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Supplementary figures
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Figure S1: Difference in predicted and simulated number of variants per gene.
RNA-sequencing of transcripts from the UCSC Known Genes annotation [1] was simulated
using the Flux Simulator [2]. The figure shows the distribution over the differences in the
number of predicted transcripts and the number of simulated transcripts for each predicted
gene.
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Figure S2: Abundance estimation accuracy on simulated data. RNA-sequencing
of transcripts from the UCSC Known Genes annotation [1] was simulated using the Flux
Simulator [2]. The figures show predicted abundance estimates against the corresponding
simulated abundances for transcripts that were predicted correctly by all five assemblers.
rs denotes the Spearman’s rank correlation coefficient.
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Figure S3: Assembler performance estimates on K562 and H1 replicate 2 -
annotation-based measure. The figures show the number of assembled transcripts from
K562 (replicate 2) [3] (a) and H1 (replicate 2) [3] (b) that were confirmed using the UCSC
Known Genes annotation [1] against the corresponding number of predicted transcripts
across a sequence of abundance thresholds (decreasing abundance threshold from left to
right).
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Figure S4: Length distribution of assembled transcripts. The figures show the
length distribution of the assembled transcripts from K562 (replicate 1 and 2) [3] (a,b),
H1 (replicate 1 and 2) [3] (c,d) and mouse dendritic cells [4] (e) together with the length
distribution of the UCSC Known Genes annotation [1] (logarithmic binning).
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Figure S5: Assembler performance estimates on H1 replicate 2 - PacBio-based
measure. The figure show the number of assembled transcripts from H1 (replicate 2)
[3] that were verified by a PacBio read [5] against the corresponding number of predicted
transcripts across a sequence of abundance thresholds (decreasing abundance threshold
from left to right).
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Figure S6: Inter-replicate correspondence of abundance estimates on K562. The
figures show the predicted abundances of transcripts assembled in both K562 replicates [3]
by all assemblers. rs denotes the Spearman’s rank correlation coefficient.
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Figure S7: Inter-replicate correspondence of abundance estimates on H1. The
figures show the predicted abundances of transcripts assembled in both H1 replicates [3]
by all assemblers. rs denotes the Spearman’s rank correlation coefficient.
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Supplementary methods

1 A generative model of the RNA-sequencing process

We here present a model for the process of generating a set of paired-end sequencing
reads from a set of transcript candidates. Let F = {f1, f2 . . . fn} denote a set of n se-
quenced fragments (i.e. paired-end reads) and let I = {1, 2, . . . , i, . . . , n} define an in-
dexset on F . Let S = {s1, s2 . . . sm} denote a set of m transcript candidate sequences and
let J = {1, 2, . . . , j, . . . ,m} define an indexset on S. Finally, let t be a vector of transcript
candidate indices for the fragments in F such that ti ∈ J and i ∈ I. The process of gener-
ating a set of fragments F from a set of transcript candidates S then proceeds as follows.

First, a vector of relative abundances e for the transcripts in S is sampled from its prior
distribution P(e). F is then generated by for each fragment first sampling a candidate index
t ∈ J from P(t|e) followed by sampling of a fragment f from P(f |t). By further assuming
that fragments are generated independently, this provides the following factorisation of
the joint distribution over sets of fragments F , candidate index vectors t and candidate
abundances e

P(F, t, e) = P(e)
n∏
i=1

P(fi|ti)P(ti|e) (1)

First define P(t|e) to be the categorical distribution with parameter vector e

P(t|e) = et (2)

The other two terms in equation (1) will be derived in the following two sections.

1.1 A prior distribution over transcript candidate abundances

Define the elements of an abundance vector e to be random variables taking values in
{0,R+}. To construct a prior distribution on e, first let z be a binary vector of length m,
which models which transcripts have non-zero abundance (i.e. are expressed). Further-
more, let each element zj in z be independent and Bernoulli distributed with parameter π
and let each element ej in an abundance vector e depend on zj in z such that

ej = 0 if zj = 0 (3)

ej > 0 if zj = 1 (4)

It follows from independence of the individual elements that the prior probability of a
binary vector z is given by

P(z|π) = πbz(1− π)m−bz (5)
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where bz =
∑m

j=1 zj . Next, let e+ denote the vector of relative abundances for the expressed

transcripts such that ej = e+
k when zj = 1, where k =

∑j
l=1 zl and

∑bz
k=1 e

+
k = 1. Finally,

let the elements of e+ be distributed according to the symmetric, Dirichlet distribution
with density function

P(e+|z, γ) =
Γ(γbz)

Γ(γ)bz

bz∏
k=1

(e+
k )γ−1 (6)

where Γ is the gamma function. The prior density of an abundance vector e is then given
by the factorisation

P(e|π, γ) = P(e+, z|π, γ) = P(e+|z, γ)P(z|π) (7)

=
Γ(γbz)

Γ(γ)bz

(
bz∏
k=1

(e+
k )γ−1

)
Kz0π

bz(1− π)m−bz (8)

where Kz0 = 1
1−P(z0) = 1

1−(1−π)m with z0 being the all-zeros vector. The latter term is
needed as the Dirichlet distribution is not defined on the simplex of size zero and we thus
need to define P(z|π) = 0 and P(e|z, γ) = 0 when bz = 0 to arrive at a valid density function.

1.2 A generative model of the sequencing process of a transcript

A modified version of the model described by Pachter is used to model the sequencing of
transcripts corresponding to the indices in t [6]. More specifically, given a transcript index
t, the three-prime position p of the fragment is first sampled from

P(p|t, S, µ, σ) =

∑p
l=1 P(l|µ, σ)∑|st|

q=1

∑q
l=1 P(l|µ, σ)

s.t. p ≤ |st| (9)

where |st| denotes the length of sequence st and P(l|µ, σ) denotes the Gaussian distribution,
which is used to model the length of the sequencing fragments.

Given a three-prime position, a fragment length - and hence a five-prime position - is then
sampled from the renormalised fragment length distribution

P(l|p, µ, σ) =
P(l|µ, σ)∑p
k=1 P(k|µ, σ)

s.t. l ≤ p (10)

Finally, a sequenced fragment f is generated conditioned on the sub-sequence specified by
t, p and l, and the corresponding observed quality scores q. The quality score at position
k in sequencing read one of fragment f is defined as

q(1,k) = −10 log10(ε(1,k)) (11)
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where εk designates the probability of a sequencing error at position k [7]. The probability
of an error at position k given a quality score is then given by

P(error|q1,k) = ε(1,k) = 10−
q(1,k)

10 (12)

Let the individual positions in a sequencing read be independent and let the distribution
over the three alternative bases given an error be uniform. The joint distribution over
positions k in the left read and right reads, r1 and r2, respectively, of a fragment f is then
given by

P(r1|t, q1, S, p, l) =

|r1|∏
k=1

{
1− P(error|q(1,k)) if r(1,k) = st,(p−l+k)
P(error|q(1,k))

3 if r(1,k) 6= st,(p−l+k)

(13)

P(r2|t, q2, S, p, l) =

|r2|∏
k=1

{
1− P(error|q(2,k)) if r(2,k) = st,(p−|r2|+k)
P(error|q(2,k))

3 if r(2,k) 6= st,(p−|r2|+k)

(14)

where |r| designates the length of the read. The joint distribution over all sequenced
positions in a fragment is then given by

P(f |t, q, S, p, l) = P(r1|t, q1, S, p, l)P(r2|t, q2, S, p, l) (15)

Finally, a pair of sequenced reads can then be obtained by first sampling whether an error
has occurred for each position conditioned on the quality score as given by equation (12).
If an error is to be introduced, a substitution is sampled uniformly over the alternative
base identities.

1.3 The joint probability distribution

It follows from the preceding sections that the full joint probability distribution is given
by the factorisation

P(F, t, l,p, e|Q,S, µ, σ, π, γ) = P(F |Q,S, l,p, t)P(l|p, µ, σ)P(p|t, S, µ, σ)P(t|e)P(e|π, γ)

= P(e|π, γ)

n∏
i=1

P(fi|ti, qi, S, li, pi)P(li|pi, µ, σ)P(pi|ti, S, µ, σ)P(ti|e)

(16)
The corresponding graphical model is shown in figure 5 in the main manuscript.
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2 Approximate inference using Gibbs sampling

The objective is to infer the posterior distribution

P(e, t|F,Q, S, µ, σ, π, γ) (17)

We can draw samples from this distribution by iteratively drawing samples from the two
conditional distributions

P(e|t, π, γ) (18)

P(t|e, F,Q, S, µ, σ) (19)

where the restricted conditioning follows from conditional independences given by factori-
sation (16). First, the conditional distribution of e is derived followed by a derivation of
the conditional distribution for t.

2.1 Sampling abundance levels

From the definition of P(e|γ, π) in equation (8) it follows that the posterior distribution
over e can be factorised as

P(e|t, π, γ) = P(e+, z|t, π, γ) = P(e+|z, t, γ)P(z|t, π, γ) (20)

To derive P(z|t, π, γ), first note from Bayes’ rule

P(z|t, π, γ) =
P(t|z, γ)P(z|π)

P(t|π, γ)

P(z|t, π, γ) =
P(t|z, γ)P(z|π)∑

z′∈Z P(t|z′, γ)P(z′|π)
(21)

where Z denotes the set of m long binary vectors excluding the all zeros-vector z0. Next,
let c be a count-vector of length m such that cj =

∑n
i=1 1(ti = j). Using, that P(z|t, π, γ)

only depends on t through c, we can reexpress equation (21) as

P(z|c, π, γ) =
P(c|z, γ)P(z|π)∑

z′∈Z P(c|z′, γ)P(z′|π)
(22)

To obtain P(c|z, γ), first note that it follows from definition (3) and (4) that

P(cj > 0|zj = 0, γ) = 0 for all zj ∈ z (23)

Provided with this notion, let J0 ⊆ J be the subset of J that contains the indices of
the transcripts that have zero counts in c (i.e. J0 = {j ∈ J |cj = 0}). Correspondingly,
let J+ ⊆ J contain the indices of the transcripts that have positive counts in c (i.e.
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J+ = {j ∈ J |cj > 0}). Using this, define U to be the set of feasible binary vectors given
by condition (23)

U = {z ∈ Z|zj = 1 ∀j ∈ J+} (24)

Using this condition, it follows that P(c|z, γ) can be expressed as

P(c|z, γ) =

{∫
e+ P(c|e+, z)P(e+|z, γ) de+ if z ∈ U

0 if z /∈ U
(25)

First, it follows from the definition of P(t|e+, z) in equation (2) and from conditional
independence of the elements in t given e that P(c|e+, z) is equivalent to the multinomial
distribution. As P(e+|z, γ) represents the symmetric Dirichlet distribution, it follows that
P(c|z, γ) is equivalent to the Dirichlet-multinomial distribution. Hence, we have that

P(c|z, γ) =

{
Γ(n+1)Γ(bzγ)

Γ(n+bzγ)

∏
j∈|J+|

Γ(cj+γ)
Γ(cj+1)Γ(γ) if z ∈ U

0 if z /∈ U
(26)

where again bz =
∑m

j=1 zj .

To derive a method of sampling from the posterior distribution given by equation (22), first
define ∼ to be an equivalence relation on binary vectors such that zp ∼ zq when bzp = bzq .
Using this, define Y = U/ ∼ (i.e. U collapsed to its quotient by ∼) to obtain the set
of feasible equivalence classes. The posterior distribution over equivalence classes is then
given by

P([z]|c, π, γ) =

{ P(c|[z],γ)P([z]|π)∑
y∈Y P(c|y,γ)P(y|π) if [z] ∈ Y

0 if [z] /∈ Y
(27)

From distribution (5) and (26) it follows that P(z|π) and P(c|z, γ) are equal for all z ∈ [z]
when [z] ∈ Y . Using this, the sum over z ∈ [z] can thus be replaced by the cardinality of
[z] ∈ Y . Hence, the posterior distribution over equivalence classes becomes

P([z]|c, π, γ) =


( |J0|
b[z]−|J

+|)P(c|z,γ)P(z|π)∑
y∈Y ( |J0|

by−|J+|)P(c|zy ,γ)P(zy |π)
if [z] ∈ Y

0 if [z] /∈ Y
(28)

where z ∈ [z], zy ∈ y and b[z] and by are the simplex sizes defined by z and zy, respectively.
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From the definition of the equivalence class it follows that a sum over equivalence classes
corresponds to a sum over simplex-sizes. By substituting in equations (5) and (26), we can
re-express the posterior distribution as

P([z]|c, π, γ) =


( |J0|
b[z]−|J

+|)
Γ(b[z]γ)

Γ(n+b[z]γ)
π
b[z] (1−π)

m−b[z]

∑m
b=|J+| (

|J0|
b−|J+|)

Γ(bγ)
Γ(n+bγ)

πb(1−π)m−b
if [z] ∈ Y

0 if [z] /∈ Y
(29)

where the correction term Kz0 in equation (5) and multiple terms in equation (26) vanishes
as they are independent of b[z] when [z] ∈ Y .

Using that all z ∈ [z] has equal probability, we have from distribution (29) that the posterior
distribution over binary vectors z ∈ U is given by

P(z|c, π, γ) =

Γ(bzγ)
Γ(n+bzγ)π

bz(1− π)m−bz∑m
b=|J+|

( |J0|
b−|J+|

) Γ(bγ)
Γ(n+bγ)π

b(1− π)m−b
(30)

By conjugacy of the Dirichlet distribution to the multinomial distribution, we have that
the posterior probability of the non-zero expression values e+ are given by the Dirichlet
distribution. Equivalent to the definition of e+, let c+ denote the vector of occurences cj
for which zj = 1. The posterior density is then given by

P(e+|z, c, γ) =
Γ(n+ bzγ)∏bz
k=1 Γ(c+

k + γ)

bz∏
k=1

(e+
k )c

+
k +γ−1 (31)

From equation (29) and (31) it follows that samples from the posterior distribution over
expression vectors e can be obtained using the following hierarchical sampling scheme

1. Sample an equivalence class [z] given c, π and γ from distribution (29)

2. Sample a binary vector z uniformly from the equivalence class [z]

3. Sample an expression vector e+ given z and c from distribution (31)

Samples from the Dirichlet distribution in (31) was obtained by transforming variables
drawn from the gamma distribution as described by Devroye [8].

2.2 Sampling fragment assignments

From conditional independence of the individual elements in t given e, we have that

P(t|e, F,Q, S, µ, σ) =

n∏
i=1

P(ti|e, F,Q, S, µ, σ) (32)
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Using Bayes’ theorem, the posterior probability of an individual fragment-transcript map
t is given by

P(t|e, F,Q, S, µ, σ) =
P(t|e)P(F |t, Q, S, µ, σ)∑m
j=1 P(j|e)P(F |j,Q, S, µ, σ)

(33)

where P(t|e) is given by distribution (2) and

P(F |t, Q, S, µ, σ) =

|st|∑
p=1

P(p|t, S, µ, σ)

p∑
l=1

P(l|p, µ, σ)P(F |t, Q, S, p, l) (34)

where |st| designates the length of transcript st. The individual probabilities in equation
(34) are defined in section 1.2.

2.3 Abundance normalisation

The abundance estimates generated by the Gibbs sampler corresponds to the fraction of all
paired-end reads a transcript explains. Thus, in order to provide a measure of transcript
abundance these values need to be normalised to transcript length. Therefore, define

˜|sj | =
|sj |∑
q=1

q∑
l=1

P(l|µ, σ) (35)

to be the effective length of transcript sj , where |sj | denotes the sequence length of tran-
script sj and P(l|µ, σ) denotes the Gaussian distribution used to model fragment lengths.
In addition to transcript length, the abundances is normalised to the total library size |F |
in order to make the estimates comparable across different sequencing depths. The relative
abundance aj of transcript sj is then defined to be

aj =
ej109

˜|sj ||F |
(36)

This estimate is used to produce the FPKM attribute in the Bayesembler output.
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3 Hyperparameter estimation

3.1 Fragment length distribution estimation

The standard Gaussian distribution with mean µ and standard deviation σ is used to model
the fragment length distribution. The fragment lengths of all paired-end reads mapping
uniquely to transcripts at least 2500 nt long from single-transcript graphs were used to
estimate the parameters. To minimise the influence of outliers, we used the median and
median absolute deviance (MAD) as estimators of µ and σ, respectively, with σ estimated
using σ = MAD ∗ 1.4826.

3.2 Sparsity estimation

To estimate π, the minimum number of candidates required to explain all paired-end reads
is first estimated using a greedy minimum set cover method. Formally, let A be an n×m
binary matrix, where the rows and columns represent paired-end reads and candidate
transcripts, respectively, and the values indicate whether a transcript contains a paired-
end read or not. Then, let x denote a binary vector of length m such that xj = 1 for each
candidate transcript sj in the minimum cover. The problem is then given by

arg min
x

cTx s.t. Ax ≥ a (37)

where a and c are n and m long vectors of ones, respectively. Finding the optimal solution
for this problem requires evaluating all column combinations, which becomes infeasible
for large values of m. For this reason, we used a greedy algorithm, where the transcript
containing the largest amount of uncovered reads is chosen at each stage as earlier described
by Johnson [9]. Finally, π is estimated using

π =

∑m
j=1 xj

m
(38)
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