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1. Supplementary materials of MNMST
1.1 Mathematical model for MNMST

1.1.1 Mathematical model for learning cell multi-layer networks

Here, we present the detailed description of the MNMST algorithm, which first constructs cell
spatial neighbor graph WIS with cell spatial location by using k-nearest neighbor algorithm (by
following Squidpy [1] , the number of neighbors k& is 6 for 10 X Genomics data, 8 for Stereo-seq
and Slide-seq V2 data, and 15 for imaging-based platforms). In the cell spatial neighbor network
W] weights on edges measure the similarity of cell pairs in spatial. Recently, evidence
demonstrates that high-order topological structure is more precise to characterize patterns [2] . By
following Ref. [3] , MNMST takes pointwise mutual information matrix (PMI) to construct cell

spatial network M1, and each element is defined as

w13 d,

m;*l = log 2,

—log k (D)
where d, is the degree of [-th cell in network W5], and « is the number of non-negative samples
(default set to 1).

On the construction of cell expression network W€l given the low-dimensional cell
expression feature matrix X, it is difficult to select an appropriate manner to precisely characterize
distances of cells. MNMST addresses this issue by employing sparse self-representation learning
(SRL) [8] wunder the assumption that cells are well represented by their neighbors. Thus, the

objective function is formulated as

min||X — xw||*, st diagwlel) = o,
where ||]|2is [,—norm, and constraint ensures no self-loop in the learned cell expression network
w'el, One limitation of the above equation is that the learned network is dense, i.e., clique, where

any pair of cells exist an edge. Actually, networks of cells are sparse. Thus, we ensure sparsity of

W€l with 1;-norm constraint, i.e.,

min||X — Xwel||* + o||we!

|, st diagw!) =o. )
Moreover, we also expect cells proximal in the original feature space to have similar

reconstructive coefficients. In other words, we expect the cell expression network W€l to preserve

the intrinsic geometrical structure of cell expression matrix X. The locality preserving projections



[9] shows that preservation of topological structure in X can be expressed as trace optimization. i.e.,

; le] _ yy/lel
min T Wi - w]

w;; =Tr(WElLwel) (3)

where Tr(:) denotes matrix trace, L is the Laplacian matrix of graph X'X, and W_i[e] is the i-th

column of matrix W€l. By combing Eq. (2) and Eq. (3), the objective function for cell expression

network construction is formulated as follows:
FWE = X - xwe|* + a|Wl||, + prraviILwieD), )

s.t. Wlel > 0,diag(w'ely = o.
where a and f are regularization parameters that balance the relative importance of the

reconstruction error term, sparse term, and trace optimization term, respectively.
1.1.2 Mathematical model for learning spatial and transcriptional feature of cells

MNMST learns the spatial and transcriptional feature of cells by exploiting cell multi-layer
networks. To obtain the relations between different layers of multi-layer networks, MNMST adopts
joint nonnegative matrix factorization [4] to simultaneously decompose the cell multi-layer network,
i.e.,

min || W€l — BFle])2 4 | M) — BFLsT)|2
s.t. B=>0,Flel > 0,Flsl > 0, (5)
where matrix B is the common basis matrix with the shared features across different layers of the
multi-layer network.

Then, MNSMT aims to learn the structural relations of cells, i.e., affinity graph, by exploiting
the shared features of cells. Analogously, MNMST also adopts SRL to learn the affinity graph,
which is formulated as:

B'=BZ+E, (6)
where Z denotes the coefficient matrix, and E is the error term. To capture the global structure of
the network, a low-rank constraint is imposed on the coefficient matrix Z. Eq. (6) is transformed
into the regularized rank minimization problem as:

min rank(Z) + || E|; @)
The Eq. (7) is difficult to solve because of the low-rank constraint. Following [6] , MNMST adopts

nuclear norm as an alternative. In this way, Eq. (7) is re-formulated as:



min ||Z|l. + E|lz1 ®)

where |||l and ||l are the nuclear norm and [, ;-norm, i.e., ||E|l5; = Xj=; ?=1Ei2j.

By combing Eq. (5) and Eq. (8), the objective of affinity graph learning is:
Iw'el = BFIEN 2 + | |ME! — BFEIZ 4+ y(|Z]], + AlIE (5,0
s.t. B>0,Flel >0 Fll >0B =BZ+E 9)
where y and A are parameters controlling the relative importance of the low-rank constraint and

the error term.

1.2 Optimization of cell expression network construction
Since the objective function in Eq. (4) consists of a differentiable portion ||X -X W[e]”2 +

Tr(wlelLwlel) and a non-differentiable portion ||W[e] ||1, we use an alternating optimization
approach to update one variable by fixing the others, and algorithm continues until the convergence
criterion is met.

By introducing auxiliary variables J;, Eq. (4) is transformed into the equivalent form, i.e.,
W, 1) = X = xWE|* + alljll, + pTr(wlLwen),
st. Wlel > 0,diag(w'ely = o, wlel = J,. (10)
The augmented Lagrange function of Eq. (10) is defined as

W1 T) = | = xwe|” + alljyll, + BTr(WelLwle)

+< T, Wl — > g [we — g, (11)

where py > 0 is the positive penalty scalar, T; is the Lagrange multiplier, and <-,-> denotes the
inner product of matrices.
According to ADMM (Alternating Direction Method of Multipliers) algorithm [5] , problem

in Eq. (11) can be solved with the following sub-problems, i.e.,

Wil « argmin||X — Xw|* + gTrW LWy + puy Wil - J, + 2 :
wlel 1

2
+alljylly (12)

J1 < argminy, ||W[e] -1+ L
[ J1 1

tT1 =T + ﬂ1(W[e] —J1)
Sub-problem W€l can be approximated with Eq.(12). By setting the partial derivative %=O,

the update rule for W€l is formulated as



XTX+pj,—Ti+BW

W[e] = W[e] O xTxwlel+gpwlel+y,wlel > (13)

wheree represents element-wise multiplication.

By fixing W) sub-problem J; can be approximated by the above iteration, then

T
H1

2 T,
+ a”]1”1 = Softa/u(]l - ;1 : (14)

Ji =argminyu ”W[e] -+
J1

where Soft is a soft threshold function defined as

x+eg if x>¢
Soft.[x] =yx—¢, if x <—¢,
0, otherwise.

These equations lead to the following updating rules as

XTX+pj —Ti+BW
xTxwlel+gpwlel+p, wier

wlel « wlel ©
I eT + M1(W[e] —J1)- (15)
1.3 Optimization of learning cell spatial and transcriptional features

The problem in Eq. (9) is also solved by the alternating direction method of multipliers. By
introducing the auxiliary variables J, and H, Eq. (9) is equivalent to the following problem, i.e.,
min || Wl — BFIEN||2 + || ME] — BFI1Z + |51l + ANlE |2
st. B>0,Fl¢l >0,Fs' >0,H=HZ+E,H=B,Z =J,. (16)
The augmented Lagrange function of Eq. (16) is formulated as
(B, FleL FSL 1, E, 7,1,) = |wlel — BFE||” + ||MI) — BESI||® + y|lJ, 1, + AllE] 51
+<T,,H—HZ — E > +u,||H — HZ — E||?
+< T3, H—B' > +u,||H — B'||?
+<TyZ —J2 > +12l1Z = ]|l (17)
where u, > 0 is the positive penalty scalar, T, T;, and T, are the Lagrange multipliers, <-,->
denotes the inner product of matrices. MNMST updates one variable while fixing the others, which
continues until the convergence criterion is reached. We exploit this special structure and optimize
the objective by alternatingly updating the variable sets B, F el Flsl E, Z and H.
According to ADMM (Alternating Direction Method of Multipliers) algorithm [5] , problem

in Eq. (17) can be solved with the following sub-problems, i.e.,



Flel « argmin ||W[e] - BF[e]”2

FIs! « argmin ||M [s] — BF[S]”
Fls]

B « argmin | — BFIE|* + || M) — BEC)|* + i, || 1 - B+ ’
B 2

H < argmin, |H—HZ —E+2 i, -5+ 2
H

(18)

2"‘#2 ||Z_]2'|‘E

E « argmln,uz ||[H—-HZ — E + ||2 + A E|l21

Z « argminy2 ||H —HZ-E +2

J2 <—argmlny||]2|| + w1z — ]2 ||2

T, « T, ; uy(H — HZ — E)
T; « T3 + u,(H—B")
T, «Ty+u(Z—-J3)

Specifically, MNMST first optimizes F le] and Fls] by fixing the other variables. Sub-

problem Fl€l and FIS] can be approximated by the above iterations. By setting the partial

derivatives % and [S] to 0, the update rules for F1¢) and F¥! are formulated as
BTwlel
Flel = Flel © S
BT mls]
Flsl = Flsl © e (19)

Sub-problem B: by setting the partial derivative % to 0, the update rule for B is deduced as

wlelplel ¢ MISIFIS) 4y, '+ 5

B=BO e s 5 (20)
Analogously, the update rule for H and B is formulated as
(E—Z—z)(I—Z)T+BT—Z—2
H=HO H(I-2)(I-Z)T+H ° @1
HTH-HTE+J,+H 12T
— H2
Z=20 HTHZ+Z ) (22)
Sub-problem E: let A =H — HZ + T, /u,, the optimization of £ is reformulated as
E « argmin p,||E — A||> + A||E|l2 (23)
E
The above problem can be solved as Eq. (24) according to Ref.[6] as
14, ll2=% P
Ay [ L, >z
Ej=1 T Ao il 25 (24)
0, otherwise.
Sub-problem J, can be approximated as
LT 2
Jz < argmin 11l + = (z+2)]" (25)
2



which can be solved by using a singular value thresholding operator according to Ref.[7] .
1.4 Identification of spatial domains

After obtaining the matrix Z, the affinity graph is constructed as (|Z| + |Z'|)/2 since Z is
unnecessarily symmetric. The Leiden algorithm [11] is deployed on the affinity graph to obtain

spatial domains. The procedure of MNMST is described in Algorithm 1.
1.5 Algorithm analysis

On the time complexity issue, time for updating Z, H and J, requires O(n?l), where [ is
the number of iterations. Time for updating W€l and J; is O(n?m), where m is the number of
dimensions. Time for Fl¢l, Flsland B is 0(n2dl). The complexity for updating E is O(n?).
Therefore, the time complexity of MNMST is O (n?dl).

On the space complexity issue, MNMST constructs the cell spatial and expression network,
requiring space 0(2n?). The space for feature matrix is O(nd), and space for cell affinity graph is
0(n?). Therefore, the overall space complexity of MNMST is 0 (n?).

1.6 Running time of MNMST and acceleration strategy

For a fair comparison, all algorithms are executed on the same platform with Intel 19 CPU,
64GB RAM, and an NVIDIA RTX4090.

On the 10xGenomics data, we independently execute each algorithm for each slide of DLPFC

data [12] , where the distributions of running time and space of algorithms are summarized in Fig.

S4 A1 and A2, respectively. From Fig. S4 A1, it is easy to conclude that Giotto [13] and BayesSpace

[14] are slower than stLearn [15] and MNMST, and SCANPY [16], SpaGCN [17] and DeepST [18]

are faster than others. Specifically, running time of MNMST is 4.3+2.5 minutes, while that is 10.6
+2.9 (Giotto), 6.3+2.2 (BayesSpace), 3.6+0.4 (stLearn), 2.2+0.4 (DeepST), 1.4£0.3 (SpaGCN),

0.610.1 (SEDR) and 0.1£0.0 (SCANPY), respectively. Fig. S4 A2 illustrates distributions of spaces
for various algorithms for DLPFC data, where space complexity of Gitto, stLearn and DeepST much

higher than others. In details, space of MNMST is 3.6 0.1 Gigabytes, while that is 5.5%0.4 (Giotto),
1.2£0.1 (BayesSpace), 8.5+ 1.5 (stLearn), 9.3£0.7 (DeepST), 1.7+0.1 (SpaGCN), 1.9£0.1 (SEDR)

and 1.5+0.2 (SCANPY), respectively.



From Fig. S4 A1 and A2, it is easy to assert that: First, Gitto and stLearn are time- and space-
consuming, hampering the applications of identification of spatial domains in ST data. And, DeepST
reduces running time by sacrificing space, whereas BayesSpace reduces space complexity by
sacrificing running time. Second, SCANPY, SEDR and SpaGCN are efficient in terms of running
time and space, whereas performance of these is undesirable. In other words, these algorithms
improve efficiency by sacrificing accuracy of algorithms. Third, MNMST reaches a good tradeoff
between space and running time. Furthermore, it achieves the best performance on the identification
of spatial domains, demonstrating that MNMST provides an excellent alternative for current
algorithms.

On the MERFISH data [19], we validate efficiency of algorithms by increasing the number of
spots/cells from 1,000 to 30,000. Since SEDR. SpaGCN, and DeepST employ graph convolutional
network (GCN), and DeepST is superior to them in terms of accuracy. Therefore, only SCANPY,
DeepST and MNMST are selected for a comparison. Fig. S4 B1 and B2 describe the running time
and space of algorithms with various sizes of data respectively, where missing bar represents failure
of algorithms to address the corresponding data. When the number of spots is less than or equal to
20,000, MNMST is worse than DeepST on both space and time. However, MNMST addresses ST
data with more than 20,000 spots that DeepST fails to handle. The reason why DeepST fails to
address large-scale ST data is that it employs deep learning to obtain features of spots/cells, where
the number of parameters for learning exponentially increases, resulting in the expensive time

complexity.

1.7 Parameter effect for spatial transcriptomics data generated with various

platforms

By applying MNMST to spatial transcriptomics data generated by different platform, we
investigate how ARI of MNMST changes as values of parameters vary as shown in Fig. S5, where
panel A is for 10 X Genomics, and B for osmFISH [20] , and C for STARmap [21] data,
respectively. Fig. S5 A depicts how ARI of MNMST changes as parameters (y,4) increase from
0.1 to 80 for DLPFC data, where MNMST is quit stable. In details, as parameter y increases from

0.1 to 1, ARI of MNMST dramatically improves. And, MNMST is quit stable when y € [1, 80].



Moreover, as parameter A €[0.1, 20], MNMST achieves the best performance. However, it
performance dramatically decreases when A>20.

There are several possible reasons to explain this tendency. When y is too small, the
contribution of structure constraint for cell affinity graph is limited, thereby reducing performance
of MNMST. Increasing value of parameter y ensures structure of spatial domains in affinity graph,
enhancing performance of MNMST. Furthermore, when parameter A is too large, MNMST over-
emphasizes sparsity of cell affinity graph, resulting in unbalance between structure of cell affinity
network and spatial domains.

Fig. S5 B depicts how ARI of MNMST changes as parameters (y,A) increase from 0.1 to 80
for MERFISH data, where MNMST achieves the best performance if 1 €[10,30], and y €[20, 80].
Furthermore, Fig. S5 C depicts how ARI of MNMST changes as parameters (y,A) increase from
0.1 to 80 for STARmap data, where MNMST obtains the optimal performance as A € [40,80],
and y €[1, 40]. Careful comparison among panels of Fig. S5 demonstrates that parameters of
MNMST are highly associated with spatial transcriptomics data because different platforms
generate data with unique intrinsic structures.

Parameters of MNMST differ for various types of spatial transcriptomics data largely due to
the intrinsic structure of data, and we suggest A € [1,80], and y € [1, 20] for 10 X Genomics
data, A € [10,30], and y € [20, 80] for MERFISH data, and A € [40,80], and y € [1, 40],

respectively.



Algorithm 1: The MNMST Algorithm

Input:
(X, A): Gene expression X and spatial information A4;
d: Dimensional of common subspace;
A, y: Regularization parameters;

Output:
{C;}i;: Clusters.

Part I: Cell Multi-layer network construction

1. Construct the cell topology network by using spatial proximity and morphological
similarity;

2. Construct the cell expression network with Eq. (4);

Part II: Initialization

3. Initialize J,, F'¢l, FIs! B, 7, H,E;

Part III: Optimization

Update Flel Fls] according to Eq. (19);

Update B according to Eq. (20);

Update H according to Eq. (21);

Update Z according to Eq. (22);

Update E according to Eq. (24);

Y ® =N s

Update J, according to Eq. (25);
10. Go to step 4 until convergence;

11. T
Let Z = —|Z|+2|Z| ;

12. Identify spatial domains with Leiden algorithm based on Z;

return {C;}i_;.




2. Supplementary Figures
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Fig. S1 Performance of various algorithms for spatial domain identification on Annotated dorsolateral prefrontal cortex
(DLPFC, http://spatial.libd.org/spatialLIBD) data (151507, 151508, 151509, 151510, 151669, 151670), where ground truth
spots are mapped on their spatial location, divided into various cortical layers (L1-L6 or L3-L6) and white matter (WM) layer,

and each column corresponds to performance of an algorithm for various slices in terms of ARI.
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Fig. S2 Performance of various algorithms for spatial domain identification on Annotated dorsolateral prefrontal cortex
(DLPFC, http://spatial.libd.org/spatialLIBD) data (151671, 151672, 151673, 151674, 151675, 151676), where ground truth
spots are mapped on their spatial location, divided into various cortical layers (L1-L6 or L3-L6) and white matter (WM) layer,

and each column corresponds to performance of an algorithm for various slices in terms of ARI.
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Fig. S3 Spatial domain identification for mouse brain tissue. (A) and (B) Spatial domains identified by MNMST, DeepST,
SEDR, stLearn, and SpaGCN in mouse brain posterior and coronal, respectively. (C) Histograms of Silhouette Coefficient
(SC) and Davies-Bouldin (DB) scores for spatial domains identified by various algorithms for mouse brain posterior and

coronal data.
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Fig. S4 Running time and space of algorithms for different spatial transcriptomics data: Distributions of running time (minutes)
(A1) and space (Gigabyte) (A2) of algorithms on the DLPFC dataset, Running time (minutes) (B1) and space (Gigabyte) (B2)
of MNMST with CPU and GPU on the DLPFC dataset, and Running time (minutes) (C1) and space (Gigabyte) (C2) of
different algorithms on MERFISH data, respectively, where missing bar represents failure of algorithms to address the

corresponding data.
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Fig. S5 Parameter effects of MNMST for various spatial transcriptomics data: (A) ARI vs parameter
(v, A) for 10 x Genomics data, (B) ARI vs parameter (y,A) for osmFISH data, and (C) ARI vs

parameter (y,A) for STARmap data.
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Fig. S6 Spatial domains identified by various algorithms in horizontally aligned mouse brain

samples: (A) SEDR, and (B) SpaGCN, respectively.
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Fig. S7 Performance of MNMST on vertical integration of spatial transcriptomics data. (A)Spatial
domains identified by MNMST for slices 151673, 151674, 151675, and 151676 in DLPFC data
before and after integration. (B) Performance of DeepST and MNMST on the 3D coordinates of
MERFISH data. (C) Performance of DeepST and MNMST on the center slice generated by PASTE.
(D) Performance of MNMST and DeepST for mouse brain slice S3 in terms of ARI, where the

manual annotation of slide S3 as ground truth.
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Fig. S8 Performance of MNMST on removing batch effects of spatial transcriptomics data. (A)
UMAP plots of spatial integrated algorithms, including MNMST, DeepST, stLearn and SEDR, for
slices 151673, 151674, 151675, and 151676 in DLPFC data. They represent batches, recognition
spatial domains, and ground truth labels, respectively. (B) UMAP plots of the S1, S3 and stacked
slice before integration. UMAP plots of spatial domains identified by MNMST for slice S1 and S3
in mouse breast cancer data. (C) UMAP plots of the S1, S2 and stacked slice after integration.
UMAP plots of spatial domains identified by MNMST for slice S1 and S3 in mouse breast cancer

data.
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(A) H&E image (left)

and manual annotation (right). (B) Comparison of spatial domains identified by SCANPY, Giotto,

BayesSpace, stLearn, SEDR, SpaGCN, DeepST, and MNMST on the human breast cancer data, and

visualization of identified spatial domains (domains=20). (C) Visualization of spatial domains

identified by different methods with domains=11.
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Fig. S10 Differential expressed genes of spatial domains identified by MNMST. (A) Heatmap of

DEGs for 11 identified spatial domains on the breast cancer data. (B) UMAP visualization of

domains and a typical DEG in each domain. (C) Violin plots of DEGs among Healthy (blue) vs IDC

(orange), and DCIS/LCIS (green), where significance is calculated with Wiscoxon sum-rank test (*

denotes p<0.05, ** denotes p<0.01, and *** denotes p<0.001).
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Fig. S11 Differential expressed genes of spatial domains identified by MNMST associated with

survival time of patients using Kaplan-Meier survival analysis (log-rank for significance): (A)
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Fig. S12 Differential expression analysis between domain 1 and 0 on human breast data. (A) Spatial

domain related DEGs predict survival time of patients with Kaplan-Meier survival analysis (log-

rank test for significance). (B) Volcano plot of DEGs (domains=11), where x-axis denotes log2(Fold

Chang), and y-axis represents -log10(padj-value). (C) Biological functions significantly enriched

by up-regulated (red) and down-regulated (blue) DEGs, where x-axis denotes -log10(padj-value)

(hypergeometric test for significance).
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Fig. S13 Differential expression analysis between domain 2 and 0 on human breast data. (A) Spatial
domain related DEGs predict survival time of patients with Kaplan-Meier survival analysis (log-
rank test for significance). (B) Volcano plot of DEGs (domains=11), where x-axis denotes log2(Fold
Chang), and y-axis represents -log10(padj-value). (C) Biological functions significantly enriched
by up-regulated (red) and down-regulated (blue) DEGs, where x-axis denotes -log10(padj-value)

(hypergeometric test for significance).
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Fig. S14 Multi-layer network model works on data from various platforms. (A) Visualization of
spatial domains identified by SCANPY, SpaGCN, BayesSpace, stLearn, SEDR, DeepST, and
MNMST on STARmap data. (B) Visualization of osmFISH data (left). Spatial domains identified
by DeepST (middle, ARI=0.494) and MNMST (right, ARI=0.595), where L1 and L.2/3 domains are
surrounded with dashed squares. (C) Topological structure of affinity graph for cells in nateral and
medial layer, and distributions of degrees (middle) and closeness (right) between nateral and medial
layer (Student's t-test for significance). (D) Dotplot of the top 3 DEGs of identified domains from
mouse olfactory bulb data generated from Stereo-seq (left), and scatter plot of spatial clustering

generated by MNMST, including genes Pcp4, Olfmli, Cck, Tenm3, Ncdn, Scg2, and Apod (right).
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