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A Stochastic field modelling

A.1 Gaussian and Matérn fields

Let Y be a random field over a spatial domain D ⊆ R3. In the specific case in which all the
random variables that form the random field are Gaussian random variables, then the field is
called a Gaussian field [1]. A Gaussian field, similarly as a Gaussian random variable, only
depends on two parameters: the mean µ(x) and the covariance function C(x, y) (the probability
density of a Gaussian random variable is uniquely determined by mean and variance).

A Gaussian field is also a Matérn field when its covariance is a Matérn covariance, i.e. of the
form

C(x, y) =
σ2

2ν−1Γ(ν)
(κr)νKν(κr) (1)

for x, y ∈ D, where r is the distance between x and y: r = ‖x − y‖, κ =
√
8ν
λ , Γ(x) is the Euler

Gamma function, and σ2, ν, λ > 0 are the variance, smoothness parameter and correlation length
of the field respectively and Kν is the modified Bessel function of the second kind.

Matérn fields are extensively used in spatial statistics, biology and oil reservoir modelling to
represent uncertain or randomly-varying fields [2, 3]. The smoothness parameter ν regulates the
field’s spatial smoothness: field samples are almost surely continuous and dνe − 1 times differen-
tiable [1]. For the two cases ν = 1/2 and ν = ∞, (1) reduces to the exponential and Gaussian
covariance functions, respectively. The correlation length λ roughly represents the distance past
which point values of the field are approximately uncorrelated. Informally, this means that in
each realization of the Matérn field, there are regions of length proportional to λ within which the
values of the field are similar.

A.2 Random field representation of the effective diffusion coefficient

To define the random effective diffusion field (Model D2), we let

D∗(x, ω) = 0.25D∗Gad +D∗f (x, ω), (2)

where D∗f is a random field such that for each fixed x ∈ D, D∗f (x, ·) is a gamma-distributed random
variable with shape k = 3 and scale θ = 0.75×D∗Gad/k. To enforce continuity and to easily sample
the random field from its distribution, we draw samples of D∗γ by first sampling a Matérn field
X(x, ω) and then transforming it into a gamma random field by using a copula [4]. This consists
in setting D∗γ(x, ω) = F−1(Φ(X(x, ω))), where F−1 is the inverse cumulative density function
(CDF) of the target (gamma) distribution, Φ is the CDF of the standard normal distribution and
X(x, ω) is a standard (zero mean, unit variance) Matérn field with smoothness parameter ν = 2.5
and correlation length λ = 0.01 m, cf. (1). Note that spatial changes in the diffusivity occurs at a
length scale corresponding to the correlation length, here 0.01 m.
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Species Brain mass [g] dCCA [mm] dA [µm] ∆AV [µm]

Mouse 0.3 [8] 0.47 [9] 25 [10] 40∗

Monkey 88 [8] 3.5 [11] 35.5 [5] 280 [5]
Human 1350 [8] 6.3 [12] 40-250 [13] 1020∗

Table 1: Brain-related parameters of three species. ∗: Estimated values. dCCA: diameter of the
common carotid artery, dA: arteriole diameter ∆AV: distance between arteriole and venule.

A.3 Random field representation of the glymphatic velocity model

We define the stochastic glymphatic circulation velocity field (Model V1) by

v(x, ω) = vavg · η(λ) 10−E(ω)

∇×
 X(x, ω)
Y (x, ω)
Z(x, ω)

 , (3)

where η(λ) = λ/
√

(5 + 2 log(10))/200 is a scaling constant chosen such that the magnitude of
v satisfies E[||v||2]1/2 = vavg (we omit the mathematical derivation of this constant), E(ω) is an
exponentially distributed random variable with mean 0.2 and X(x, ω), Y (x, ω) and Z(x, ω) are
standard independent identically distributed (i.i.d) Matérn fields with ν = 2.5 and correlation
length λ = 1020µm.

The factor 10−E(ω) is an ad-hoc random term to enforce the variability requirement. The use
of Matérn fields enforces spatial variability in a continuous manner and taking the curl operator
(∇×) ensures that the resulting velocity is divergence-free. It can be proven (although we omit
the details here) that the field within the brackets in (3) is still Gaussian, has zero mean and
has the same correlation length as the original Matérn fields, albeit it presents a slightly different
covariance structure.

The choice of correlation length was guided by the following considerations. The mean distance
between arterioles and venules was reported to be 280 µm in rhesus monkeys [5], although the value
250 µm has been used as a representative distance in humans in recent modeling papers [6, 7].
We estimated the mean distance in humans by considering differences in brain and artery size
between monkey and human (Table 1). We find a factor close to 2 between CCA and arteriole
diameter, while a similar ratio was found for the cube root of the brain mass. Thus, the correlation
length should be greater than 250 − 560µ m. Combining these physiological considerations with
the corresponding requirements on the numerical resolution, we let λ = 1020µm.

B Numerical solution of the convection-diffusion-reaction
equation

Overall, the diffusion-convection equation was solved numerically using a finite element method
with continuous piecewise linear finite elements in space, and an implicit midpoint finite difference
discretization time with time step ∆t = 15 min, combined with mass lumping [14]. We detail
these steps in the following.

Time discretization After time discretisation of the PDE, we obtain for each time step n:
given cn, find cn+1 such that

cn+1 − cn
∆t

+
1

2
(F (cn+1) + F (cn)) = 0, (4)

with c0 = 0 and where
F (c) = ∇ · (vc)−∇ · (D∗∇c) + rc. (5)
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We approximate the Dirichlet boundary condition explicitly and by using a trapezoidal rule for
the time integration, i.e we let

cn+1(x) = cn+1
CSF h(tn+1, x) for x ∈ ∂DS , (6)

where

cCSF(tn+1) ≈ cn+1
CSF =

1

VCSF

(
n0 −

∫
D
cn dx− ∆t

2

(
2

n−1∑
i=1

∫
D
rci dx+

∫
D
rcn dx

))
. (7)

Here the term in the inner bracket results from the numerical integration of the term
∫ tn
0

∫
D
rcdxdt.

The explicit (first-order) discretization of the boundary term reduces the overall accuracy of the
scheme to first-order in time.

Spatial discretization We discretize (4) in space using the finite element method. Given a
finite element space Vh ⊆ H1(D) and V ◦h ⊂ Vh such that s = 0 on ∂DS for all s ∈ V ◦h , the fully
discrete scheme reads as follows. Let c0h = 0. For each time step n, given cnh ∈ Vh, find cn+1

h ∈ Vh
such that, for all test functions sh ∈ V ◦h ,∫

D

cn+1
h − cnh

∆t
sh dx+

1

2

(
a(cn+1

h , sh) + a(cnh, sh)
)

= 0, (8)

where

a(c, s) =

∫
D
∇ · (vc)s+D∗∇c · ∇s+ rc s dx, (9)

and such that
cn+1
h = cn+1,h

CSF h(tn+1, x) for x ∈ ∂DS (10)

and cn+1,h
CSF is given by (7) in which cn and ci are replaced by cnh and cih respectively. We choose

the FEM subspaces to be spanned by continuous piecewise linear basis functions.

Péclet number We remark that the problem is mildly convection-dominated, with an upper
estimate of the Péclet number of

Pe ≈ 9Lvavg
D∗Gad

≈ O(103), (11)

where L ≈ 0.084 m is half the diameter of the computational domain, vavg = 0.17µm/s, and
D∗Gad = 1.2 × 10−10 m/s2. The factor 9 was added to make larger values extremely unlikely.
Given the mesh sizes in question, we obtain low-probability worst-case cell Péclet numbers of
≈ O(10) for the mesh used for the simulations. In numerical experiments, numerical instabilities
due to convection were not observed. We thus did not use stabilization techniques for the main
numerical simulations.

C Model verification

To test the numerical approximations with respect to choice of mesh and time-step parameters,
we performed convergence tests for all output quantities of interest. We tested three different
meshes resulting from adaptive and uniform refinement, and three different time steps. The
original mesh [15] was refined locally close to the outer boundary, as refinement was needed in
these regions of steep concentration gradients in the first time steps. We also tested that the
SUPG-method performed similar to the other methods and confirmed that the SUPG-method
was not needed for stability on finer meshes. The results are shown in Figures 1 and 2.
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Figure 1: Convergence plots of Model V2 for a given deterministic velocity magnitude used to
set up the velocity field. Due to high velocities, the mesh needs refinement to avoid considerable
overshoot in the small white matter region.
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Figure 2: Convergence plots of Model V3 for a given deterministic velocity magnitude used to set
up the velocity field. The local regions are more prone to error than the gray and white matter
as a whole.
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