P2)2(U () + X0) + (P + Pu) Paeg )24 + (P4 (P3 + PIU(S) + %) + P p4xzo)azJ "
~(Po P4 (U (S) +Xi0) + Py (P, + P)Xap ) &5 + (P, Ps (U (S) +X0) + (Py + P,) PaXap ) s

=0 (A11)

Since the difference of the number of unknowns to the number of equations is one, there will be
correlations among the parameters. From Eq. (A11), o, =0 means the parameter V is uncorrelated

with the other parameters.

Considering the case of U (S) =0, the remaining equations in Eq. (A11) can be rewritten as follows

X10 X10 —Xy0 a
2(ks + K, )Xy + KgXog (K +2K, )% +KeXyg  =(KyXyo + (K, + K, +K ) Xy) || @,
(K + k,)? Yoo + Ky (Ky +K,) %50 Ky (Ky +K, )X +KaKy X0 =(Koky X + (Ky +K;)K,Xy0) )\ g (A12)

0

= —K3X a,

_(k3k2X10 + (kl + kz)ksxzo)

If X, #0 and X,, =0, then Eq. (A12) reduces to
o +a,=0
2(p; + Pa)ay +(p; +2p,)a, — Pa; =0 (A13)
(ps+ p4)2a1 +K,(ps + py)a, — P, Pyas + P, Py, =0

Solving Eq. (A13) we have
alz—&%, azz&%, a =-a, (A14)

Ps Ps

If X, =0 and X,, # 0, then Eq. (A12) reduces to
o, =0
a+a,+a,=0 (A15)
(Ps+ P)ay + Py, + (P, + P,)a, =0

The solution of Eq. (A15) leads to

1 1
24] :F(p4 -p - P, :F(pl—'_ P, — Ps— Py, a;=0 (A16)
3 3

If X, #0 and X,, # 0, then the solution of the 3 linear equations in Eq. (A12) leads to o, @, ,

with respect to ¢, . However, the resulting relations depend on X, # 0 and X,, #0.



3) Solutions of the linear homogeneous equations in Example 2

In this example we have

_pzl p12 p13 1
A=\ p, -p, O |, B=0|, C=(0 1 0) (A14)
0 0 —Pis 0
and
—Xi(8)  Xy(s)  X;(9)
M,(X(s)) =| Xi(s) —X,(s) O (A15)
0 0 —X,(8)
Since
(S+ p12)(s+ p13) p12 (S+ p13) p13(s+ p12)
(sl- A)_l = K Ky (S+ Pys) (S+ Py )(S+ Pys) P3Py (A16)
0 0 (S+ p21)(s+ plz)_ p12 le

where A= (S+ P, )(S+ Pp)(S+ Pis) = PPy (S+ Pis) =S(S+ Pis)(S+ P + Py) » then the output
sensitivity vector

oY (s) =)
WZC(Sl—A) M, (X(s))
1 (s+ Pp)(s+ Pis) P, (S+ Pi3) Pi(S+ Pry)
:(O 1 O)Z P, (S + Pys) (S+ Py)(S+ Ps) Prs Py M., (X(s))
0 0 (S + le)(S + plZ) ~ P2 P2y

(A17)
=Xy(s)  Xy(s)  X4(s)

= (Puls+ ) (5+ P+ Pa) PuPa)| XO) Xa®) O
0 0 —X,(s)

:i((s‘*' Pia) X, (S)  —(S+ Pia) X,(8) p21X3(S))

The solution of the state equations leads to

X,(s) U (s)+ Xy
X,(8) |= (sl =A)~ X20
X4(s) X30

(U (8)+ X ) 5% + (( P + Pi3) (U (8) + Xy ) F PraXy0 T PraXso ) S+ P Pis (U (S) + X + Xy + Xso)
= Xzo52 + (( Py + Pia) Xy + Py (U (s)+ Xm))s + P3P (U (S) + X0+ Xy + Xso)

S(S+ Py + Pay) s

(A18)



Then

oY(s)_s B
W‘ A((S+ p13)xl(s) (S+ plS)XZ(S) p21X3(S))

S
= P _(S + p13) (XzoS2 + (( p21 + pl3)X20 + p21 (U (S) + X10 ))S + p13 p21 (U (S) + XlO + Xzo + Xso ))

Py X0 (S + Py + Pyy)S

(A19)

The elements in the output sensitivity vector

ql(s) = (5 + p13) ((U (s) + XlO ) 52 + (( plZ + k13) (U (S) + XlO ) + p12X20 + pl3X30 )S + p12 plS (U (s) + XlO + X20 + XSO ))

0 (8) = =(5+ Pro) (%08 + ((Pos + P1s)Xag + Pyt (U (8) + %10 )) S+ Prg Py (U (8) + X0 + X + %))
0, (S) = Py X3 (S+ Py, + pzl)s

(A20)

To check the linear dependencies, we introduce 3

o0, +a,0, + 0,0, =0. It follows

constants «,,,,a; and let

a,(s+ p13)((U (s)+ X10)52 + ((plZ + plS)(U (8) + Xy ) + ProXy + p13X30)S + Pk (U (8) + Xy + Xg + Xg ))_

a,(S+ pi3) (X2032 + (( P,y + Piz)Xop + Poy (U (s)+ Xlo))s + Pys Py (U (S) + Xy + Xy + Xso))"‘
Oy PyyXao (S+ Py + Py ) =0

(A21)
which can be expressed as
((U (8)+ Xy ) o, — Xy ) s’
(( P +2Pp;) (U (8) + Xy ) + PraXo0 + PiaXy )0‘1 -
+ ((p21+2p13)X20+ le(U (S)+X10))a2 s*

Py X505

(A22)
( Pz (( P2 + Pis) (U (8)+ Xy ) T PraXa0 + PisXsp ) * P3Py, (U (S) + Xy + Xz + X3 ))0‘1

+ _( Pis (( Pay + Pig)Xop + Poy (U (8)+ %y )) + P3P (U (S) + Xy + X0 + Xy ))0‘2 S
+ Py (Pia + Pay) Xap s

+k123 (k12al - k21052)(U () + X + Xy + Xso) =0

It follows

(S + pl3) ((U (S) + XlO ) 52 + (( p12 + p13) (U (S) + XlO ) + plZXZO + pl3x30 )S + plZ p13 (U (S) + X10 + XZO + X30 ))

T



(U(s)+ Xy ) o — Xy, =0

((kpp +2p33) (U (S) +Xip )+ PiaXap + PraXag ) & = ((Par + 2 Pia) X + Py (U (S) + X)) @y + PyyXsgcty =0
( Pua ((Piz + Pus) (U (S) + Xyg ) + PrpXog + PrgXsg )+ Pua Py (U (8) +Xyg + Xy + Xso))%
—( Pis (Do + Pus)Xao + Py (U (5) + xm))+ Pis Por (U (S) + Xpo + Xo0 + X30))a2 =0
P2y (o + Pay) Xao%s

PLa; — Pyua, =0

(A23)
4) Solutions of the linear homogeneous equations in Example 4
From the state equations of the model we have
S+ Pa 0 ~Pus 0 N b11 b12 b13 b14
(sl _A)—l _ 0 S+ Py, 0 — P24 _ i b, b, Dby by,
—Pa 0 S+ (Pos + Pis + Pyz) 0 Al by by by by
0 ~Pay —Pas S+ ( Pos + p24) b41 b42 b43 b44
(A24)
where A =det(sl —A) and
b, = (S + p42)(S + Pos + Prs + Puz)(S+ Pos + Pos) = Py Pz (S + Pog + Pug + Pas)
b12 =0
By = = P13 Pas Pap + Pis(S+ Pog + P + Pyz)(S + Pos + Pas)
b14 =0
b21 = Py P3y Pys
by, =(s+ pSl)(S + Pos + Pys + p43)(5 + Pos + Pas) — Pis pSl(s + Pos + Pas)
Bys = Pos Pys (S + Pyy)
D,y = — P13 Pos Pay + Pos (S + Pa)(S+ Py + Pug + Pus)
By = —Pay Pay Pz + Py (S+ Paz)(S+ Pog + Pag)
b,, =0
by = (S+ Py )(S+ P )(S+ Pos + Pas) = Pos P (S + Pyy)
b,, =0
by = Py Pas (S + Psz)
b42 =~ Pi3P31Pa + Psy (S + p31)(s + Pos+ Pt p43)
b43 = p43(s+ p31)(5+ p42) (A25)

By, = (S+ Pgy)(S+ Py )(S+ Pog + Prs + Pas) = Pis Pay (S + Pyp)

The solution of the state equations with X, = X,, = X3, =0 leads to



b, 0 b; 0}f1 by,

_ b, b, b, b,|0 b
X(s)=(sl-A) 1(|3U(s)+x0)=i S U(s)=i 21U (s) (A26)

Alb, 0 b, 0|0 Al by,

b41 b42 b43 b44 0 b41

Then the output sensitivity matrix

oY(s) 1(b, 0 B, 0) 0O 0 -X, X, O 0 0
p A b21 b22 b23 b24 Xy =X, 0 0 Xy —Xg 0

=1[_(b11_b13)xl (b11_b13)x3 0 0 _b13x3 _b13x3 0
A _(bzl_b23)xl (b21_b23)X3 _(bzz _b24)X2 (bzz —b24)X4 (b24 _bzs)xs _bzsxs _b24x4
(A27)
Based on Eq. (A26) we have
oY(s) _ i ( —(b, —b)b, (b, —by)by, 0 0 —by;0y, —by,0y, 0
ap AZ _(b21 - bz3)b11 (bZl - b23)b31 _(bzz - b24)b21 (bzz - b24 )b41 (b24 - bzs)b31 _b23b31 _b24b41
(A28)
Now we introduce (¢, -, ) and let
oy, oy, oY, oY, oY, oY, oY,
ok ok ok ok ok ok, ok 0
a| Plra,| Plra| P lva,| v D a2 e, = (A29)
oy, A A oY, oy, A oY,
akSl 0 k13 0 k4z 8k24 8k43 8k03 8k04

Since the first two columns of the matrix in Eq. (A28) are linearly independent, then o, =, =0.
From the 5™ and 6" elements of the first row in Eq. (A28) we find o, + oy =0. Thus the second row

of Eq. (A29) has the following form

—(b,, —b,,)b,,c; + (b,, —b,, )b, + (b, —b,5)b, . —b, 0 s —b,,b, 0, =0 (A30)
From the expressions of b,, and b,, in Eq. (A25), Eq. (A30) becomes

(S+ Py) by, —by5) + P,, (03,05 —b,,0,) =0 (A31)

Replace the expressions of b,,,b;,,b,, to the above equation, it follows

(S+ Poa ) (P31 Pas (S + Puz )y — Pay Pay Pas®s) + Py p24(82 +(Paz + Pos + P2s)S + Poy Paz) X
—Pg1 Paz Pay (S + Ppr)r, =0

(A32)

which can be rewritten as

|
|



(Pssct, + p24a5)32 +
(( Pos + p42) PusCy — Poy Pyl + p24( Pyz + Pos p24)055 — P2y Pysxy ) S+ (A33)

Pos Paz Pas@s — Pau Puz Pos@s + Pag Pos Pazs — Paa Pas Py, =0

This means

Py + Ppyts =0
(Pos + Paz) Pusly = Py Paslts + Pay (Pay + Poy + P2g) s — Ppy Pust; =0 (A34)
Pos Paz Pas@s — Pas Puz Posls + Pag Pos Pazs — Pas Pas Pypt; =0

Then we have

ay=——PuPe o Pug o PuPu (A35)

, = Q,
p43( po4 - p42) ° p43 p43 ( po4 - p42) °

Now we derive the identifiable parameter combinations. Due to o, + o, =0, we have

-0 (A36)
OKyy Ky

which means pg, + p,; = const. and then the second row of Eq. (A29) is expressed as

-0 (A37)

LA A

a
’ ak42 ak24 ak04

Due to Eq. (A35), Eq. (A37) can be reformulated as follows

oY, oy, oY, oY,
% _ _ “2 =0 A38
p42[6k42 8k24] p°“{ako4 K, (A38)

The solution of this equation leads to p,, Py, (P, + Pos + Po,) = CONSt. In addition, from Eq. (A34) we

have a, = _ﬁ% which means
43
p24%_ 43%20 (A39)
ak24 8k43

And thus there will be p,,p,; =const.



