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S1: Computational procedure: Ternary status based Integer Linear Programming (TILP) 

Linear Programming is a novel mathematical tool for systemic modeling and network optimization. 

Some previous works mainly studied the states of signaling proteins and phosphorylation events with 

binary variables [1], however, Boolean states (“activated” or “in-activated”) are not sufficient enough to 

represent the variations of phosphor-signals under different perturbed conditions. In this study, we 

developed a Ternary status based Integer Linear Programming (TILP) approach to infer cell-specific 

signaling pathways using proteomic data, which were collected under various perturbed conditions with 

small compounds. In addition, we recently developed a linear programming approach DILP to modeling 

signaling pathways with time series proteomics. In the DILP model, we are the first to propose three 

states for defining the protein nodes under different time points [2]. Here, some basic conceptions were 

inherited from our DILP model. 

An intracellular signaling pathway network is defined as a set of phosphoproteins 𝑃 = {1,2, … , 𝑗, … 𝑛𝑠} 

and signal reactions 𝐸 = {1,2, … , 𝑖, … 𝑛𝑟}. All the observed proteins were measured under several 

perturbed conditions (compound treatment), indexed by the set 𝐶 = {𝑐1, 𝑐2, … , 𝑐𝐿}. An integer variable 

𝑥𝑗,𝑘𝜖{−1,0,1} indicates if the protein 𝑗 is up-regulated (𝑥𝑗,𝑘 = 1), down-regulated (𝑥𝑗,𝑘 = −1), or un-

changed (𝑥𝑗,𝑘 = 0) after the tumor cells were treated by compound 𝑘, in which 𝑘 ∈ 𝐶. An output node 

in the network denotes a type of cell function, which is calculated from its upstream Transcription 

Factors (TFs). Here, we used OR date to model the effects of TFs on a cell function as below: 

𝐹ℎ = ∑ 𝑇𝐹𝑝
+𝑁1

𝑝=1 − ∑ 𝑇𝐹𝑞
−𝑁2

𝑞=1                                                                                   (1) 

where 𝐹ℎ represents the ℎ-th cell function in the signaling network, 𝑇𝐹𝑝
+ and 𝑇𝐹𝑞

− are the TFs that increase or 

reduce this cell function. The phosphorylation reaction 𝑖 (𝑖 ∈ 𝐸) can be represented as 𝑢 → 𝑑 (activation) 

or 𝑢  𝑑 (inhibition), where 𝑢 and 𝑑 are the parent (start) and child (end) nodes of this reaction, 

respectively (𝑢, 𝑑 ∈ 𝑃). The impact (“positive regulatory” or “negative regulatory”) of the parent node 𝑢 

on child node 𝑑 is described as the regulating effect from 𝑢 to 𝑑 when protein 𝑢 is up- or down-

regulated. The reaction 𝑢 → 𝑑 indicates that the protein 𝑢 has positive regulatory role of the protein 𝑑; 

Similarly, the reaction 𝑢 𝑑 denotes that the protein 𝑢 has a negative regulatory role of protein 𝑑. 

When the state of protein 𝑢 is un-changed, 𝑢 has no impact on its downstream protein 𝑑. 

The sign of edge 𝑖 is denoted by 𝑟𝑖 (𝑟𝑖 = 1 for activation and  𝑟𝑖 = −1 for inhibition). Considering 

different compounds may act on different signaling pathways, a reaction may take place under some 

perturbed conditions but not others. Thus, we defined binary variable 𝑧𝑖,𝑘, which denotes 0 if the 

reaction 𝑖 (𝑖 ∈ 𝐸) took place after treatment with compound 𝑘, and 1 else wise. Here, we also introduce 



the binary variables 𝑢𝑖,𝑘
+  and 𝑢𝑖,𝑘

−  to represent the impact of protein 𝑢 (via reaction 𝑖) to up- or down-

regulate protein 𝑑 after treatment with compound 𝑘. Reaction 𝑖 with protein 𝑢 has the impact of up-

regulating its target protein 𝑑  in condition 𝑘  (𝑢𝑖,𝑘
+ =1) if 𝑟𝑖 . 𝑥𝑢,𝑘 = 1 ; elsewise, 𝑢𝑖,𝑘

+ = 0 . Similarity, 

reaction 𝑖 with 𝑢 has the impact of down-regulating 𝑑 in condition 𝑘 (𝑢𝑖,𝑘
− = 1) if 𝑟𝑖 . 𝑥𝑢,𝑘 = −1. In any 

other case, 𝑢𝑖,𝑘
− = 0. The variables 𝑢𝑖,𝑘

+  and 𝑢𝑖,𝑘
−  can be constrained as below: 

                  𝑢𝑖,𝑘
+ = max (0, 𝑟𝑖 . 𝑥𝑢,𝑘 − 𝑧𝑖,𝑘)                                                                    (2) 

                  𝑢𝑖,𝑘
− = max (0, −𝑟𝑖 . 𝑥𝑢,𝑘 − 𝑧𝑖,𝑘)                                                                 (3) 

From formula (2-3), if reaction 𝑖 didn’t take place (𝑧𝑖,𝑘=1) after treatment with compound 𝑘, the protein 

𝑢 didn’t have impact to change the protein 𝑑 through this reaction (𝑢𝑖,𝑘
+ = 𝑢𝑖,𝑘

− = 0). The equations (2-3) 

can be represented with linear constraints (4-13) based on our previous work (DILP model) [2]: 

                                                              𝑢𝑖,𝑘
+ ≥ 0                                                                                                         (4) 

                                                 𝑢𝑖,𝑘
+ ≥ 𝑟𝑖 ∗ 𝑥𝑢,𝑘 − 𝑧𝑖,𝑘                                                                                  (5) 

                                             𝑢𝑖,𝑘
+ + 3𝑑1𝑖,𝑘 ≤ 3                                                                                        (6) 

                                                 𝑢𝑖,𝑘
+ + 𝑧𝑖,𝑘 − 𝑟𝑖 ∗ 𝑥𝑢,𝑘 + 3𝑑2𝑖,𝑘 ≤ 3                                                         (7) 

                                                       𝑑1𝑖,𝑘 + 𝑑2𝑖,𝑘 = 1                                                                                       (8) 

                                                     𝑢𝑖,𝑘
− ≥ 0                                                                                                        (9) 

                                              𝑢𝑖,𝑘
− ≥ −𝑟𝑖 ∗ 𝑥𝑢,𝑘 − 𝑧𝑖,𝑘                                                                            (10) 

                                                      𝑢𝑖,𝑘
− + 3𝑑3𝑖,𝑘 ≤ 3                                                                                     (11) 

                                          𝑢𝑖,𝑘
− + 𝑧𝑖,𝑘 + 𝑟𝑖 ∗ 𝑥𝑢,𝑘 + 3𝑑4𝑖,𝑘 ≤ 3                                                      (12) 

                                                    𝑑3𝑖,𝑘 + 𝑑4𝑖,𝑘 = 1                                                                                     (13) 

Hence, based on the sign of edge 𝑖 and the state of start node 𝑥𝑢,𝑘 under the condition 𝑘, 𝑢𝑖,𝑘
+  and 𝑢𝑖,𝑘

−  

are calculated. When protein 𝑢 is un-changed, 𝑢𝑖,𝑘
+ = 𝑢𝑖,𝑘

− = 0; else wise, 𝑢𝑖,𝑘
+ + 𝑢𝑖,𝑘

− = 1. 

    At last, the binary variables 𝑥𝑑,𝑘
+  and 𝑥𝑑,𝑘

−  were introduced to represent the impact (effect) for node 𝑑 

of being up- or down-regulated depending its parental nodes (upstream proteins) in condition 𝑘. Node 𝑑 



has the impact of being up-regulated (𝑥𝑑,𝑘
+ = 1) if  𝑢𝑖,𝑘

+ = 1 and node 𝑑 has the impact of being down-

regulated (𝑥𝑑,𝑘
+ = 1) if 𝑢𝑖,𝑘

− = 1. The state (𝑥𝑑,𝑘) of node 𝑑 in condition 𝑘 depends on 𝑥𝑑,𝑘
+  and 𝑥𝑑,𝑘

−  [2].  

                                            𝑥𝑑,𝑘
+ ≥ 𝑢𝑖,𝑘

+                                                                                                 (14) 

                                                𝑥𝑑,𝑘
− ≥ 𝑢𝑖,𝑘

−                                                                                                 (15) 
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                                           𝑥𝑑,𝑘 ≤ 𝑥𝑑,𝑘
+                                                                                                (18) 

                                         𝑥𝑑,𝑘 ≥ −𝑥𝑑,𝑘
−                                                                                             (19) 

                                           𝑥𝑑,𝑘 ≤ 2𝑥𝑑,𝑘
+ − 𝑥𝑑,𝑘

−                                                                                 (20) 

                                         𝑥𝑑,𝑘 ≥ −2𝑥𝑑,𝑘
− + 𝑥𝑑,𝑘

+                                                                              (21) 

According to formula (14-21), we can see node 𝑑 may has the impact of being both up- and down-

regulated if  𝑥𝑑,𝑘
+ = 𝑥𝑑,𝑘

− = 1. The state of protein 𝑑 cannot be accurately determined if 𝑥𝑑,𝑘
+ = 𝑥𝑑,𝑘

− = 1.  

The goal of next step is to remove the inconsistent reactions from the topology of a generic pathway 

map which do not occur in any treatment conditions, Therefore, the binary variable 𝑦𝑖  denotes 1 if the 

reaction 𝑖 is removed in the inferred cell-specific signaling network, and 0 else wise. The most important 

thing is that how to constrains the presence of reaction 𝑖 in the inferred cell-specific pathway network 

through the state of reaction 𝑖 in the condition k. We applied formulas (22-23) to address this problem 

[2]. 

                                                𝑧𝑖,𝑘 ≥ 𝑦𝑖,    𝑘 ∈ 𝐶, 𝑖 ∈ 𝐸                                                                      (22) 

                                                  ,1 (1 )i ki

k T

y z


                                                                               (23) 

The state of 𝑧𝑖,𝑘 may affect the fitting error between observed and predicted values of proteins. Formula 

(22) indicates that reaction 𝑖 is present in the cell-specific pathway network if it takes place at least in 



one condition. Formula (23) denotes that the reaction 𝑖 is not included in the cell-specific pathway 

network if this reaction doesn’t occur in all of the conditions. 

    To infer cell-specific pathway network, we applied our TILP approach with above constraints to 

minimize the differences between experimentally measured and predicted values of signaling proteins, 

as well as to obtain a minimized sub-network of original generic pathway map by optimizing the 

following objective function shown in formula (24):  

                
2

, ,
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where three variable set X, Y, and Z denote all the variables 𝑥𝑗,𝑘 ∈ 𝑋, 𝑦𝑖 ∈ 𝑌, and 𝑧𝑖,𝑘 ∈ 𝑍, respectively. 

Formula (24) indicates that more proteins are observed in experiment will increase the accuracy of 

optimization. Considering the fact that experimental data often cannot cover all of the proteins in 

signaling network, prior knowledge extracted from literatures was represented as linear inequality to 

constraint the expected value of 𝑥𝑗,𝑘 and narrowing the search space. For example, we use 𝑥𝑗,𝑘 ≤ −1 to 

express the fact that a target has been confirmed in the previous literature: the expression of protein j is 

inhibited after tumor cells were treated by compound k. 

    In the objective function shown in Eq. (24), the first term denotes the fitting error between observed 

and predicted values; and the second term indicates the number of interactions in the optimized 

signaling network. The observed and predicted values of 𝑗–th protein in condition 𝑘 were denoted as 

𝑚𝑗,𝑘 , 𝑥𝑗,𝑘 ∈ {−1,0,1}, respectively. When 𝑚𝑗,𝑘 and 𝑥𝑗,𝑘 are equal, the square error (𝑚𝑗,𝑘 − 𝑥𝑗,𝑘)2 is equal 

to 0; otherwise it is either 1 or 4. Hence, optimization of the above objective function might induce 

local-optimal solution because of the non-uniform distribution of the term (𝑚𝑗,𝑘 − 𝑥𝑗,𝑘)2. In order to 

address this bias, a binary variable 𝑎𝑗,𝑘  (0 or 1) was designed as the difference between 𝑚𝑗,𝑘and 𝑥𝑗,𝑘 as 

following constraints (25-26): 𝑎𝑗,𝑘 will be 1 if 𝑚𝑗,𝑘 is not equal to 𝑥𝑗,𝑘; the minimum of formula (27) will 

automatically set 𝑎𝑗,𝑘as 0 if 𝑚𝑗,𝑘 is equal to 𝑥𝑗,𝑘 [2].  

                                      𝑎𝑗,𝑘 ≥
𝑚𝑗,𝑘−𝑥𝑗,𝑘

2
                                                                                       (25) 

                                        𝑎𝑗,𝑘 ≥
𝑥𝑗,𝑘−𝑚𝑗,𝑘

2
                                                                                       (26) 

Then the square error (𝑚𝑗,𝑘 − 𝑥𝑗,𝑘)2 in above objective function was replaced by 𝑎𝑗,𝑘.Therefore, the 

objective function (24) can be simplified to formula (27): 

                               ,
, ,

{ }min j k i
X Y Z k T j P i E

ya 
  

                                                                     (27) 



where three variable set X, Y, and Z denote all the variables 𝑥𝑗,𝑘 ∈ 𝑋, 𝑦𝑖 ∈ 𝑌, and 𝑧𝑖,𝑘 ∈ 𝑍, respectively. 

By optimizing the above objective function, the predicted values for variable sets X, Y, and Z can be 

obtained. The negative constant 𝛾 in Eq. (27) is used to obtain a minimum sub-graph from the generic 

pathway map as the finalized cell-specific pathways (here, we have−
1

|𝐸|
< 𝛾 < 0), in which |𝐸| is the 

number of reactions in the topology. In the optimization procedure, the predicted values of nodes and 

edges in signaling network meet our developed constraints. 

In formula (27), minimizing the complexity of network structure by edge removals might eliminate 

some reactions, leading to some phosphpor-signals may not be transduced from upstream into 

downstream (see one example shown in Fig.6). Given a generic pathway map as shown in Fig.6A, we can 

find that Fig.6B and 6C will result in equal fitting precision between predicted and observed values. 

However, “missing edges” in Fig.6B leads to interruption of the signal from upstream. Therefore, the 

solution shown in Fig. 6C is optimal in this case. To address the problem mentioned above, we further 

defined two constraints (see formula (28-29)) to avoid missing edges in the optimization process. 

        −1 ≤ 𝑥𝑢,𝑘 ∙ 𝑥𝑑,𝑘 + 𝑧𝑖,𝑘 ≤ 1                                                                     (28) 

−1 ≤ 𝑥𝑢,𝑘 ∙ 𝑥𝑑,𝑘 − 𝑧𝑖,𝑘 ≤ 1                                                                     (29) 

Formula (28) indicates that the activation reaction 𝑖 under condition 𝑘 takes place if 𝑥𝑢,𝑘 ∙ 𝑥𝑑,𝑘 = 1. 

Similarity, the inhibitory reaction 𝑖 under condition 𝑘 take place if 𝑥𝑢,𝑘 ∙ 𝑥𝑑,𝑘 = −1 (formula (29)). In 

addition, if there are several upstream proteins connected to the same downstream protein, the 

constraint shown in formula (30) ensuring at least one reaction occurred.  

,

1

1
H

h k

h

Hz


                                                                                          (30)     

where 𝑧ℎ,𝑘 is the h-th reaction under condition 𝑘, and H is the total number of reactions connected to a 

downstream protein. 

    The formulations in TILP presented above were implemented in a Matlab-based optimizer, GUROBI 

6.5.1, which is a well-known mathematical programming solver. The optimization of formula (27) will 

deliver an optimal sub-network of the generic pathways which can best explain the experimental data. 

 

S2.  Computational procedure: fitting precision of data (goodness of fit) 

In the process of searching the optimal cell-specific pathways, we defined fitting precision (𝐹𝑃) to 

describe the goodness of fit between the predicted values derived by our TILP approach and the 

measured values of proteins under all the time points. 
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Where the binary variable 𝑎𝑗,𝑘  indicates the difference between the measurement 𝑚𝑗,𝑘and predicted 

value 𝑥𝑗,𝑘 of  𝑗 –th protein in condtion 𝑘.  𝑁 and 𝑇 are the total number of measured proteins and 

treatment conditions, respectively. The value of fitting precision (𝐹𝑃) is in the range from 0% to 100%. 
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