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Lyaive | ALvalvc

Fig. A: Schematic representation of the lymphatic valve [1]

A mLV Valve Model

We use the model of [1] to obtain an explicit solution of the valve opening of initial
lymphatics and consequently estimate the flow passing through this valve. The single
primary lymphatic valve is formed by an overlapping endothelial flap of length Laive
(free portion) (see Figure A). The flap behaves as an Euler-Bernoulli beam clamped
at © = 0 and free at £ = Lyaive + ALyalve- We assume a constant trans-wall pressure
difference Ap to obtain the explicit solution.

The beam equation is

EIw""(z) = Ap, (1)

with boundary conditions
’LU(O) =0, ’LU/(O) =0, w//(Lvalve+ALvalve) =0, w,//(Lvalve+ALvalve) = 0. (2)

Solving

_ Ap
w(r) = o 1 ®

(3)
We consider steady, incompressible flow between two plates separated by the height
w(x). Let p be the dynamic viscosity, T' the valve depth, and @ the volumetric flow

rate.

2($2*4(Lvalvc+ALvalvc)x+6(Lvalve+ALvalvc)2)7 0 S X S Lvalvc+ALvalvc-



38 The lubrication equation is

dp _ 2pg _ 12pQ

de ~  w(z)? Tw(x)?

s If we assume a constant pressure gradient, it follows that

APw?(z)T
q = ST, )
12Lvalve:u'
w0 taking the average over x, we have:
_ APT L+AL 5
=— dz = Qvalve- 6
Q 12L\2/alvc/j/ /0 v (x) v Q ! ( )
oy From [2], the permeability relation can be written as
Qprod
L,=—"——. 7
SmLV Ap ( )
» At the microscale, we apply (7) to a single primary lymphatic valve:
Qvalve
L micro — & A 8
primiero Svalve Ap ( )

s where Syave 1s the local valve surface area.

2 Then we have that the estimated number of valves can be computed by

Qprod
Qvalve . (9)

N. valve =

s It follows that we can write the following surface-area fraction

Nvalve Svalve

¢Va1ve =
SmLv
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and we have
Ly = ¢vatveLp micro- (11)
Similarly, the structural model of the valve opening can be extended to estimate
the molecular permeability Plympn. We consider the transport of a solute across the
valve governed by both diffusion and advection. At the microscale, the local solute
flux J(z) (molar or mass rate) through the cross-section A(z) = w(x)T is described
by Fick’s first law and the convective contribution:

J(x) = fDTw(x)% + (1 — 0)QuaveC(2), (12)

where D is the diffusion coefficient of the solute in the lymph and o is the reflection
coefficient. For the open valve configuration where w(z) is significantly larger than the
solute’s molecular radius, we assume o = 0.

To obtain an explicit solution for the effective molecular permeability, we consider
a steady-state concentration difference AC = C; — C, where C; is the interstitial
concentration and Cp, is the concentration in the lymphatic lumen. Under the phys-
iological assumption of a sink condition in the lymphatic vessels, where the solute is
rapidly cleared by the flow, we set C, = 0 and AC = Cj.

The total solute flux passing through a single primary valve, Jyalve, is the sum of

the diffusive and advective components:

DT

vaalveJFALvalve 1
0 w(z)

Jvalve = Jdiff + Jadv = AC + Qvalvec’a (13)

dzx

where C is the average concentration of the solute in the trans-valve flow. Under the
sink condition C;, = 0 and assuming the fluid enters the valve from the interstitium,

we have C = C; = AC.
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We define the microscale effective molecular permeability as:

Jvalvc Qvalvc
o A Pmicro,diﬁ +
SvalveAC

Pmicro,eff = s (14>

Svalve
where Ppicro,dift is the purely diffusive permeability obtained from the integral of the
inverse gap height 1/w(z).

Finally, applying the same upscaling framework used for the hydraulic permeabil-
ity, the macroscale effective molecular permeability P.g of the lymphatic vessel wall
is given by:

Peff = ¢valvepmicro,eﬁ~ (15)

Substituting the surface-area fraction ¢yaive, we obtain the final relation:

Qﬂux

SmLV

Peff = ¢valvericro,diff + ) (16)
where Qaux is the net volumetric drainage of the network. This formulation allows us
to estimate the total solute clearance Fyoute = PetSmpv C; directly from the structural

parameters of the Mendoza model.

A.1 QMC Analysis

The QMC simulation is based on 60 million samples. The validity of each parameter
set was evaluated against a multi-objective cost function. The algorithm minimizes
the cumulative relative error between the model outputs and two specific physiological

targets:

1. Net Lymphatic Flux (Qaux): The drainage capacity of the network. We set as
target the production rate of 0.5 L/day~ 5.8 x 10~ m?/s [3] against our computed

total Qaux = —LpSmivAPFat.
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2. Total Vascular Volume: The volume occupied by the mLVs network; we test
two targets: Viuy ~ 6 x 1075m? [4] and Viuy = 4.57 x 107" m? (see Section F)

against our computed volume of Sio7/2.

The sampled parameters and ranges are

AP, € [-1750,—400] Pa, L, € [107*2,107%] m/Pa s,

reBx107%2x10"°m, Lprx = Lvalve + ALvalve € [5 x 1077,6 x 107%] m.

For a porosity of 0.5%, the near-optimal subset (9,207 accepted samples) yields the

following mean values, 95% confidence intervals, and coefficients of variation (CV):

AP, = —6.71 x 10? [-6.76 x 10%, —6.66 x 10?] Pa, (CV = 37.0%)
L, =442 x 107 [4.37 x 1071°, 4.46 x 107 m/Pa-s, (CV = 48.5%)
r=4.02x 1075 [4.00 x 107°, 4.05 x 107°] m, (CV = 34.4%)

Lrrx =6.11 x 1077 [6.09 x 1077, 6.13 x 10"} m, (CV = 13.2%)

Using the confidence interval means, the derived total vessel surface area for the
active network is Spryv =~ 1.95 x 1072 m?.

The global sensitivity analysis (Table A) evaluates both the linear (Pearson) and
monotonic nonlinear (Spearman rank) correlations to the estimated flux across the
entire valid parameter space. It indicates that the net flux shows near-zero marginal
correlation to individual parameters under both metrics.

Within this accepted near-optimal subset, strong structural correlations emerge
(Figure B). Hydraulic conductivity L, shows strong positive correlation with both

radius r (0.71) and transmural pressure AP, (0.58), while transmural pressure also

correlates positively with Lyrx (0.51).



Table A: Sensitivity Analysis (Global Correlations) -
0.5% Porosity

Parameter Pearson w/ Qaux Spearman w/ Qfaux

AP,y -0.0015 -0.0021
L, -0.0015 -0.0022
r 0.0007 0.0015
Lrix -0.0004 -0.0011
o8 Conversely, for the case of 6.5% porosity, the near-optimal subset (727 accepted

o samples) yields the following adjusted mean values, confidence intervals, and CVs:

AP,y = —6.78 x 10? [-6.97 x 10%, —6.60 x 10%] Pa, (CV = 37.1%)
L,=3.28x10"" [3.16 x 107!, 3.40 x 107" m/Pa-s, (CV = 50.0%)
r=3.97x107° [3.87 x 107°, 4.07 x 107°] m, (CV = 35.7%)

Lrrx =6.08 x 1077 [6.03 x 1077, 6.14 x 10~ "] m, (CV = 13.2%)

100 Using these corresponding CI means, the derived total vessel surface area for the
1 active network scales up to Spryv &~ 2.60 x 10~ m?2.
102 The global sensitivity analysis for this higher porosity level (Figure B) evaluates

103 the same metrics. Similar to the lower porosity case, it indicates that the net flux

14 maintains a near-zero marginal correlation to individual parameters.

Table B: Sensitivity Analysis (Global Correlations) -
6.5% Porosity

Parameter Pearson w/ Qaux Spearman w/ Qaux

APg¢ -0.0018 -0.0035
L, -0.0004 -0.0004
r 0.0015 0.0029
Lyix -0.0017 -0.0023
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Within this accepted near-optimal subset, strong structural correlations again
emerge (Figure B). Consistent with the 0.5% porosity case, hydraulic conductivity L,
shows a strong positive correlation with both radius r (0.73) and transmural pressure

AP, (0.56), while transmural pressure continues to correlate with Lgrx (0.51).

Correlation Matrix (Optimized Subset)

Correlation Matrix (Optimized Subset)

0.75 DeltaPat

°
3
8
Correlation Coeff
Correlation Coeff.

-0.75 LFIX

& K < < & K] ¢ &
< )

& &

Fig. B: The correlation matrix of the near-optimal subset obtained from the Quasi-
Monte Carlo simulation, illustrating the morphometric and mechanical trade-offs of
the dural lymphatic network. Left: Case with porosity ¢ = 6.5 %. Right: Case with
porosity ¢ = 0.5 %.

The global sensitivity analysis (Tables A and B) reveals that the Net Lymphatic
Flux (Qfiux) exhibits near-zero marginal correlation to any individual parameter under
both linear (Pearson) and rank-based (Spearman) metrics. This is due to the fact
that (Qaux % —LpSmiv AP, ), which means that the drainage capacity cannot be dic-
tated by a single "bottleneck” variable but requires the simultaneous co-optimization
of permeability (L,), network surface area (Smrv), and the transmural pressure gra-
dient (AP,;). Notably, while L, and Sp,y differ significantly depending on the tissue
porosity, their product (Lp,Smryv) remains consistent, emphasizing that the system
fundamentally relies on the balance between permeability and available surface area
to maintain adequate flux. The model successfully found an effective vessel average
radius of 7 & 39.7 to 40.2 um across the two porosity cases, which falls perfectly within

the observed anatomical bounds for initial and collecting lymphatic vessels [5, 6].
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Using the estimation above, we can compute the effective permeability of the lym-
phatic vessels as well using equation (16). We test the simulation with different ¢,
and we notice that, as for the parameter L,, what remains constant through different
lymphatic permeabilities is the product PegSmrv = 5.79 x 1072 m3/s. For model-
ing purpose, we define the quantity g = % ~ 0.2281/h. By employing our
estimated PegSmryv and assuming a solute production rate of 3g/day (equivalent to
a flux of 0.0018 mmol/h), we obtain an interstitial concentration of approximately

0.0864 mmol/L. This estimate is exceptionally consistent with the concentration values

derived from the gMRI segmentation reported in the main text.

B Parameters exploration in a Two Compartment

ODE Model

We describe the tracer transport between the CSF compartment concentration
Cesr(t) and the Dura compartment concentration in a simplified ODE model in the

following way:

% = —a(Cosr — Cp) — k1o Cesr + I(t), (17)
% =a(Cecsr —Cp) — kp Cp, (18)

where Ccgr(t) and Cp(t) are the concentrations in the whole CSF and dural com-
partments, respectively, o [h=!] is the influx rate constant (mass transfer coefficient)
from CSF to the dura, kyg [h™!] is the total efflux or clearance rate constant from the
CSF, kp [h~1] is the total efflux or clearance rate constant from the dura, I(t) is the
injection of gadobutrol in the CSF compartment (that needs to be modelize).

Initial conditions were set to Cogr(0) = Cp(0) = 0.

Since we are not considering the space variable in this model, it is better to

reformulate it in terms of amounts instead of concentrations
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dA Vi
L = (kg + ko) Ap + ko —E Ay + I(1), (19)
dt Vb
dA Vi
Tﬁ = k12 VCJ;JF Ay — (ka1 + kp) Aa, (20)

where A; and As are the amounts (in mmol) of gadobutrol in the CSF and dura

compartment, respectively;

a a
k - ) k = T
27 Sose 7 9p
N P
10 — ) —

sk D

and the injection is modeled as the best fit between the following models

I(t) = S, tBin exp(—t/Ch), I(t) = Sin (exp(—t/Biy) — exp(—t/Chy)) -

B.1 QMC Analysis

The search space consisted of seven dimensions representing the unknown parameters
of the model: k1o (elimination from the CSF), k12 (transfer from CSF to Dura), ko
(return from Dura to CSF), kp (clearance), S, (scaling factor), B;, (first decay con-
stant), and Cy;, (second decay constant). To reduce the number of dimensions for this
analysis, the parameters S;,,, Bin, and C;, are fitted against the CSF concentration
data and then we vary them of 10 % to decrease the uncertainity given by these param-
eters. Moreover, we apply an optimization method (L-BFGS-B) to the 90% confidence
interval found by the Montecarlo simulations to obtain the parameters that best fit
the results in that range. To evaluate the goodness-of-fit for each simulated trajectory
against the experimental data, a Normalized Sum of Squared Residuals (SSR) was

computed.

10
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Fig. C: The best fit models of the two compartment (without the 4h data point)

Parameter Correlation Matrix
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Fig. D: The correlation matrix of the 0D model.
157 The refined two-compartment model, successfully captured the macroscopic tissue

158 kinetics with a final optimized Sum of Squared Residuals (SSR) of 0.0328 (see Figure

150 C). Moreover, Figure D shows the correlation matrix between the parameters.

11
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The QMC analysis of the model (19) — (20) provided a rigorous assessment of
the practical identifiability of the physiological parameters. The statistical analy-
sis revealed remarkably low Spearman sensitivities to the cost function across all
parameters (|p| < 0.05). Consequently, the QMC 95% confidence intervals remained
exceptionally broad for both the exchange rates (e.g., ko1 € [0.0001,77.03] h™') and
the elimination pathways (e.g., kp € [0.0002,6.79] h™'). However, this apparent lack
of individual parameter identifiability is fundamentally explained by the presence of
strong compensatory processes within the system, as evidenced by the Pearson corre-
lation matrix. Specifically, we observed a near-perfect negative correlation between the
two elimination pathways (k1p and kp, r & —0.97), indicating that the model easily
compensates for a lower direct CSF clearance by increasing dural clearance to maintain
the overall systemic elimination rate. Similarly, a highly significant positive correla-
tion was found between the compartment exchange rates (k12 and kop, 7 &~ 0.98).
While this strong coupling renders the exact individual magnitudes of kio and ko;
difficult to isolate independently, it carries critical physiological significance, but their
ratio kio/ko1 is identifiable and it corresponds to the physiological parameter ratio
1N = ¢p/¢Pcsr. Due to the broad parameter results range, n € [0.18, 244]; removing the

non-physiological values, we restrict the parameter interval at 7 € [0.18,0.6].

C Parameter Exploration in a One-Dimensional One

Compartment PDE Model

C.1 Model

The transport of the solute is modeled within a spherically symmetric, single-porosity
domain representing the tissue layer.
The geometric domain is defined as a spherical shell bounded by an inner radius

Ry and an outer radius Ry. Assuming spherical symmetry, the concentration profile

12
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C(r,t) varies only with the radial distance r € [Ry, Ro| and time ¢. The values of R;
and Ry were found such that Ry — R; ~ lmm (approximately the thickness of the
dura [7]) and a volume of Vp & 0.0914L (found by the segmentation presented in
Section 2.2). With these constrains, we found R; = 0.848 dm and Ry = 0.858 dm.

The solute concentration C(r,t) is governed by a one-dimensional radial reaction-
diffusion equation. The model accounts for Fickian diffusion and a volumetric clearance
(sink) term. The governing partial differential equation (PDE) is given by:

oC Kp

o =V (DpVC) = 22 (21)

expanded in spherical coordinates, this yields:

9¢ _DPpo ( 260) ~Ebg (22)

ot~ 2 ar \ or P

where Dp is the effective diffusion coefficient (dm?/h) that describes the diffusion

and eventually the dispersion in the whole dura (including the venous and lymphatic
vessels) and Kp is the clearance coefficient (h™).

Inner Boundary (r = R;): Transport across the inner surface is dictated

by a permeability coefficient P (dm/h). This is represented as a Robin (mixed)

boundary condition where the diffusive flux matches the permeable flux driven by

the concentration difference between the CSF driver Ccgr(t) and the tissue surface

C(Rl, t):

o2 - %(ﬁCCSF(t) ~C(Ru1). (23)

T:Rl

where n = ¢p/dcsp. The CSF input function Cogr(t) is defined empirically using

best fit between the following models

I(t) = SintBi“ exp(—t/Cin), CCSF(t) = Sin (exp(—t/Bin) — exp(—t/Cin)) R

13
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where Si,, Bin, and Cj, are fixed parameters derived from prior curve fitting.
Outer Boundary (r = Rs): The outer boundary is assumed to be strictly

impermeable, yielding a homogeneous Neumann (no-flux) boundary condition:

aC
o =0. (24)

r=Rs

Initial Condition (¢ = 0): The tissue is assumed to be initially free of the solute,

yielding:

C(r,00 =0 for Ry <r <R (25)

To compare the continuous spatial model against bulk empirical data, the observ-
able concentration is defined as the volume-weighted average of C(r,t) across the

entire spherical shell:

_ 1 Ra
Ct) = / C(r,t) - 4mr? dr (26)
‘/total R,

where Vigtal = %W(R% — R3) is the total volume of the domain. This C(t) is subse-
quently used to compute the objective function (Normalized Root Mean Square Error)
during the parameter optimization process. We run QMC to estimate parameters 95

% confidence intervals. We can see the results in Table C.

C.2 QMC analysis and Results

We rely on the QMC method with Halton sequence to estimate the parameters Dp,
Kp/®, and P/¢. We choose as parameter range the following (motivated by biology
and range found in the 0D model of Section B): Dp € [1 x 107°,5 x 1073]dm?/h
[8-10], P/¢ € [1074,100] dm/h, Kp/¢ € [1074,100] 1/h, and n € [0.18,0.6].

To ensure a comprehensive and physiologically relevant exploration of the 1D
diffusion-reaction model, the parameter search space was constrained using insights

from the prior 0D compartmental analysis. Specifically, the search boundaries for the

14



o effective clearance rate (Kp/¢) and the effective boundary permeability (P/¢$) were
22 informed directly by the confidence intervals of their macroscopic analogs derived from
23 the 0D model. Conversely, the limit for the internal diffusion coefficient (Dp) was set
24 broad enough to allow the numerical solver to freely explore both extreme diffusion-
25 limited and permeability-limited (well-mixed) transport regimes, but the extrema were
26 set inspired by biological limit [9-11].

27 The optimal parameter set for the 1D diffusion-reaction model yielded a minimum
28 Sum of Squared Residuals (SSR) of approximately 0.068. To assess the structural
29 identifiability and robustness of these estimates, a subset analysis was performed on
20 the top 250 model fits. The statistical summary of the physical and derived parameters

2 is presented in Table C.

Table C: Statistical Summary of Estimated Parameters (Top 250 Fits). CV denotes the
Coefficient of Variation (SD/Mean), serving as a metric for parameter identifiability.

Parameter Symbol Mean Std. Dev. Median Rel. IQR CV (%)
Permeability (dm/h) P/¢ 0.0040 0.0015 0.0039 0.703 38.6%
Partition Coeff. (-) n 0.3186 0.1290 0.2800 0.751 40.5%
Clearance Rate (h™1) Kp/é 0.2129 0.1363 0.2175 1.173 64.1%
Diffusion Coeff. (dm?/h) Dp 1.14 x 107%  1.26 x 1073 5.29 x 1074 3.025 110.8%

Table D: Statistical Summary of Estimated Parameters (Top 250 Fits). CV denotes the
Coefficient of Variation (SD/Mean). Results refer to the single-compartment model with
fixed n = 0.3186.

Parameter Symbol Mean Std. Dev. Median Rel. IQR CV (%)

Clearance Rate (h™1) Kp/é 0.2466 0.0169 0.2463 0.108 6.8%

Permeability (dm/h) P/ 0.0037 0.0003 0.0037 0.133 9.4%

Diffusion Coeff. (dm?/h) Dp 1.16 x 1072 1.29 x 1072 6.03 x 1074 2.617 110.7%
23 The correlation matrix of Figure E reveals high correlation between the parameters

23 P, m, and Kp. The correlation between P and eta is given by the product Pn at the

15
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Fig. E: Left: The best fit models of the 1 compartment model on a sphere. Right:
The correlation matrix of the spherical 1 compartment model.

boundary condition. By fixing the partition coefficient at its mean value (n = 0.3186),
we successfully decoupled the boundary dynamics, yielding high identifiability for the
clearance rate (Kp) and permeability (P), which exhibit low Coefficients of Variation
(6.8% and 9.4%, respectively, see Table D). This stability confirms that the previously
observed uncertainties were primarily numerical artifacts of the P-n correlation.

The parameter correlation matrix highlights a strong positive coupling between Kp
and P (r = 0.738). This relationship elucidates a fundamental physiological trade-off:
higher dural permeability, which increases tracer influx, must be balanced by a pro-
portionally higher clearance rate to accurately replicate the washout decay observed
in clinical data. This compensatory mechanism ensures that the model preserves the
mass balance and the observed peak timing, regardless of the individual parameter
magnitudes.

The internal diffusion estimation Dp ~ 1.16 x 1073 dm? /h presents high uncer-
tainty (CV > 100%), but it offers a value higher than the gadobutrol diffusion in free

water of &~ 1.37x10~* dm? /h, suggesting that the only-diffusion regime is not enough.

16
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D Parameter Exploration in a One-Dimensional Two

Compartment PDE Model

D.1 Model

The transport of the solute is modeled within a spherically symmetric, double-porosity
domain representing the tissue layer. The geometric domain is defined as a spherical
shell bounded by an inner radius R; and an outer radius Rs.

To account for the complex microstructure of the tissue, the continuum is divided
into two distinct, overlapping interacting compartments: the Dura (D) and the Lymph
(L). The concentration profiles for both compartments, Cp(r,t) and Cr(r,t), vary
with the radial distance r € [R1, Ro] and time t.

In this model, we suppose that the entire clearance from the dura is given by
the mLVs direct towards the cervical lymphatic vessels. We suppose this to test if
it is possible to have a full clearance given by the lymphatics and to estimate the
parameters which make this possible.

The spatio-temporal evolution of the solute is governed by a coupled system of
one-dimensional radial reaction-diffusion equations.

For the primary tissue compartment (Dura, Cp), transport is driven by Fickian

diffusion and mass exchange with the secondary compartment:

9Ch _Dp 0 ( 10Cp
ot r2 or

5L )+ BonCs - Co), (1)

For the secondary compartment (Lymph, Cf,), transport involves diffusion, the

reverse mass exchange, and a volumetric clearance (elimination) term:

aCL & 0 QacL
ot 12 or \

= o ) — B(¢rCL — Cp) — kelimCL (28)

where Dp and Dy, are the effective diffusion coefficients for the Dura and Lymph

compartments, respectively (dm?/h), 8 = 3/ép is the exchange rate between the two

17
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compartments (h_l), or = ¢p/oL, ® = ¢p + ¢1 and ¢p takes into consideration
the porosity of the dura matrix and the venous vessels inside the dura, and kejjn, =
Kelim/¢r is the lymphatic clearance coefficient given by cervical lymphatic vessels
Y.

Inner Boundary (r = R;): Transport from the CSF into the Dura compartment
is dictated by a permeability coefficient P = P/¢p (dm/h). A scaling factor np =
op/dcsr is applied to the CSF driving function. The Lymph compartment is assumed

to have no direct exchange with the CSF at this boundary.

oC
~Dp—." = P(nCcsr(t) — Cp(Ry, 1)), (29)
r=R1
oCt, B
—Dyp, ar | =0. (30)

The CSF input function Ccgr(t) is defined empirically using a bi-exponential

model:

Cesr(t) = StPtemt/Crare (31)

where S, B, and Ci,te are fixed parameters derived from prior data fitting.
Outer Boundary (r = Rs): The outer boundary is assumed to be strictly imper-
meable for both compartments, yielding homogeneous Neumann (no-flux) boundary

conditions:

o0Cp
or

oCy,
T Or

=0 (32)

T:RQ

r=Rs

Initial Condition (¢ = 0): Both compartments are assumed to be initially {ree

of the solute:
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CD(T‘,O):O and CL(T‘,O):O for RlSTSRQ (33)

To evaluate the mathematical model against bulk tissue empirical data, the observ-
able concentration is defined as the sum of the volume-weighted averages of both

compartments across the entire spherical shell:

_ 1 Ra
Crotal(t) = Vi /R (CD(T, t) 4+ Cr(r, t)) 4ar? dr (34)

where Vigtal = %w(R% — R‘rf) is the total volume of the domain. This aggregate
Crrotal (1) is utilized to compute the objective function (Normalized Root Mean Square
Error) during Montecarlo simulations. We run QMC to estimate parameters 95 %
confidence intervals. We can see the results in Table 7?7 and the details about the

QMC sampling in Supplementary D.

D.2 QMC Analysis

The search space consisted of six dimensions representing the unknown parameters
of the model: the diffusion coefficient of the dura phase Dp (dm?/h), the dura-
lymphatc exchange 8/¢p (1/h), the porosity ratio ¢r, the diffusion coefficient of the
lymph phase Dy, (dm?/h), the volumetric sink kelim /¢, (1/h), and the permeability
between the dura and the CSF P/¢p (dm/h). To have a parameter range that takes
into account the 1 dimensional 1 compartment model, the following relationship are
considered. First, we have that % = %f’((bR +1).

For the diffusion coefficients Dp and Dy, from the fact that the 1-compartment

diffusion coefficient D,lgcomp = %D

where ~y, represents the enhancement dif-
fusion given by the convection in the lymphatics, we use the following relationship:
Dy = D™ (¢r + 1) — ¢rDp, where Dp € [2 x 1075,5 x 107°] dm?/h adapted
from [12]; ’E—L“ € [0.1(¢r + 1),1(¢pr + 1)], ¢r = ¢p/PL supposing a bound for ¢p

similar to the gray matter (=~ 0.1 — 0.3) and for ¢ € [0.005,0.07], ¢ € [2,60], from
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the (wider) l-compartment model we have P/¢ € [0.001,0.1], in our case we need

4)% = % (1 + ﬁ), the np = 22 = (¢ﬁi1> where n = (b‘fj‘; is given in the 1-

compartment model as n = 0.31, and 8/¢p € [0.5, 3] from Supplementary A and the
range for ¢p.

The optimal parameter set for this double-porosity model yielded a minimum Sum
of Squared Residuals (SSR) of approximately 0.082. To assess structural identifiability
and the robustness of these constrained estimates, a subset analysis was performed on
the top 250 model fits (the upper 5% convergence region). The statistical summary of
the macroscopic and derived parameters is presented in Table E.

The estimated lymphatic diffusion coefficient (D ~ 1.69x10~2 dm?/h) is approx-
imately two orders of magnitude higher than the established free-water diffusion
coefficient of Gadobutrol (1.37x 1074 dm? /h). Such an unphysiologically high diffusiv-
ity suggests that the QMC algorithm is mathematically forcing the diffusion term to
compensate for macroscopic advective transport, which is inherently absent from the
current governing equations. This phenomenon strongly indicates that a pure diffusion
model is insufficient to fully capture the complex, rapid transport dynamics within the
dural lymphatic and vascular networks, pointing to advection-driven flow as a critical
mechanism that must be accounted for to accurately describe dural clearance.

To further validate whether this behavior was an artifact of boundary conditions,
we tested the model using a different partition coefficient (n = 0.18). As anticipated
from the parameter coupling observed in the single-compartment analysis presented in
Supplementary C, modifying 1 induced expected proportional shifts in the boundary
permeability (P) and elimination (kej;m) parameters to preserve the overall mass
balance. Crucially, however, the artificially high magnitude of Dy remained consistent.
This persistence confirms that the inflated Dy, is not a numerical artifact driven by

boundary correlations, but rather a fundamental structural limitation.
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Table E: Statistical Summary of Estimated Parameters for the 2-Compartment Model (Top
250 Fits). CV denotes the Coefficient of Variation (SD/Mean), serving as a metric for param-
eter identifiability.

Parameter Symbol Mean Std. Dev. Median Rel. IQR CV (%)
Permeability (dm/h) P 0.0045 0.0003 0.0045 0.057 6.1%
Primary Diffusion (dm?/h) Dp 450 x 107°  3.00 x 107  4.60 x 107° 0.105 7.7%
Exchange Rate (h~1) Jé] 2.25 0.51 2.29 0.334 22.6%
Lymphatic Diffusion (dm?/h) Dy, 1.69 x 1072 7.87x 1073  1.76 x 10~ 2 0.752 46.6%
Elimination Rate (h™') Ketim 9.51 4.48 10.01 0.733 47.1%
Porosity Ratio (-) @ 33.79 16.24 35.37 0.764 48.1%

Parameter Correlation Matrix (Top 250 Fits)

0030

. ® Data (Dura)

—— Best Fit Total (NRMSE=0.082)

~-- Dura (c_D)
. Lymph (C_L)

0.025

0.020

0.015

Concentration

0.010

0.005

0.000

0 10 20 30 40 50 60 70
Time (h)

oL K elim

Fig. F: Left: The best fit models of the 2 compartment model on a sphere. Right:
The correlation matrix of the spherical 2 compartment model.

» E Dura and Lymphatic Permeabilities
QA
- AAp’
V/Ax, using the V = 9.489 x 107°m? and Az = 0.001 m, assuming a flux of Q =

Using the explicit formula for the permeability K we have that that A =

0.5L/day ~ 5.8 x 1072 m3/s, we have the relationship

4.2 10~14
K — 8 x 10 '

Kp=p AP

s Using the data estimated in Supplementary A, we have an estimated permeability

s value of Kp ~ 5.2 x 10717 m?.
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Using the same approach, we can estimate the permeability of the mLVs as well.
For the mLVs we need to consider that the flow goes in the ”polar” direction, hence
we have that as characteristic length we use an average value of L ~ 10 cm; Moreover,
we assume that the pressure at the upper part of the brain is ~ 1.4 x 103 Pa [13] and
is 0 Pa in the exit region of the brain (cervical lymphatic vessels) [14, 15]; these lead to
a permeability of K, ~ 2.39 x 10~'3 m?, smaller of one order of magnitude to the one
found using an homogenization modeling approach in dermal lymphatic capillaries in

[16].

F mLV Volume

We assume that the meningeal lymphatic vessels absorb all the fluid produced by the
brain over one day (Qproa =~ 0.5L/day ~ 5.79 x 10~? m?®/s). Furthermore, the average
velocity in the basal mLVs is ¥ ~ 2.2 — 2.7mm/s [17]. Using these data and assuming

a spherical brain, we can estimate the porosity of the mLVs to be

o1 ~ QﬁpTrj_d ~ 0.005 — 0.015 = 0.5% — 1.5 %.
This value is lower respect to the porosity found of the dermal lymphatic vessels
[16] (= 5 — 20%). It follows that the mLVs volume is Vv ~ 4.57 x 1077 — 1.37 x
10~%m3. Assuming a spherical shell geometry for the dura, the cross-sectional area A
perpendicular to the polar lymph flow is given by A, = Vaura/L, where L represents
the characteristic path length of the mLV (in polar direction, way through the cervical
lymphatic vessels), and Vgyur, is the total volume.

In [4] they measured the volume of the meningeal lymphatic vessels and the venous
vessels inside the dura. We have that the average volume of the mLV is Vv =
6 x 107% m?, which means a porosity of the mLV of ¢;, ~ 0.063. In [4] they did not

measure the volume of the smaller mLVs found in [5], that represents a very small
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fraction of the mLVs. Hence we can estimate that the porosity of the mLVs to be
between 0.065 — 0.07. Due to the uncertainity of these values, in this work we will

consider a range for the porosity of the mLVs between 0.5 — 7 %.

G Structural Identifiability and the Role of Local

Dural Clearance (kp)

To evaluate the impact of alternative drainage pathways, an extended formulation of
the model was tested, incorporating a non-specific dural clearance parameter (kp)
adding the term —%C D.i to equation (2) of the main text. This parameter simulates
the local reabsorption of the tracer in the dura mater without entering the lym-
phatic system, thereby acting in competition with the macroscopic lymphatic drainage
towards the deep cervical lymph nodes (Ppcry ).

The Quasi-Monte Carlo (QMC) simulations of the extended model yielded an
excellent experimental fit, with an optimal loss function (SSR = 0.055) identical to
that of the base model presented in the main text. The ensemble statistics for this

competitive scenario are detailed in Table F.

Table F: Optimal parameters and derived quantities (Top 200 QMC ensemble)
for the extended model including local dural clearance (kp).

Parameter Unit Median IQR [25%, 75%] 95% CI
Model Parameters

Partition Coeff. (¢) [ 10.39 [5.57, 15.44] [2.24, 24.74]
CSF Permeability (Pgc)  [dm/h]  0.0046 [0.0034, 0.0059] 0.0023, 0.0104]
Dispersion Coeff. (D) [dm? /h] 1.6e-4 [4.0e-5, 6.3e-4] [1.3e-5, 3.8e-3]
Deep Clearance (Pperv) [h=1] 0.072 [0.010, 0.795] [0.001, 7.960]
Dural Clearance (kp ) [h=1] 0.74 0.51, 1.01] [0.003, 1.51]
Lymphatic Porosity (¢r) [-] 0.013 [0.008, 0.025] [0.005, 0.054]
Derived Quantities

Péclet Number (Pe) [ 246.45 [54.21, 1060.22] [10.65, 4855.82]
Biot Number (Bi) [ 0.17 [0.13, 0.22] [0.10, 0.32]
Advection Time (Tydv) 21.12 [13.25, 42.02] [9.07, 90.95]

=5

[
Diffusion Time (Ti;s¢) [ 6296.78  [1585.24, 25086.51]  [260.12, 78936.48]
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G.1 Discussion of Results and Equifinality

The inclusion of kp significantly alters the hydrodynamic balance of the system. By
allowing the dura mater to act as a local clearance pathway (with an estimated half-life
of approximately 6.3 hours, kp ~ 0.11 h_l)7 the burden on the lymphatic system is
drastically reduced. Consequently, the model predicts a slower advection time (Tgq, =
46.7 h) and a markedly reduced basal clearance Pp.ry. Nevertheless, the transport
regime within the lymphatic vessels remains undeniably dominated by convection, as
confirmed by a median Péclet number firmly greater than unity (Pe & 54.22).
Despite the physiological plausibility of this extended scenario, the simultaneous
inclusion of kp and Pp.ryv introduces a well-known mathematical issue of structural
identifiability (equifinality). Because contrast-enhanced MRI captures the global signal
decay within a voxel but lacks the resolution to differentiate the specific molecular exit
route or distinguish between interstitial or lymphatic enrishment, the QMC analysis
can seamlessly compensate for an increase in one clearance parameter by decreasing

the other, without altering the Sum of Squared Residuals (SSR).

G.2 Justification for the Base Model

In light of this, the model imposing kp = 0 was adopted for the main text. Through
this choice, the meningeal lymphatic network is forced to handle 100% of the tracer
clearance.

This approach allows us to test the theoretical maximum capacity of the lymphatic
network under a ”worst-case scenario” approach. The results presented in the main
text demonstrate that, even under this extreme load, the lymphatic system is physi-
cally capable of clearing the entire tracer volume using geometrically, physiologically,
and anatomically realistic parameters. Therefore, the base model provides robust,

independent computational validation of the clinical hypothesis that the meningeal
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lymphatic network possesses sufficient hydraulic capacity to be the primary driver of

brain clearance.

G.3 Equations Derivation

G.3.1 Derivation of the Reduced 0D Model

While Section 2.3.1 in the main text presents the final model equations in terms of
total tissue concentrations (which correspond to in vivo MRI measurements), this
supplementary section provides the underlying derivation starting from intrinsic solute
concentrations. Furthermore, it explicitly defines the mathematical formulations for
the Starling filtration and downstream clearance terms.

To provide a simplified geometric representation of how the tracer spatially enters
the brain, the cranial dura is divided into 150 heterogeneously distributed patches.

For each patch i, the model is defined as:

dépcp i

% =¢pDpL(cp;) + Pec(ccsri —cepi) + Bleri —¢epi) — gs.icp,i  (35)
dorcr 1
% =¢rDrL(cr,) + ngLA(u’ cr,i) — Bleri —cpyi) +as,icpi — Yicri.  (36)

Within this framework, the diffusion operator L captures the stochastic, non-
directed movement of solutes, while the advection operator A governs their velocity-
driven bulk transport through the lymphatic vessels. The remaining terms model the
physiological interactions between the dura and its surrounding environment. Notably,
Pgc denotes trans-meningeal permeability, serving as the primary conduit for solutes
crossing from the subarachnoid space (SAS) into the dural interstitium, driven by the
concentration gradient (CCSF’Z‘ —Cp,i)-

Solute exchange between the dural interstitium and the lymphatic drainage net-
work is governed by the exchange coefficient . Importantly, the model incorporates

a Starling filtration term, gg;, to capture pressure-driven bulk fluid flux into the
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meningeal lymphatic vessels (mLVs). This accounts for the physiological reality that
solute uptake into the lymphatics is not strictly diffusive, but is instead coupled with
fluid movement driven by hydrostatic and oncotic pressure gradients. In particular,
qs; = L{’,f%?’H(pD — pr,), where H is the Heaviside function that describes the
function of the lymphatic valves (i.e. no backflow from the lymphatics to the inter-
stitium). Finally, the clearance term ¥; functions as a physiological sink, representing
the downstream export of solutes to the cervical lymphatics to complete the clearance
pathway.

The unknowns of equations (35) and (36) are, for every patch, ¢p ; and ¢y, ;, respec-
tively. However, what is measured in the data is actually total concentrations, that
is Cp,i = ¢pcp,, Cr,i = ¢rcr,; and Cosri = ¢cosrcosr, and, in particular in the
cranial dura, Cp; + Cf ;. For this reason, we consider it more useful to rewrite the

equations (35) and (36) in terms of Cp;, Cr,, and Ccogsp,i, yielding the following

equations:

dCp.; 1 i
D DpL(Cp;)+—Psc(nCcsri—Cp,i)+ ﬁ(cbcm —Cp,i)— 1s, Cp.i (37)
dt [0%5) D D

dC'r, ; 1 i

— L =~ DLL(Cry) + —A(u,Cr ) — £(¢CL,¢ —Cpa)+ Loy, w0, (39)
dt oL oD oD
where the partition coeflicient ¢ = f;—f is the ratio between the dura and the

lymphatic porosity.

G.3.2 Derivation of the Three-dimensional model of the cranial

dura

The solute concentrations c¢p and cj evolve according to the advection-diffusion

equations:

O¢pcp
ot

+V - (upcp) = V- (¢pDpVep) = H(pp — pr)x28(cL — ¢p)
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+ Hipp ~pe)(1—0)5 (en +e) V- up,  (39)

Oorer
ot

+ V- (xeurcr) = V- (x2¢0DrVer) = H(pp — pr)x28(cp —cr)

+ H(pp —pL)(l — O')% (cp+c¢)V-ur, (40)

where u; are the Darcy velocities, D; are the diffusion coeflicients, [ is the effec-
tive diffusive permeability across the compartmental interface, x2 is a space-function
representing the mLV domain, H(pp — pr,) is an Heaviside function representing the
mLV valves (that opens when pp > pr), o is the reflection coefficient. The boundary

conditions are given by:

(—¢DDDVCD+VDCD) 'n:PCD(Cin —CD) on QA(;UQZ*, (41)

(—(bLDLVCL + VLCL) -n=20 on Qaqg Uy, (42)

Where c¢;, is a given function of space and time. Further, the outlet boundary

conditions are given by:

(—¢DDDVCD + VDCD) -n=20 on Qqyt, (43)

(_¢LDLVCL + VLCL) -n=—Pp.rver on Qout- (44)

For the remaining part of the boundary, we impose a zero gradient condition for the
pressure and a no flux condition condition for the concentration.
What is measured in the data is actually total concentrations, that is Cp; =

¢pcp.i, Cri = ¢rcr; and Cip i = ¢csrcin,: and, in particular in the cranial dura,
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w2 Cp; + Cp ;. For this reason, we consider it more useful to rewrite the equations in

w3 terms of Cp 4, Cr 4, and Cyy, 4, yielding the following equations:

9Cp +V- (uDCD> -V - (DpVCp)=H(pp — pL)X2¢£D(¢RCL - Cb)

ot oD
+ H(pp —pr)(1 — U)% (;’5 + gj) V-up, (45)
86% +V- (XQULOL> - V- (x2DVCL) = H(pp — pL)X2£(CD - ¢rCL)
oL ¢p
#Hop - (1= )3 (24 SE) 9 ous, (19

ss  where ¢p = ¢p/¢Pr is the partition coefficient, and np = ¢p/dcsr. The boundary

w5 conditions are

(—DpVCp + ;—gcm n=Pop(npCin —Cp)  on QacUQ,,  (47)

(—D.VCy + ;—icm ‘n=0 on QagUQ;,  (48)

s where Cj, is a given function of space and time. Further, the outlet boundary

ss7 - conditions are given by:

(—DpVCp + ;—DCD) ‘n=0 on Qout, (49)
D
(-DLVCr + %CL) ‘n=—Pp.vCp on Qoug. (50)
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G.4 The importance of the Boundary Conditions in the

Parameter Estimation

This subsection assesses how the choice of the continuous-time fitting function for
the cerebrospinal fluid (CSF) boundary condition influences downstream parameter
estimation. In our methodology, sparse in vivo MRI tracer concentration data were
interpolated by selecting the minimum residual error between a Gamma distribution
and a Double Exponential function on a patch-by-patch basis. To evaluate model sen-
sitivity to this specific choice, we conducted a comparative Quasi-Monte Carlo (QMC)
analysis where the boundary conditions for all spatial patches were restricted exclu-
sively to the Double Exponential fit or Gamma fit. We can see the results of these new
parameter estimation in Tables G and H, respectively. Our results indicate that while
forcing a single functional form across the entire cranial dura produces systematic
shifts in the precise optimal values of the inferred parameters, the underlying physi-
cal regime is entirely preserved. The order of magnitude for all key transport metrics
remains consistent. Furthermore, the qualitative conclusions derived from the model
are completely unchanged; in all tested scenarios, macroscopic transport remains heav-
ily advection-dominated, and the global dural clearance half-life is robustly conserved.
Consequently, while the choice of fitting function can alter exact quantitative esti-
mates, the overall physical assessment of the transport network is invariant to this
choice. The patch-by-patch selection method is therefore employed solely to minimize
artificial interpolation error prior to solving the inverse problem, rather than to imply

any mechanistic physiological meaning.

Data Avaiability

All the code and setup used in this supplementary material is avaiable upon request.
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Table G: Optimal biophysical parameters and derived physical quantities inferred
from the Top 200 QMC ensemble for the double exponential case only case as a fitting
function of the boundary conditions.

Parameter Unit Median IQR [25%, 75%] 95% CI
Model Parameters

Partition Coeff. (¢) - 9.81 [5.20, 15.55] [2.18, 26.08]
CSF Permeability (Pac/¢p)  [dm/h]  0.0020 0.0016, 0.0024] [0.0013, 0.0032]
Lymph. Diffusion (Dp,) [dm?2 /h] 1.3e-4 [3.8e-5, 6.3e-4] [1.2e-5, 3.9¢-3]
Deep Clearance (Ppcrv) [h—1) 3.97 [2.31, 6.38] [1.09, 14.43]
Lymphatic Fraction (¢7,) %] 1.30 [0.84, 2.45] [0.52, 5.18]
Derived Quantities

Péclet Number (Pe) B 282.59 [69.17, 1070.07] [12.53, 4453.14]
Biot Number (Bi) B 0.07 [0.06, 0.08] [0.05, 0.10]
Advection Time (Tyay) [h] 21.94 [14.07, 41.14] [8.80, 87.19)]
Diffusion Time (Tgiz ) [h] 7469.72 [1586.90, 26046.93]  [253.84, 84628.15]
Half-Life (T} /) [h] 15.21 9.75, 28.52] [6.10, 60.43]

Table H: Optimal biophysical parameters and derived physical quantities inferred
from the Top 200 QMC ensemble for the Gamma case only case as a fitting function
of the boundary conditions.

Parameter Unit Median IQR [25%, 75%] 95% CI
Model Parameters

Partition Coeff. (¢) [-] 9.52 [5.77, 15.70] [2.30, 25.31]
CSF Permeability (Psc/ép)  [dm/h]  0.0037 [0.0031, 0.0048] 0.0025, 0.0074]
Lymph. Diffusion (Dy,) [dm? /h] 1.3e-4 [3.9¢-5, 5.1e-4] [1.2e-5, 3.4e-3]
Deep Clearance (Pperv ) [h—1] 6.67 [3.81, 11.65] [2.06, 30.41]
Lymphatic Fraction (¢r,) (%] 1.23 [0.77, 2.09] [0.53, 5.21]
Derived Quantities

Péclet Number (Pe) B 313.53 [81.78, 1151.11] [13.53, 5616.43]
Biot Number (Bi) [ 0.13 [0.11, 0.16] [0.09, 0.22]
Advection Time (Taqy) [h] 20.70 [12.88, 35.20] [8.87, 87.67]
Diffusion Time (T4 ) [h] 7431.59  [1943.52, 25637.48]  [295.49, 86783.02]
Half-Life (T /) [h] 14.35 [8.93, 24.40] [6.14, 60.77]
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