Calculation of patellar tracking and FHA
Continuous patellar tracking was calculated with the five knee models at five knee flexion angles using order-three spline algorithm. In brief, m non-collinear reference points of the patella were determined (m ≥ 3). The tracking of the reference points were derived from their coordinates at five angles of knee flexion with the order-three spline algorithm. Let radius vector Pi(θ) denotes the tracking of the reference points (for i=1, 2, …, m), and θ is the knee flexion angle. The patellar motion is characterised by an orthogonal rotation matrix R(θ), and a translation vector v(θ). The Lagrangian function f was defined as:
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The Lagrangian multiplier theorem was used to determine the R(θ) and v(θ) that minimise f under the constraint condition of rigid motion:
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where I is the identity matrix. The accuracy of the calculated patellar tracking was validated with the precise tracking which was obtained from the motion capture experiment in our previous in vitro study.
Then, with the Chasles theorem, the FHA of the patellar motion was derived from patellar tracking with a 1° increment of knee flexion angle. Each FHA is represented as a function:
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where n is the unit vector along the FHA, and s is the radius vector of a point on the FHA. s(θ) and n(θ) can be calculated from R(θ), R(θ+1°), v(θ), and v(θ+1°) by satisfying equations (4–6):
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where R’ and v’ are the rotational matrix and translation vector representing the patellar motion from θ to θ+1° knee flexion. t is the patellar translation along the FHA, and φ is the patellar rotation angle around the FHA. Equation (6) holds for any vector of w.
