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1 Main derivation

We set up the model
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Where Y; is the phenotype for subject i already adjusted for fixed effect including for the exposure covariate. E; is
the standardized exposure covariate for subject i. Suppose there are M variant. Gj; is the jth variant for subject
i. Sji = Gj; * E; is the GE interaction product term for variant j of subject i. €;; is the non-genetic residual that
has exposure interaction effect. €p; is the residual independent from all other parts.3; is the true additive effect for
variant j. «y; is the true interaction effect for variant j.

In matrix form, it’s written as

Y =GB+ SYy+ &1 FE + ¢ (2)

We model §8; and «; using random effect model:
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Where hg is the narrow-sense heritability and h? is the GE interaction contribution proportion that we are interested
at. pyr models the genome-level covariance between the additive effect and GE interaction effect.
We model ¢y and €; using random effect model:
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We assume that the genetic part and residual part are independent.

Suppose all variants and the exposure variable are standardized.
Then the main genetic effect estimate for variant j is:
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Where the superscript (G) represents the sample of the main genetic association with Ng being its sample size. The



first equality holds because after standardization var(G;.) = 1
And the Z score of the main genetic effect estimate for variant j is:
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The interaction effect estimate for variant k is:
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Where the superscript (I) represents the sample of the GE interaction association with Nj being its sample size,
which maybe different from (G). Denote the overlap sample size as Ng. The first equality holds because after

standardization var(Sy.) = 1.
And the Z score of the interaction effect estimate for variant k is:

Zyr = S,(:)TY(I)/\/ Ny (8)

Then for two variant j and k, the expected corss-variant Z score product is:
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where 7, is the true correlation between the SNP j and k, and £, = Zi\il 757kt is the off diagonal element of the
LD score matrix. The details of the forth equality are in supplementary.
In matrix form, the above quantity can be written as
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where L = RT R is the LD score matrix.



2 Details

This section provides the derivation details.
. . . . 1 . .
For equation (9) equality 4 there are 4 parts omitting constant term TN for convenience:
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The first part:
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The forth equality utilizes Isserlis’ Theorem:
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Where I is the indicator operation.
The second part:
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The derivation of the fifth equality can be found in equation 17 and 18.
The third part:
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The forth part:
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To show the sixth equality in equation 14, we model three standardized variants G g, Grs, Gy; for one subject i as
MVN distribution.
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Then, by low of total expectation,
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3 Heritable exposure covariate E

When the exposure E is heritable, where « is the true polygenic effect modeled as a random effect, and €. is the
residual to make E standardized.

E=Ga+e, (19)
Bj 0 hz/M PgI/M Pge/M
V| ~N 0] | per/M h/M per/M (20)
a; 0 pge/M  per/M  hZ/M
(21)



Miao et al in [1] models as follows:
Y =GB+ 57+ eaE +e
E=Ga+ e,
Yo =270+ ey

(22)

Where Z is the genotype panel for Y (same or different from the sample of Y'), and 0 is its effect sizes. We denote
pcar = Cov(0;,v;) and pger = Cov(8;, oj).Miao et al derived the bivariate product of interaction analysis on Y and
main genetic effect analysis on Y5 for the same variant, and we extend this to two possibly different variant j and k

based on their previous work:
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Where

T1 = %ZZZIMSTS,G,
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From equation (9) we derive that
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Following Miao et al’s derivation, for T2 we generalize to two possibly different variants j and k:
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Where the last equality is justified using Isserlis’ theorem. For the third term, we did similar derivation:
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Merging three terms T1, T2 and T3, we get
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Where c1 is the intercept which incorporates potential confounding effects. When Y2 is E, we get
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When Y2 is Y, we get
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We can utilize equation (29) to estimate p.; and equation (30) to estimate pg;.
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Recognizing that €. can be regarded the unstandardized non-heritable exposure covariate. Standardizing e. by

multiplying 17h2 and utilizing the conclusion from the previous LDER-GE study [2], we have that
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Following the derivations for (26) and (27) and the Isserlis’ theorem, we get
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Merging the above two components, we get

h2 +2p2 )
E(Z;1Zk1) = w + 3Tk (34)

We can use the estimated p;; from equation (29) and equation (34) to estimate the adjusted h?.
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