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S1 Introduction

This supplement contains additional simulation and CpG marker selection details, as well
as a proof of Theorem 1.

S2 Simulation settings

The means of the normal distributions used to sample cellular fractions were specified as B
cell = 0.08, CD4 T cell = 0.20, CD8 T cell = 0.10, granulocyte = 0.42, monocyte = 0.05,
natural killer = 0.10, nucleated red blood cell = 0.05 for cord blood samples, and B cell
= 0.05, CD4 T cell =0.20, CD8 T cell = 0.10, monocyte = 0.05, neutrophil = 0.55, natural
killer = 0.05 for adult blood samples, with standard deviations of 0.02 for all cell types.
Negative simulated fractions were set to zero and fractions for each sample were normalized
to sum to one.

CpG-specific precision parameters ¢, were drawn from a gamma distribution with pa-
rameters learnt from the Holland 450k dataset. The histogram and fitted density curve are
visualized in Supplemental Figure S1.
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Supplemental Figure S1: Histogram and fitted distribution of the CpG-specific precision
parameters ¢,.

S3 Other marker CpG selection methods and thresh-
olds

We also considered different selection criteria, including calculating p-values with ANOVA
using beta values, using the unnormalized maximum group DNAm difference, and different
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BLEND-M accuracy in relation to marker effect size and abundance

Cord blood simulation
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Supplemental Figure S2: BLEND-M estimation accuracy in relation to marker effect
size and abundance. Lin’s concordance correlation coefficient (CCC) is used to quantify
deconvolution accuracy for each cell type, along with the mean CCC across cell types (left
y-axis). The number of markers selected by the proposed procedure (log,, scale, right y-axis)
is shown across varying thresholds for the normalized maximum group difference (x-axis)

filtering thresholds for p-values and differences. We simulated 30 leave-out bulk DNAm
samples per group, in total 10 groups, and estimated fractions using BLEND-M with each
marker set. We then calculated the mean CCC between ground truth and estimated cellular
fractions. The marker selection procedure described in the main text achieved the highest
CCC for both simulated cord blood and adult blood data. All cell type CCCs and mean
CCCs for simulated cord and adult blood datasets are provided in Supplementary Tables 2
and 3, Additional File 2. Notably, Figure S2 shows that simulation results are stable across
normalized maximum group difference thresholds defined in Step 3 of our marker selection
pipeline (Section 2.5 in the main text).
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Supplemental Figure S3: Deconvolution accuracy stabilizes after iteration two. Mean
Lin’s concordance correlation coefficient (CCC) across iterations 1-10 for (a) cord blood and
(b) adult blood leave-out simulations, using marker CpGs selected by BLEND-M (blue) or
the EpiDISH UniLIFE panel (orange).

S4 Estimates stabilize after two iterations

BLEND-M uses a two-step estimator to estimate cell type proportions, which is motivated
by the results in Theorem 1 showing that BLEND-M’s estimate is asymptotically equivalent
to the oracle estimator when the variances of DNAm levels are know. We used simulations
to further validate this approach. As shown in Figure S3, deconvolution accuracy improves
substantially from iteration one to two under both marker lists, then stabilizes with negligible
change in subsequent iterations. This is perfectly consistent with Theorem 1. We additionally
note that our proposed marker list consistently outperforms the EpiDISH UniLLIFE marker
list across all iterations and both cord and adult blood, further supporting our marker
selection procedure.

S5 Additional simulations with cell types drawn from
a Dirichlet distribution

To evaluate BLEND-M’s performance under alternative distributions for cell type propor-
tions, we performed the same leave-out simulation described in main text but with cell
fractions drawn from Dirichlet distribution. The Dirichlet distribution, which produces cor-
related proportions, is a natural distribution for compositional data such as cell type fractions
[1]. We set the Dirichlet parameters to ensure the mean fractions are comparable with those
in the main text simulation (cord blood, Beell: 8, CD4T: 20, CD8T: 10, Gran: 42, Mono: 5,
NK: 10, nRBC: 5; adult blood, Beell: 5, CD4T: 20, CD8T: 10, Mono: 5, Neu: 55, NK: 5).



EMeth could not converge on these simulated bulk samples. We computed CCC and mean
CCC between fraction estimates from methods and true fractions. We visualized estimates
in Figure S4. BLEND-M provides the most accurate estimates with the highest CCC across
all cell types in both cord blood and adult blood. BLEND-M’s excellent performance in
both the normal and Dirichlet settings is expected, as Theorem 1 in the main text, which
helps establish BLEND-M’s accuracy, is proven conditional on the true cell type proportions.
Since proportions are non-random, issues regarding independence or correlation among them
do not arise.

S6 Simulations to validate life-stage markers

To justify our approach of requiring markers exhibit life-stage-related variation, we repeated
the leave-out simulation described in our manuscript but with marker CpGs selected solely
by cell type specificity. The thresholds in marker selection were kept the same. We selected
5,415 marker CpGs. We computed CCC between estimated fractions from deconvolution
methods and true fractions, and the mean CCC across cell types. We visualized the estimated
fractions in Figure S5. All four methods: BLEND-M, EpiDISH, EMeth, OLS, achieved lower
mean CCC than when using cell type, life-stage informative markers (Table S1). However,
BLEND-M is more robust to the new set of less discriminative markers as the mean CCC
decrease is only 3.5% in cord blood and 4.8% in adult blood, while the mean CCC decrease
ranges from 15.4% to 39.1% when using other methods. This is expected, as BLEND-M’s
reference blending strategy is designed to model inter-individual variability in CTS DNAm,
including variation not explicitly identified during marker selection. Consistent with the
large age-related variation observed in T cells, the major estimation performance decrease
in BLEND-M is from CD4 T and CT8 T cells. In cord blood simulation, both CD4 and
CD8 T had 14.3% decreases in CCC. In adult blood simulation, CD4 T had 23.3% decrease
on CCC. Taken together, these results help validate our approach of selecting markers with
both cell-type and life-stage specificity.

Table S1: Performance decrease using only cell-type informative markers. Percent-
age decrease in cross-cell type mean CCC when marker CpGs are selected with only cell-type
specificity, relative to markers selected with cell-type and life-stage specificity, across decon-
volution methods and blood tissue types.

BLEND-M | EpiDISH | EMeth | OLS
Cord blood 3.6 15.4 15.4 28.9
Adult blood 4.8 25.0 26.0 39.1
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Supplemental Figure S4: BLEND-M outperforms competing methods under
Dirichlet-distributed cell type fractions. Scatter plots comparing true cell type frac-
tions (x-axis) against estimated fractions (y-axis) for BLEND-M, EpiDISH, and OLS across
(a) cord blood and (b) adult blood simulations. EMeth is excluded from the comparison as it
did not converge on these simulated samples. Lin’s concordance correlation coefficient (CCC)
for each cell type is displayed in the upper-left corner of each scatter plot; the cross-cell type
mean CCC (mCCC) is shown to the right of each method row, with the best performer
highlighted in red. The dashed diagonal line (y = x) represents perfect agreement.
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Supplemental Figure S5: Simulations using marker selected with only cell-type
specificity. Scatter plots comparing true cell type fractions (x-axis) against estimated frac-
tions (y-axis) from deconvolution methods in (a) cord blood and (b) adult blood simulations,
with marker CpGs selected solely using cell type information. Lin’s concordance correlation
coefficient (CCC) between ground truth and estimates for each cell type is displayed in the
upper-left corner of each scatter plot; the cross-cell type mean CCC (mCCC) is shown to
the right of each method row, with the best performer highlighted in red.



S7 Comments on the optimal reference panel compo-
sition

The “optimal” reference panel for deconvolution depends heavily on the population of bulk
samples and on what is known about that population prior to analysis. For example, if
the cell type-specific (CTS) DNAm levels of each bulk sample were known, the optimal
signature would simply be the corresponding matched references. This small signature would
likely perform better than a signature composed of a larger number of reference samples
that did not capture the bulk samples’” CTS DNAm. To illustrate, we used our leave-out
simulation paradigm to simulate 100 cord blood and 100 adult blood bulk DNAm samples,
ran BLEND-M with all remaining CTS profiles as the reference panel, and obtained the
reference mixing proportions ¢, which can be interpreted as bulk sample n’s “preference”
over the available references m = 1, ..., M, for cell type t. We labeled a reference “preferred”
if its mean mixing proportion exceeded the uniform threshold 1/M; and “not preferred”
otherwise. The preferred panels contained only 66 and 24 profiles for cord and adult blood,
respectively, versus 269 and 312 in the not-preferred panels. Running BLEND-M with each
panel separately (Table S2), we found that expanding beyond the preferred set had little
impact, while the larger not-preferred set performed substantially worse than the smaller
preferred set.

Table S2: Mean CCC for BLEND-M using full, preferred, and not preferred
reference panels. The corresponding reference panel sizes are 335, 66, and 269 for cord
blood, and 336, 24, and 312 for adult blood.

Full panel | Preferred panel | Not preferred panel
Cord blood 0.904 0.909 0.787
Adult blood 0.892 0.863 0.623

Although there is no one-to-one relationship between reference panel size or diversity
and deconvolution performance, the near-identical CCCs for the full and preferred panels
suggest that, given the choice, a more diverse reference panel is always preferable to a less
diverse one. To further illustrate this, we simulated cord blood samples using the approach
described in the main text—excluding nRBC, as this cell type is absent in adult blood—and
applied BLEND-M with an adult-only reference panel to deconvolve them. The per-cell-type
CCCs were Beell 0.67, CD4T 0.43, CD8T 0.28, Gran 0.69, Mono 0.59, and NK 0.84, with a
mean CCC of 0.58—substantially worse than in our main-text simulations, whose reference
panel included both cord and adult blood references.

Taken together, these results suggest two things. First, there is no one-to-one relation-
ship between the number or diversity of references and deconvolution performance: a small
matched panel can outperform a large poorly matched one (Table S2). Second, expanding the
reference panel is nonetheless always weakly preferable, since it can only leave performance
unchanged (Table S2) or, as the adult-only simulation illustrates, improve it substantially.
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Supplemental Figure S6: Heatmap of DNAm with dataset source information.
Heatmap of DNAm beta values across 11,671 selected marker CpGs (rows) and 342 pu-
rified cell type reference samples (columns), with column annotation bars indicating cell
type, age group, and dataset source.

S8 Heterogeneity in reference datasets

Here we examine heterogeneity in the datasets used to curate reference data. Figure S6
gives a heat map for BLEND-M’s markers. While this shows a moderate tendency to cluster
by dataset, there are also many cases where profiles from different datasets are intermixed.
However, such dataset-specific variation is not a concern for BLEND-M. Dataset-level effects
can arise from many non-technical sources—cohort composition, exposure histories, and so
on—all of which are meaningful forms of heterogeneity that BLEND-M is designed to capture
when building personalized references. To the extent that some dataset-level effects are
technical in origin, they are unlikely to be shared by independent bulk data and therefore
unlikely to influence deconvolution results. Moreover, technical variation is typically very
small relative to the biological variability in DNAm levels across subjects [2].
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dashed red line is drawn at y = 1.

S9 Additional real data results

S9.1 P-values for median AUCs

In Section 3.6 of the main text, we computed p-values testing the null hypothesis that
atopic asthma status was independent of each method’s cell type proportion estimates. To
obtain the null distribution, we generated 1,000 permuted atopic asthma outcomes and, for
each one, computed the median AUC over 100 data partitions. P-values were computed as
(#{permuted median AUCs that exceeded the method’s observed median AUC}+1)/(1000+
1). The addition of 1 helps account for the fact that a finite number of permutation datasets
were used to compute the p-value.

S9.2 Missing cell types in real data

Here we evaluate the completeness of BLEND-M’s signature—that is, whether it captures
all cell types present in the bulk samples or omits some. Because BLEND-M does not
impose a sum-to-one constraint in its non-negative least squares optimization, the sum of
the unnormalized fractions should equal one if the signature is complete, whereas a sum below
one would indicate the presence of cell types missing from the signature. We computed these
sums for all three real datasets considered in the main text. As shown in Figure S7, the
sums are all close to one, suggesting that BLEND-M’s signature captures nearly all cell types
present.
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S10 The distribution of DNAm levels

S10.1 Checking the beta distribution assumption

Our model from Section 2.1 in the main text assumes DNAm levels y,, follow a beta distri-
bution:

Ygn ~ Beta{pgndg, (1 — pign) Py}

Here, the expected value of y,, is jg,—the weighted average of cell type-specific DNAm
levels, where weights are cell type proportions (see Section 2.1 in the main text)—and the
variance of ygp, 18 fgn(1 — fign)/(dg + 1).

Our two-step estimator for cell type fractions relies only on the mean and variance models
being correctly specified. Since the mean model is fixed and given, we validate the beta as-
sumption by verifying that we accurate estimate the variance model. We additional evaluate
higher order moments below.

Briefly, we considered DNAm levels at the 11,671 marker CpGs in the atopic asthma
dataset from our real data analysis in Section 3.6 [3]. We used BLEND-M’s cellular propor-
tion estimates to obtain fi4, —estimates of pg,—for each marker CpG g and sample n. We
then defined QASg as the maximum likelihood estimate of ¢, under the assumption that

Ygn ~ Beta{ﬂgn¢ga (1 - ﬂgn)gbg}v

and defined the standardized residuals g, as

Tgn = (Ygn — ﬂgn)(ég + 1)1/2-

If y,,, follows a beta distribution, then Var(rg,) & fign(1 — fign). To check this, we binned the
standardized residuals by values of fi,, and, within each bin, computed the average squared
residual 7, , which serves as a model-free estimate of the data variance. Figure SSA shows
that the variance model (red line) almost perfectly overlaps the observed variance, suggesting
that the beta assumption is reasonable.

If the beta distribution were the true data-generating distribution, all moments of y4,—
not just the mean and the variance—would equal those of a beta distribution. We therefore

also evaluated the skew of yg,, which if y,, follows a beta distribution is

E{(ygn — ting)’} 2(1— Q,Ung)\/m

skew (ygn) = - '
(Ygn) E{ (ygn — Mng>2}]3/2 (g + 2)\/ ting (1 — fing)

Since our above analysis suggests our estimator for the variance is accurate, we considered
the standardized skew of the residuals to be

(ygn - ﬂgn)3 Qgg + 2
{Var(ygn) Y¥/2 (¢q + 1)1/2°

where \//a;(ygn) — fing(1 = fing)/ (¢4 + 1). If the beta distribution assumption was correct,

these would have expectation approximately equal to 2(1—2/t,,5)/\/ ting(1 — fing). Figure S8B
suggests this is approximately correct, providing further evidence that the beta assumption

is reasonable.
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Supplemental Figure S8: The accuracy of the beta assumption. (A): Variance model. Red
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S10.2 Relaxing the beta distribution assumption

The assumption that y,, follows a beta distribution may be too restrictive for some datasets.
To address this, we have included an option in BLEND-M that avoids specifying any explicit
distribution for yg,. Instead, it assumes only that the first two moments of y,,, satisfy

Ngn(l - Mgn)
E(ygn) = tgn,  Var(ygn) = =————,
g g 9 ng 11

which correspond to the mean and variance of the beta distribution. The mean model is well-
established in deconvolution. The variance model is justified because it is the standard and
most widely-used model for inter-subject variance of DNAm rates in sequencing studies [4, 5,
6, 7, 8], which is widely considered the gold-standard method for measuring DNAm levels [9,
10]. Moreover, previous studies have shown very high to near-perfect concordance between
sequencing and microarray methylation rates [11, 12], further supporting the appropriateness
of this variance model for microarray data.

Since BLEND-M only uses the beta distribution assumption to estimate ¢4, we need only
modify this step to accommodate the relaxed assumption. To do so, we simply change our
estimator for ¢, to be the following method of moments estimator:

A 5 ]
¢g=max | |[N'y T —1.0], (S1)
=l {1 — i}

where /15,13 is BLEND-M'’s estimate for the mean based off of its first-step estimate for cellular
proportions (see Section 2.2 in the main text). Notably, changing the estimator for ¢, from
the maximum likelihood estimator to this method of moments estimator has no impact
on any of our simulation or real data results (Figure S9). We prove in Section S13 that
Theorem 1 still holds under this more general setting.
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Supplemental Figure S9: BLEND-M’s cellular proportion estimates when using the maxi-
mum likelihood estimate for ¢, (x-axis) and the method of moments estimator (y-axis) across
all simulated and real datasets presented in the main text. The red line is the line y = x.

S11 Assumptions for Theorem 1

Here we provide the assumptions we use to prove Theorem 1 from the main text assuming
DNAm levels y,, follow a beta distribution. Section S13 provides the assumptions and proof
when this does not hold. We make a slight change in notation by redefining “cell type
proportions” 3, to be the regression coefficients ¥,, defined in Section 2.2 of the main text.
As such, we assume throughout that the true model for DNAm levels y,, is

Yng ~ Beta{@gping, dg(1 — ping)},  bing = w;ﬁn

Recall our first- and second-step estimators first solve non-negative least squares problems

and then are normalized to sum to one. We therefore define our first step estimator, Bn ),
be

,3( = arg mmz Yng — BS) = {1TBS)}_1BS)7

B8>0
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where 1 is the vector of all ones. Our estimators for CpG-specific precision parameters are
N

by = g nga?z log Beta{yng, ; Gfing, S(1 = fing)},  fing = xy B
clec ¢ n—=1

for some arbitrarily large constant ¢ > 1, and our final estimator for cellular fractions, 67(12),
is

G ~ ~

A . 1 . ,un<1_,un) (2 T AR -1 A2

B2 = argmin Y (g — 2B, 52, = ol B - gor g7y g
B8>0 o 07219 9 g g ¢g+ 1

We additionally assume that the following hold for some arbitrarily large constant ¢ > 1.

T

Assumption 1 (Design conditions). The matriv X = (x1---xg) is non-random and

satisfies:
(i) Xy € et 1=c] forallg e [G]={1,...,G} and k € [K].
(ii) The smallest eigenvalue of G™*X " X is greater than ¢~

Assumption 2 (True coefficients). The sum of cell type proportions is equal to one, i.e.,
178, = 1. Additionally, let J, € {2,...,K}. The first J, coefficients of B, are non-zero
and the second set of K —J,, coefficients are zero. The non-zero coefficients satisfy Bnx > ¢+

for all k € [J,].

Assumption 3 (Precision parameters). ¢, € [c™!, c] for all g € [G] and are estimated on
the parameter space [c™*, c|.

Assumption 4 (Independent observations). The random variables {Yng}nenjigeia) are in-
dependent.

Assumption 5 (Sample size). ¢ !N < G < eN2—<,

Assumption 1 assumes methylation probabilities in the signature are not exactly equal to 0
or 1 and cell type signatures are not linearly dependent. It also assumes signatures are fixed
and non-random. As such, this ignores potential technical measurement error in the DNAm
measurements used to create the signature. However, such measurement error has previously
been observed to be very small in comparison to the biological variability in DNAm levels
across subjects [2], indicating there is no need to account for it.

Assumption 2 simply states that cell type proportions add up to one, at least two entries of
3, are non-zero, and that some proportions are zero and others are non-zero. The assumption
that at least two entries are non-zero will hold if each sample is not a single cell type, which
is expected given that we are working with bulk tissue data. The fact that the first J, are
non-zero is without loss of generality. As is the case in traditional regression analysis, cell
type proportions are treated as non-random model parameters. Assumption 3 is a common
assumption used to ensure the consistency of maximum likelihood estimators [13].

15
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Supplemental Figure S10: (A): Average correlation between markers in each 20 bp bin. The
red line is the line-of-best-fit assuming exponential decay. (B): The number of markers in
each region. No regions had more than 10 markers.

Assumption 4 is equivalent to requiring that the errors €,, in the regression model

T
Yng = Ty /671 + €ng

be independent across samples n € [N] and CpGs g € [G]. Independence across samples will
hold if bulk samples correspond to unrelated subjects (which is common), while indepen-
dence across CpGs amounts to assuming that DNAm levels are independent across CpGs
conditional on cell type proportion. The latter is likely very close to true in practice, since
cell type proportion accounts for most of the covariation between CpGs [14, 15], and it is a
standard assumption of DNAm-based deconvolution methods [16, 17, 18].

We note that all of our results can easily be generalized when we relax Assumption 4
by replacing it with the requirement that CpGs cluster into regions satisfying (i) DNAm
levels y,, for CpGs ¢ in different regions are independent and (ii) the number of CpGs in
any region is small (i.e., bounded above by a constant that does not depend on the sample
size N or the number of markers G). Under (i) and (ii), the rates in all of our proofs are
unchanged. We prove Theorem 1 using Assumption 4 to make arguments easier to follow.

To assess whether the above relaxed conditions are reasonable, we estimated the spatial
correlation between CpGs (conditional on cell type proportion) in the real data example
from Section 3.6 [3]. Figure S10A shows the average pairwise correlation between DNAm
levels at marker CpGs separated by base-pair distances from 2 to 3,000 bp (in 20 bp bins).
Consistent with previous reports [19], the correlation between markers more than 2,200 bp
apart is negligible (i.e., < 0.05, as determine by the red line of best fit in Figure S10A). We
therefore grouped markers within 2,200 bp of one another into regions; because markers in
distinct regions are more than 2,200 bp apart by construction, it is reasonable to treat their
DNAm levels as independent, satisfying (i). Figure S10B reports the number of markers per
region: most regions (86%) contain a single marker and nearly all (99.6%) contain five or
fewer, so (ii) is also reasonable.
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S12 Proof of Theorem 1

S12.1 Notation

In all proofs, we let ¢ > 1 denote a generic constant, sufficiently large and not depending on
N or GG, whose value may change between occurrences. We use the standard “Op” and “op”
notation throughout [20], i.e., a sequence of random variables X,, = Op(a,) if for all € > 0,
there exist constants C. > 0 and n. > 0 so that Pr(|X,| > C.a,) < € for all n > n,; and
X, = op(a,) if for all € > 0 there exists a constant n. > 0 so that Pr(|X,| > €a,) < € for
all n > n.. We define ||V||r to be the Frobenius norm of the matrix V' and ||v||2 to be the
Euclidean norm if v is a vector and the matrix 2-norm if it is a matrix. A sequence of vectors
or matrices v, is Op(a,) or op(a,) if ||v,|l2 = Op(ay) or ||v,]l2 = op(a,). If V e R™™
we let Vi, € R™, V,; € R", and V;; € R be its i-th row, j-th column, and (7, j)-th element.
We define the sub-Gaussian and sub-exponential norms of a random variable v, ||v||,, and
|v|ly,, to be as they are defined in Definitions 5.7 and 5.13 of Eldar et al. [21]:

0[], = supp™ Z{E(ol") Y77, o]l = supp™ {E(|v[")}/?.
p=>1 p>1

We also define ||v||y, and [|v]y, for a random vector v to be as defined in Definition 5.22 of
Eldar et al. [21]:

ol = sup 2" vl vlly, = sup [z vy,
wlel2=1 wlel2=1

Throughout the proof we define ,(;'7(112_ ) and ,[;’T(llg_g)to be

g

(1 ) 201 51 _14/0
'Biz,g*g) - argironn Z (Y — wZB)z, /67(172*9) - {1T6n72*9)} 167%2*9)

P20 helGl\g}
which is the first-step estimator that excludes the g-th CpG. We first prove a series of results,
which are utilized in the proof of Theorem 1 in Section S12.5.

S12.2 A road-map of the proof

The proof of Theorem 1 is broken up into three parts. The first (Section S12.3) studies

the behavior of the first-step estimators BS), BS), BS?_Q), and Bfllg_g). The results are
summarized as follows:

e Lemma 1: derives an analytic expression for the the non-zero entries of ﬁgl) in terms
of its active set, i.e., the indices of 57(11) corresponding to its non-zero entries.

e Lemma 2: proves the true set of indices of B3, with non-zero entries are contained
within the active set for 521) with high probability.

e Lemma 3: Proves Bg) — [3,, has sub-Gaussian-like properties.

e Corollary 1: uses the previous lemmas to derive the rate of convergence for BS).
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e Corollary 2: uses the previous results to derive approximate analytic expressions for
67(11) and BSZ?Q) in terms of ,37(11) and ﬁf}lgfg).

e Lemma 4: proves that the active sets for Bfll) and ngf
probability.

g) are the same with high

The next part (Section S12.4) considers the behavior of ¢,:

e Lemma 5: Proves that the log-likelihood functions for the precision parameter when
the set of means p,, are known and estimated using the first-step cellular fraction
estimates are close.

e Corollary 3: Uses the previous lemma to show that the set of precision parameter
estimates converge uniformly to their corresponding true values.

e Lemma 6: this proves useful properties about the first and second derivative of the
log-likelihood functions.

e Lemma 7: derives an expression for the derivative of the log-likelihood function when
[ng is estimated in terms of the derivative when fi,,, is known.

e Lemma 8: uses the previous lemmas to derive an approximate analytic expression for
bg-

The final part (Section S12.5) uses all of the previous results—especially Lemmas 2,
6, and 8 and Corollaries 1 and 2—to prove Theorem 1. Section S12.6 contains additional
technical results used to prove the above results.

S12.3 Behavior of the first-step estimates for cellular fractions

We first consider the behavior of the estimators BS) and Bszfg). To do so, we first state a
useful result regarding non-negative least squares estimators.

Lemma 1. Let A, C [K] be the set of non-zero entries of Bfll), define X 4 to be the sub-
matriz of X containing only the columns in A, and let y, = (Yn1,...,Ync) - Then the

non-zero entries of BY can be expressed as
(X4, Xa,) " X1, Yn-

Proof. Let Ag C [K] be the set of non-zero indices of 8, and let Zg = [K] \ Ag. Then the
gradient of the least-squares objective function—up to multiplicative constants that do not
depend on B and a re-ordering of the columns of X —is

X,
- (%) m-xum)
Since 37(11) is the minimizer, the KKT conditions imply

X4y — Xa,BV} = 0.

Solving for ,BAS) gives the desired result. O
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Lemma 2. Let A, = {k € [K] : Bﬁ) > 0} be the set of indices corresponding to the non-zero

elements of Bq(ll), and define A, —g) to be the analogue for ng_g). Then

Pr([J,) C A, and [J,] C A, (—g) for all n € [N] and g € [G]) > 1 — exp{clog(G) — ¢ 'G}
for all N, G sufficiently large.

Remark 1. The sets of non-zero elements of ,[9,(11) and BS) are the same. The sets of non-zero
elements of Bfllzfg) and ﬁr(llgfg) are also the same.

Proof. Let Ey = {[J,] C Ay, Ap(—g for all n : J, = K and g € [G]} and Ey = {[J,] C
Ap, A —g) for all n: J, < K and g € [G]}. To prove the result, note
Pr([J,]) € A, Ay for all n € [N],g € [G]) > 1 — Pr(EY) — Pr(£E3),
where EY and ES are the complements of £ and E,. We therefore derive lower bounds for
Pr(EY) and Pr(ES).
For the first, let B (OLS) _ = (X"X)'X Ty, and ,8 OLS be the ordinary least squares

estimators for 3,, which satisfy

,6 (OLS) IBn ( X)—IXTen

A(OLS) — T

B, (=9) B {X(—Q)X(*g)} 1X(—g)€n,(79)'
Here, €, = y, — X8, and €, (—g) = Yn,(—g) — X(—g)Bn. Note the entries of €, are mean-
zero, independent, and sub- Gausswm w1th uniformly sub-Gaussian norm [21]. As such,
(XTX) 1 X "€, satisfies

E{(XTX)'XTe,} =0

Elexp{t (X" X)X Te,}] <exp(ct't/Q).

The same result holds for €, ). This implies

Pr(Ef) < ) Pr{(XTX)*XTen * B}

n:Jn=K

+ D ZPr (X )Xoy "X encg 2 —Ba) < explclog(@) — ¢ G},

n:Jn=K g=1

where the first inequality follows by a union bound and the second by Lemma 5.5 of Eldar
et al. [21].

To bound Pr(ES), let Xs be the sub-matrix of X restricted to columns in the set S C [K]
and, for any matrix Z, define Pz and Py to be the orthogonal projection matrices that
project vectors onto the image of Z and the kernel of Z", respectively. Let a,, € {all subsets
of [K]\ [/,]}. Then Lemma 1 and the KKT conditions 1mply A, = [J,] Ua, if and only if
the following hold:

er (G X 00, Xiva,) G2 X 00, €0 = =GBk, k € [ )]
~ ~ -1 . ~

(X;;Xan> X/e, 20, X=P¢ X

X PE €, <0, iy=[K]\{[J.]Uay}.
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where ey, is the k-th standard basis vector. Note X implicitly depends on n. As such, then
the event {A,, = [J,] Ua,} equals the event

{e, (G 1XJn]UanX[Jn]uQn) G- 1/2X[J JUan €0 > —G V28, for all k € [J,]}

N{a, is the active set for the non-negative least squares problem

arg min|le, — X[meuz} = Egn(a,) N By (an).

720

Then

Pr( ZPr{ o (@n) N Eélg(an)} > Z 1—Pr HES,?L(%)}C} —Pr [{Eg(an)}c}

> —exp(—c'G) + ZPr {Egg(an)} =1—exp(—c'G),

where the second inequality follows by Lemma 5.5 of Eldar et al. [21] and the last equality
because

Z Pr {Eg?(an)} = Pr{There is a solution to the problem arg min||€, — X 7|2} = 1.

720

An identical analysis can be used to show that Pr{[.J,] C A, _y} > 1—exp(—c'G). Then

< S P € A+ S0 P € Auy) < exp{elog(@) — G

n=1 g=1
which completes the proof. O

Lemma 3. Let E be the event {[J,] C An, A, (—g) for alln € [N],g € [G]}. Then on the

event I, the random vectors Z, = Gl/z{,@(t — Bn} and Z, (_y = Gl/Q{Bn( o — Bn} are
sub-Gaussian with uniformly bounded sub-Gaussian norm. That is,

sup p71/2 {E(’,UTZn‘p ’ E)}l/p <
p>1, veRK
lvfl2=1

_ 1/
sup p V2 [E{jv' Z, ol | B}]F <
p>1, veERK
llvfl2=1

for alln € [N] and g € [G].

Proof. We prove the result for Z,. The proof of the corresponding result for Z, ) is
identical. On E the non-zero elements of Z,, can be expressed as

(GT'X ) Xa,) HGTV2X ) €),
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where X 4, is the sub-matrix of X restricted to the columns whose indices are in A,. Let
a, € {all subsets of [K]\ [J,]} and define X, to be the sub-matrix of X formed by keeping
only columns in [J,] U a,. Then for any p > 1 and unit vector v € RX,

{E(j0" Z,]" | E)}V? <c{E(|jv" Z,[PH{E})}”
<CZ [E{1{A, = [/, ]Uan}‘v—rM (G_lX;Xan)_l(G_l/QX;en)‘p}]l/p

Scp1/2Z!IG 2X, €nllu,

where M, € {0,1}5*Untlaal) - The first inequality follows by Lemma 2, the second by a
union bound and the triangle inequality applied to norms of random variables, and the third
because the eigenvalues of G~1X aTn X,, are bounded above zero by Assumption 1. Since
|G7Y2X ] €,]ly, < c by Lemma 5.9 of Eldar et al. [21], the result follows by Lemma 5.5 of
Eldar et al. [21]. O

Corollary 1. The estimates B,(ll) and Bng 9) satisfy

18D = Bull2. 1BL),, = Bull2 = Op(G12)
max | B = Bullo, max|B{_) = Bull: = Op[{log(N)/G}?).

€[N]
9€[G]

Proof. We prove the result for Bﬁf) , as the proof for Br(llzfg) is identical. The first is an
immediate consequence of Lemma 3 above and Lemma 5.5 of Eldar et al. [21]. For the
second, let Z,, be as defined in the statement of Lemma 3. Then for any A > 0,

Pr <max||ZnH2 >t | E) <cPr {{maXHZnHQ >tN E}
ne[N] ne(N]

N
<cPr [ZZeXp MG X, X, )7'GTV2X ] €,]a} > exp(\t)

n=1 an

The result then follows by Lemma 5.5. of Eldar et al. [21] and an identical proof used to
prove Lemma 10 in Section S12.6. m

Corollary 2. Let 37(3) = B,(ll) — B, and 35:279) = Bnl,zfg) — B,.. Then the estimates ,37(11) and
67(1172—9) satisfy

18D — {8 = 17808, l2, 1B, — 1B,y = 17850 Butlla = Op(G™)
max (|3, — {8 = 176,78}l maxnﬁn(g) (B, —1780)  Butllz = Op{log(N)G'}.

ne[N]
gE[G}

Remark 2. An immediate conse?uence of Corollaries 1 and 2 is that Corollary 1 holds with
(1 and B replaced with 8,7 and [37(11 (—0)

-9)
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Proof. We prove the results for 8. The proof for Bﬁg_g) is identical. Recall 8" =
{1T[§7(7,1)}*1,[§q(11). By Taylor’s Theorem,

{1T5 }

178yt =1 -1T6W
{1 8,7} n (1+5)

where 4, lies between 0 and 176, Therefore,
_ . By
1B — (B ~ 17808, 2 < 60 ALy gz
(14 6,)
The result then follows by Corollary 1. [

Lemma 4. Let A, and A, (g be as defined in the statement of Lemma 2. Then

max  Pr{A, , # A.} < c{log(G)/G}"/2.

ne[N],g€[G]

Proof. We first consider samples n satisfying J, = K. The ordinary least squares estimators
defined in the proof of Lemma 2 satisfy

5 ©0Ls) _ g 1+ (XTX)'X e,
ﬁ OLS =B+ (X X)) X pen .

The error terms (XTX)*lXTen and (X' )\ X ()" X[, €n,_,, aremean-zerosub-Gaussian
random vectors with sub-Gaussian norms uniformly bounded above by ¢G~'/2. We see that
Pr(An o) = Au) > Pr(A,( g, A = [K])

which implies

Pr( A, (—g) # An) < Pr(An—g) # [K]) + Pr(A, # [K]),

where

Pr(A, £ [K ZPr{ek (X' X) ' X "€, < —fur} < cexp(—c@).

k=1

The vector e; € {0,1}7 is the k-th standard basis vector. The last equality follows by the
properties of the above error terms. An identical result holds for Pr(A, , # [K]). We
therefore only need to consider n satisfying J, < K to complete the proof.
When J, < K,
Pr{dn g = Au} 2 Prl{[J,] C nﬂw%wwAww:Am
=Pr{{[/a] € An (), An} 0 {An ) \ [Ju] = An\ [Jul}]

_Zpr[{ ] C.An( o A N AL o \ ] = A\ [ ] = @],
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where a,, € {all subsets of [K]\ [J,,]}. For fixed a,, the KKT conditions imply A, = a, U[J,]
will contain the non-zero coefficients if and only if the following hold:

wnk(an> = e;—(X;;Xan)_lx;en > _571]67 ke [Jn]
Tnp(an) = Gl/Qeg(X;Xan)_lX;en >0, kea,
Zoklan) = GVAX ] {Io — X, (X, X)) 7' X Ve, <0, ke K]\ {[Ja] Uan}.

Here, we take X, to be the sub-matrix of X formed by keeping only columns in [J,,| U a,,

i.e., the columns corresponding to the non-zero entries of B;”. The vector e, € {0, 1}//n]Vanl
is the k-th standard basis vector. Equivalent conditions hold when we leave out the g-th
CpG. This implies Pr{A, 4 = A,} can be lower-bounded as

Pr{An g = An} =Y Prl{war(an), wor—g)(an) > —Buy for k € [J,]}

N {2k (@), Tok (g (an) > 0 for all k € a,
N {znk(an), Znk,(—g)(an) < 0 for all k € K]\ {[J.] Uan}}}

(52)
> ZPr[{xnk(an), Tk, (—g)(an) > 0 for all k € a,}

N {2nk(an), 2k, (—g)(an) < 0 for all k € [K]\ {[J,] Ua,}}]

— cexp(—c@G),
where the last inequality follows because wyi(a,) and wyi (—g)(an) are sub-Gaussian with
sub-Gaussian norms bounded above by ¢G~/2.
Define
AN (@) =Tk (00) = Tok (g (an) = G721 = hga) ') (G X, Xu) ™ X €0m

- G_l(l - hg,an)_le;—(G_IX;Xan)_InganXTan{G_I/Q(X;Xan)_lX;;en}

9,
AL (@) =za(@n) = 2ap gy (an) = G 2eu{ X
— (1= hga,) (G X3 X0, ) (G X, Xo,) ' Xy a,
+ (1 - hg,an>_1nghZ,an}
+ G X, {G(X) X)X e H(GT X X0, ) (G X, X)) X,
- (1 - hg,an)_ngk‘hg,an}v

where hg,, is the g-th leverage score for the design matrix X, and X,,, is the g-th row
of X,, treated as a column vector. Both of the above quantities are sub-Gaussian with
sub-Gaussian norm bounded above by ¢G~/2. Then ignoring the cexp(—cG) term (since it
is 0(G~1/?)) the lower bound in (S2) can be expressed as

Pr{An (g = A} 2> Prl{za(a,) > [AL) (a,)] for all k € a, }

an

N {zanlan) < —|AY) (a,)] for all k € [K]\ {[Jo] U an}}].

nk,g
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Further, the probabilities within the summand are bounded above by

Pr[{zu(a,) > 0 for all k € a,} N {zu(an) <0 for all k € [K]\ {[J.] Uan}}]
—2Pr{0 < zi(an) < ]A;Z)jg(anﬂ for at least one k € a,} (S3)

[—|Ankg(an)| < znk(ayn) < 0 for at least one k € [K]\ {[J.] U a,}].

Here, z,x(a,) and z,x(a,) have sub-Gaussian norm uniformly bounded above by ¢. As such,
an application of the Berry—Esseen theorem to z,(a,) and z,x(a,) implies that both are
asymptotically normally distributed with mean zero and covariance matrices whose eigen-
values are bounded within the compact interval [¢™!, c]. Moreover, the absolute difference
between their cumulative distribution functions (CDFs) and the corresponding normal CDF's
is bounded above by ¢G~'/2. As such, for any ¢ > 1,

Pr{0 < z.x(a,) < |Ankg(an)| for at least one k € a,}
<) Pr{0 < zu(an) < clog'*(G)G?}

k‘ean

~
< clog!/?(G)G~1/2 by Berry-Esseen theorem

+ 3 Pr{|AY) (an)] > clog2(G)GV?},
kEan S cg—cz

where the last inequality follows because Ank (@) is sub-Gaussian with sub-Gaussian norm

bounded above by ¢G~'/2. An identical result holds for the third quantity in (S3). Putting
all this together give us

Pr{A, g = A} =Y Pr[{zur(a,) > 0 for all k € a,}

an

N {2 (an) < 0 for all k € [K]\ {[Jo] U an}}] — cG?10g"*(Q)
>P{[J,] C A} — cG™?10g"*(@)
>1 — cexp(—cG) — cG™ 2 10g"?(G),

which proves the claim. O

S12.4 Estimate for the precision parameter

After determining the first-step estimator, we set fi,,, = w;BS) and estimate the precision
parameters ¢, to be

~

N
bg = Ez)rg[ ma?( ly(®), Ly(®) = Z log Beta{yng; Gfing, (1 = fing) } (S4)
Ele=1c —1

where Beta(y; a, 8) is the likelihood of a beta distribution with parameters «, 8 evaluated
at y. We first derive properties of /.
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Lemma 5. Let (,(¢) be the log-likelihood where f[i,, in (S4) is replaced with the true fi,,.
Then

max  |N"Y,(¢) — N7, (¢)| = Op{log®(G)G~/2}.
ge[G];qbe)[ifl,c]l 9(¢) 9(¢)’ P{ g( ) }

Proof. The difference in log-likelihoods is
lg(9) = £5(®) = ) _log{T(@11gn)} — log{T(¥fin)}

+ > 10g[T{o(1 — ptgn)}] — 10g[T{o (1 — fign)}] (S5)
+ Z O(fing = fing) 10g(Ygn) + Z D(ting = fing) 10g(1 = Ygn).

We provide bounds for the first and third terms in this expression, where the bounds for the
second and fourth are identical. Let W(z) = -Llog{I'(z)}. Then by Taylor’s theorem, the
first term can be expressed as

Zlog{r(¢ﬂgn>} log{I'(dfign)} = 6 X Z\D Ofign){Bn — n }7

where jig, lies between fi,, and fig4,. Assumption 1 and Corollaries 1 and 2 imply

a gn — Hgn| < a. An_ n:O 10NG1/27
e Vo = ian] < _max Vi — tgn] = Op[{log(N)/G})

which implies

U(pfign)| < ¢+ Op[{log(N)/G}'?].
ge[g]l;;az)e{[N]’ ($hn)| < ¢+ Orltlog(N)/GH
pElc™ ]

A second application of Corollaries 1 and 2 then implies

sup Zlog{F Phtgn)} —1og{T(Gfign)}| <cN sup | W(dfign)| | max||Bn — BYl2
9€lc] gelGlmelN] ne[N]
¢ele ] gl

=0p{NG?10g°(G)}.
The third term in (S5) satisfies

Z P(fing — Hng) 108(Ygn) = ¢X;; Z log(ygn){Bn — 67(11)}’

meaning

<eN {maXHﬂn _ 353>||2} { max |1og<ygn>|}
ne[N]

n€[N];g€[G]

SUP | Y G(fing — fing) 108 (Ygn)
gE[G} n
SN

=0p{NG~'*log"(G)},

where the final equality follows by Corollaries 1 and 2 and the fact that log(y,,) is sub-
exponential with uniformly bounded sub-exponential norm. This completes the proof.  [J
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Corollary 3. The estimators (59 defined in (S4) converge uniformly, i.e.,

max|d, — 6 = 0p(1).

Proof. Let £,(¢) be as defined in the statement of Lemma 5. The second derivative of ¢,
satisfies

Eﬂ( Z ﬂng ¢Nng Z(l - :ung>2\p/{¢(1 — Hng) }

n

= Z V' (¢) — ,ung "(Gping) — (1 — ,ung>2\I]/{¢(1 — Hng)}

d _
= Z\/ar¢ {d_qb log Beta{yng; ping, (1 — Mng)}] < —c'N,

where Var, is the variance assuming the true parameter is ¢. The last inequality holds for
all € [¢c7!,c] and g € [G] because the minus Fisher Information is bounded above by a
constant for all ¢ € [¢™!, c] and g € [G]. This implies

d? 1 1 d? 1
—E{N"~ NTE < —c~
RO =V E{ 00 < -,
ie., E{N14,(¢)} is concave for all ¢ € [¢™!, ] and g € [G] with second derivatives bounded
below by —c~!.
Define

fo(9) :N71€g<¢) - E{Nilgg(ﬂﬁ)} =Nl Z fing[log(ygn) — E{log(ygn)}]
+ NG (1 — fing)[10g(1 = ygn) — Eflog(1 — ygn)}].

Since {log(ygn) — E{log(ygn) }nenv) are mean-zero, independent, and sub-exponential with
uniformly sub-exponential norm, Lemma 11 in Section S12.6 implies

e 1£.(6)] = Op{log(N)N~12}.
elG
peled

This, together with the concavity of E{N~'¢,(¢)} and Lemma 5, proves the result. O

We next derive properties of the second derivative of ég.

Lemma 6. Let (,(¢) be the log-likelihood where f[i,, in (S4) is replaced with the true fi,,.
Then

maxyN Y (¢) —E{N "' (¢)} = Op{log*(G)N'?}, N~'0l(¢) < —c!

g€(G

and

max\N 16”(@5) — N7'()] = Op{log*(G)G~/?}

g€lg]

for all ¢ € [c™!,¢] and g € [G].
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Proof. The second result follows directly from the proof of Corollary 3. For the third, let
U(p) = d% logI'(¢). Then differences in second derivatives is

N7'(¢) — N71(¢) = Z{ung (Bting) — fiog V' (Gfing)}
AN N = g UH{D(L = prng)} = (1 = fing) W {S(1 = fing)}].

We derive a bound the first term. The bound for the second term and its derivation are
identical. We see that

ﬂigq],<¢ﬂng) - [’Jiglp,(gbﬂng) :(:U?Lg - ﬂig)q]/(ﬁbﬂng) + {\Ij/(qbﬂng) - \Ij/(qbﬂng)}:uig
+ (Mig - ﬂig){@/(ﬁﬁﬂng) - \Il/(¢ﬂn9)}7

where

liing — tng| < [ Xgell211BY — Balla < ¢l| B — Balla.

The result then follows by Corollaries 1 and 2 and an application of the mean-value theorem.
For the first result,

N7UE(0) ~E{N L (0)) =N S g llog(ygn) — E{1og(y)}

n=1
N

+ N7 (1= prgn)[log(1 — ygn) — E{log(1 — ygn)}.

n=1

Since log(y,,) and log(1 — y,,) are sub-exponential with uniformly bounded sub-exponential
norms, both of the terms after the equal sign are sub-exponential with sub-exponential norms
bounded above by ¢cN~/2. The result then follows by Lemma 5.15 of Eldar et al. [21] and
Lemma 11 in Section S12.6. O

Lemma 7. There exist non-random functions ny(¢) satisfying maxeic|ng(¢)| < cG=Y/2 for
all ¢ € [c7,c] and g € [G] such that the the first-derivatives of the log-likelihoods satisfy

max| N () — {NTH(0) +ny(9)} = Op{log"(G)N '}

for all ¢ € [c™*,c] as N,G — oo.
Proof. Let ¥(¢) = d% log'(¢). Then the difference in derivatives is

N7U(0) = NTH(0) =N {ttng W (Dhtng) = fing ¥ (Pfing) }
+N Z[(l — tng) P{O(L = fing) } = (1 = fing) W{D(1 = fing)}]

+N7! Z(/lng — Hng) 108(Yng) + N7 Z(Ung — flng) 10g(1 — Yny).

(S6)
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We provide concentration bounds for the first and third quantities after the equal sign, as
concentrations for second and fourth can be obtained analogously. For the first, we see that

ﬂng\lj(‘bﬂng) - Nng‘p<¢ﬂng> :<ﬂng - ,ung)\lj(‘bﬂng) + {\I](W}ng) - \P(Cbﬂng)},ung

+ (fing — tng){V (Pfing) — V(Phing) } (S7)

where

N~ Z — tng) U (Ding) = XN W (g ) {BL — Ba}

By Lemma 13 in Section S12.6, there exists non-random functions 7,1 (¢) satisfying |n,1(¢)| <
cG~Y2 for all ¢ € [c7!, ], g € [G] and
max XTN Z \Ij gb/lng /8(1 /Bn} - 77g,1(¢) :OP{logc(G)G_l/QN_I/Q}
9g€[G]
=Op{log"(G)N~'}.

For the second term in (S7), Taylor’s theorem implies

2
qj(ﬁbﬂng) - qj(¢/~¢ng) = qu/,(ﬁbﬂng)(ﬂng - Mng) + %\P”<¢ﬂng)(ﬂng - Nng)Qv (S8)

where fi,, lies in between pi,,, and fi,,,. By Lemma 13 in Section S12.6, there exists non-
random functions 7, »(¢) satisfying |n,2(¢)| < cG=Y/2 for all ¢ € [c7},¢], g € [G] and

;2% X;;N_l Z OV (Phing) (fing — Hng) ting — 779,2(¢)‘

= ;%E[g? N~ ¢X Z \Ij Cbﬂng ,ung{/6 /671} - 779,2(¢)| = OP{logc(G)G_l/QN_l/z}

=Op{log(G)N 1}
For the second term in (S8), the Cauchy-Schwartz inequality implies

P =
gggf 'T‘P”(éung)(ung [ing)?| <c{1 +0P(1>}$%§I|Xg*l|§|lﬁ£” — Ball3
#€lc™1 ]

<c{1+op(}IB = Bal3.
Corollaries 1 and 2 then imply

= Op{log®(G)G™'} = Op{log®(G)N'}.

maX
g€[G]

Zung 2 \Iﬂ/ ¢,Ung)< :ung)Q

Putting these together implies the second term in (S7) satisfies

= Op{log*(G)N"'}.

max
g€[G]

N_l Z{\I](Qsﬂng) - \Ij(gbﬂrzg)}ﬂng - 77972(925)
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For the third term in (S7), we see that

(fing — Hng){\lj(ﬁbﬂng) - qj(¢ﬂng)} = ¢q//(¢ﬂng)(ﬂng - Nng)2a

where fi,, lies in between fi,, and p,, by the mean-value theorem. As such, identical
techniques to those used above can be used to show that

max

g€[G] -

N7 Z(ﬂng — tng) { ¥ (Phing) — qj(¢ﬂng)}‘ = Op{log®(G)N"'}.
Putting this together gives us that the first term in (S6) satisfies

max
9€[G]

N7 Z{Mngqj(gbﬂng) — fingV(Dhing)} — {ng1(9) + 77g72(¢)}‘ = Op{logC(G)N_l}

for all ¢ € [¢71, ].
For the third term in (S6), Corollary 2 implies

N7 (fing = ting) 108(yng) =X g N7 {BY — B} 10g(yng)

:X;N_l Z{'Bﬁg—g) — B} 10g(¥ny)

_ h mo E ,n,u n ~
+N7 Z KA, = Ay g} : 1 hg T (Yng — fing) 108(Yng)
g,n

+ X NN AL £ Au g HBY = 8L Hog(ygn)

+ Op{log"(N)G™'}

where hg , is the g-th leverage score of the design matrix X4, hgn = 17(X ) X4,) ' X 4 ,

and the bound on the Op error term holds uniformly across g € [G]. Since hy,, hy, < ¢/G,

= Op{log“(G)G™*}

max
g€[G]

— h mo B ,n/vL n ~
N7 Z H{A, = An g} : 1— hg = (Yng — fing) 108(Yng)
n g’”

= Op{log*(G)N "'}

Next, Corollaries 1 and 2 and the fact that log(y,,) is sub-exponential imply

max
9€[G]

X NS A # A HBY = B} log(Ygn)

—0p llogc<N>G—1/2N—1 S 1A, # An,<-g>}] — Op{log(G)G7},

29



where the final equality follows by Lemma 12 from Section S12.6. Lastly, Lemma 13 from

Section S12.6 implies there exist non-random functions 7, 3(¢) satisfying maxgcig|ng,3(¢)| <
cG~1/2 and

X, N Z{B — B} 108(yng)| = Op{log (G)G >N~} = Op{log*(G)N '},

max
9€[G]

which completes the proof. O]

We next show that we can express the difference ég — ¢g4 in a tractable manner.

Lemma 8. Let 1,(¢) be as defined in the statement of Lemma 7. Then the difference gzgg — oy
satisfies

- N_1€;(¢g> + 19 (¢g)

max|(¢g — dg) +

9€lG] N=14(gy)

— Op{N""10g(G)}

as N,G — oo.

Proof. Taylor’s Theorem implies

0= N7y = N7 (60) + N7 E0(6,) by — 03) + 5N 9 (3,) by — 0,)°

for some gzgg that lies between ¢, and ggg, where Corollary 3 implies max (g |q59 — ¢4 = op(1).
Lemma 6 implies this can be re-written as

N6 o NG
0= N‘lé’gf@g) + (@9 — ¢g) + 2N‘1gg(¢g) (¢g — bg)

for all g € [G]. Note third derivatives are uniformly bounded from above. After finding the
roots of this quadratic function of (¢4 — ¢4), Lemmas 6 and 7 imply

. N1 ()
max (g — @) + W

— 0, [max {N—lzf'g(qsg)ﬂ — Op{log“(G)N"Y.

9€[G]

The result then follows by a another application of Lemmas 6 and 7. O]

S12.5 Proof of Theorem 1

We next prove Theorem 1.

Proof of Theorem 1. Let V,, = diag{fin1 (1 — fin1)/ (61 + 1), .. ., finc(1 = fing) /(e + 1)} and
‘/n = dlag{ﬂnl(l - Mnl)/((bl + 1)7 s 7/JJnG(1 - NnG)/(¢G + 1)} and define

Bﬁf) = arg min||Vn_1/2(yn = XB)|l2, 37(12) = {1TB1(12)}_16£L2)

B>0
B = argmin| V2 2y, — X) |, B = (1B} B0,
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where ﬁn is our estimator for cellular fractions and Bn ) is the estimator when the variance
is observed. Our goal is to show that

Obs Obs
18 = Blla _ G218 =Bl _
HBObS — Bl Gl/QHBnObS) Boll ’

which we prove by showing that G/2||B — BL™|5 = op(1) and {GV2||BC™ — B,|l.} ! =
Op(1).

We start by proving that ||By(l2) - BéObs)Hg = op(G~'/?), which will imply G1/2||B7(LQ) -
BnObS)H = 0p(1). To do so, we need only show that ||B5 — B, = 0p(G~1/2) and
18" — Bl = Op(G=1/2), as this would imply

67(3) ,6 (Obs) {1T } B(?) {1TB7(LObS)}_1BT(LObS)
{1Tﬁ7(10bs) + 1TAn}71{,éq(10bS) + An} _ {1TBT(LObs)}71ﬁTT(LObs)

g,
AL BB

= Op([Aull2) = 0p(G™7).

First, 8" — B2 = Op(G~1/2) follows by replacing X < Vi /X and €, « V, /e,
and applying Lemma 2 and Corollary 1. To show |82 — B8]y = 0p(G1/?), we start
by by deriving properties of B, Let AC™ C C [K] be the indices of 3! Obs) with non-zero
entries. By replacing X <V, 12X and €, <V, 1 2en, Lemma 2 implies

Pr{[J,] € AP™} =1~ o(1)

as N,G — oo. It therefore suffices to only consider the event [J,] C AP Suppose
ALY = q, U [J,.], where a,, € {all subsets of [K]\ [J,]}. Just as we showed in the proof of
Lemma 4, the KKT conditions imply ﬁn o) gatisfies

wor(a,) = Gl (X] V' X, ) 7' X] Ve, > —GYV2 B, k€[]
Tok(a,) = GV el (X, V. ' X,,) ' X, V. e, >0, k€a,
Zk(an) = GTVPX I — V' X, (X, VX, ) T X, 3V, e, <0, k€ (K {[ ] Uan),

where X, is as defined in the proof of Lemma 4. When J,, = [K], a, is the null set and
we only need to consider wy(a,). We also define wyi(ay), Znx(ay), and Z.x(a,) to be the
analogues of wpi(ay), Tnk(ay), and z,x(a,) with V,, replaced with V..

To prove the results, we first note that an application of the Lindeberg central limit theo-
rem implies that for fixed a,,, wni(an), Tok(ay), and z,x(a,) are mean-zero and asymptotically
normally distributed with an asymptotic variance whose eigenvalues lie in the interval [c™!, ¢].

Let A C [K] be the non-zero indices of 3. If we can show

Wk (@n) — Wok(an)|, |Tne(an) — Tnr(an)l, |Znk(an) — znk(an)| = op(1),

31



the normality of wyx(an), Tnk(a,), and z,x(a,) would imply AP = AL

tending to 1. In this case, we would have

with probability

1/2
JIn
H/Bg) - ﬂa&Obs)H2 <G Z Z{wnk(an> — wak(an) }* + Z {Enk(an) = 2o (an) }?
an | k=1 k€lan]

= OP(G_l/Q).

To do so, we prove |,k (a,) — wpk(a,)| = op(1), noting that the proofs for the remaining
two quantities are identical. To simplify notation, we let X denote X,,. We first see that

G XTV X)) ™ = (G X TV, X) 7l = 0p(1) (59)

by Corollaries 1 and 3. As such, proving the result only requires showing that

by + 1 bo + 1
> A(lg—AXg*eng - X,

G—I/QHXT‘}n—len . XT‘/n_len”2 :G—I/Q
g Hng\l — Nng) g /‘Ln!](l - /‘Lng)

:0p(1).

The difference inside the vector 2-norm function can be expressed as

¢>g o,
2 T i)

Nng - ,ung

1 1
+ Oq + 1 { — — }X «Eng-
Z I Nng(l - Nng) Ung<1 - Mng) e

To study the behavior of the first term, let 1,(¢) be as defined in the statement of Lemma 7.
We see that

ég - ¢g
g :&ng(l - ﬂng)

) Xging

(S10)

e(9g) /45 (9g)
,ang<1 — flng)
Mg Cbg /AN 16//(¢g)}
B Z Nng(l Nng)
El (dg) /EH bg) 779<¢g)/{N71€fq/(¢g)}
Z ,Ung (1- ,Ung) Timg (L — Jing) 9 Z ,Ung<1 - ,Ung)
+9P{GN Mog® (N)}J
OP(51/2)
ACHRACN
Mng(l - ,Ung)

X €

gxfng = —

Xgi€ng (S11)

X yu€ng + Op{GN'log®(N)}

X €

gx=ng

g

Xgi€ng + OP(GI/Q)

where the first equality follows by Lemma 8, the second equality by Corollary 1 and Lemma 6,
the underbrace by Assumption 5, and the third equality because 7,(¢,) and {N~'€)(¢g)}
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are non-random and satisfy |1y(¢,)| < ¢cG~* and [{N~'0)(¢,)}| > ¢! (see Lemmas 6 and
7). We next break up the sum on the last line of the above expression into two parts:

B6/06) = ln(9)/0(,)
fng(1 = fing) Howtng = Z fing(1 = fing)

X gi€ng

g

(S12)

> (0D}

x€ng,
ng(1 = fing) o
where {;, (¢,) is the n-th sample’s contribution to the gradient of the log-likelihood, i.e.,

g%g(ﬁbg) :\1'(¢g) - Mng\ll(,ungﬁbg) - (1- Nng)\lf{(l - Mng)¢g} + Hng 10%(%9)
+ (1 - :ung) 10g<1 - yng)a
and £, (¢g) = €;(¢g) — £,4(¢g). For the second term in (S12),
o N
HN Z ng ig /{ (¢g)/ }

ng Nng)

Xyl < NG {0 | (sl
= Op{log (NG} = 0p(G"7),

where the first equality follows by Lemmas 10 and 11 and the second by Assumption 5. For
the first term in (S12), let Z,, be the first term in (S12) and F = {£{_,,(d1),- .-, £(_,yo(dc)}-
Since €(_,,,(®,) is independent of €,5 and £{(¢y) is non-random,

E(Z,|F)=0

and

{00 (09) /€5 (09)}*
g+ 1 Vg (1 — fing)

Var(Z, | F) Z

g

X X,, =0p{GN™'} = 0p(G),

where the second equality follows because E[{Ez_n)g(qbg)/ég(gbg)}?] < cN~!for all g € [G] by

Lemma 6. This implies the first term in (S10) is op(G/?).
For the second term in (S10), let f(z) = {z(1 — z)}~!'. Taylor’s theorem implies the
expression in brackets within the summand is equal to

f/(/"tng)</:l/ng - Mng) + f//(,ang)(ﬂng - Nng)2/2
=) X 1B B,y + L) x50

where [i,, lies between p,, and fi,g. Since maxge[g]|f”(ﬂng)][X;<{B(1) — B.}2 = Op(G™Y)
by Corollary 1, the second term in (S10) can be expressed as

G~ Z Gy + 1) ' (ttng) X e X 5. (G X TX) ' X T €60y + 0p(G?).
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Let Z, = (Z,1,..., Zuk)" be the first term in the above expression. (Please note we abuse
notation, as this Z,, is different from the Z,, defined above.) Then

Tk =G v €nng, Vg = (S + 1) f (tng) X X (GT' X T X) 7' X, € RE

Since the elements of v, are uniformly bounded across g € [G] and k € [K],
=G Y vakgBlel,) = O(1),
g

where vy, 4 is the g-th elements of v,,. To compute its variance, we observed that

Znk = € HD, €, Dy = diag{(¢1 + 1) f (ftn1) X1k - - -5 (6 + 1) f (pnc) Xt = cla,

where H = X (X " X) !XT is the orthogonal projection matrix that projects vectors onto
the image X and has trace equal to K. Therefore,

Var(Zn) < c| HD, |3 = c¢Tr(D? H) < ¢Tr(H) = cK.

This implies the second term in (S10) is op(G'/2). Putting this all together implies |35 —
B, = 0p(G=1/2) which, by the discussion above, proves |82 — BL™||5 = op(G~1/2).

To complete the proof of Theorem 1, we must show that {G/2[|3°™ — B, ]2} = Op(1),
i.e., that

Pr(G2B = Bullz = )

can be made arbitrarily close to 1 by choosing ¢ large enough. As we have already shown
that ||ﬁ3 o) — Bullz = Op(G~1/?) above,

Bglobs) — B, = {1TB£LObs)}—1B£LObs) — B, = {]K . /Bn]-T}SSLObS) + OP(G—I)
—_——

ZOP(G71/2)

by Taylor’s Theorem, where 8" = B°™ — 3,.. Note Ix — 3,17 has rank equal to K — 1,
since 3, lies in its kernel. As such,

1B — Bule < ¢ @180

+ OP(G71/2>,
2

where the columns of @, € REX(K=1 are orthonormal and orthogonal to 3,. Next, since
[Jn] C AP with probability tending to 1 by the discussion above (i.e., by extension of

Lemma 2 to BnObs)), it suffices to prove the result assuming [J,] C AP et a, be as
defined above, let i, = [K]\ {[/,] U a,}, and re-define X < V,, 1/2X and €, « V, Ve,

The KKT conditions imply AL™ = [J,] Ua, if
_A1)2
wn(an):(G 1XT ) 1G 1/2XT€n_ ( Goﬁml)
zn(an) = G*1/2X;P§anen <0,
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where 3,1 are the first J,, elements of 3, and P)l(an is the orthogonal projection matrix that
projects vectors onto the kernel of X aTn . The Lindeberg central limit theorem implies

—1 T —1
(2ent) = Cten) oo (i)~ (o (955%™ by x,))
ICulla = 0r().
Further,
G'?{BP™ — B} = My, wi(a,) = My, dn1(an) + op(1),

where M, € {0,1}%*Un+an) Putting all this together gives us

GBI = Bull = 3 HAL™ = [1,] Ua,}G' QB = Bu}la + op(1)

an

= Z 1{“4510]08) = [Jn] U an}HQIMandnJ(anNh

+ 0p(1)
=Y AP = L] UanH{[I(1, = Bunl )dnna(an)

+ ldn (a3} + op(1).

where d,, 1 1(a,,) are the first J,, elements of d,, 1 (a,,) and d,, 1 2(a,,) are the remaining elements.
This decomposition then implies that any v > 0, there exists a 6 = ¢, > 0 such that

Pr{G'2(|BP™ — Bullz = 7} 21 =Y Pr{|(Ls, = Bualdn1a(an)lls < 8, or [[duz(an)llz < 8, }

an

+o(1).

Since (I, — Bn11")d,11(a,) and d,,12(a,) are normally distributed with mean-zero and
covariance whose largest eigenvalue exceeds ¢!, the probabilities inside the summand can
be made arbitrarily small by choosing 7, and therefore 4., to be sufficiently small. The result
then follows. O

S12.6 Technical lemmas
Here we state and prove the technical lemmas referenced in the above proofs.

Lemma 9. Suppose yg, ~ Beta{dgpign, d4(1 — p1gn)}, where ¢, € ¢4, c] and g, € 71,1 —
¢t for all g € [G] and n € [N]. Then log(y,,) and log(1 — y,,) are sub-exponential with
sub-exponential norms bounded above by a constant c.

Proof. We prove the result for log(y,,), as the proof for log(1 — y,,) is identical. Lemma 5.5
of Eldar et al. [21] implies we need only find a constant C' that does not depend on n or g
so that

Elexp{[log(yen)|/C}] < e.
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Let agn = dgttgn and vy, = ¢g(1 — pgn). We see that for B(-,-) the beta function,

B(an - 0_17 P)/gn)
B(agn; Ygn)

Elexp{|log(ygn)|/C}] =

Since oy, and 7,, lie on a compact set that does not include zero, we can make the right-hand
side arbitrarily close to one for all g € [G] and n € [N] by choosing C' large enough. O

Lemma 10. Suppose X1,..., Xyn are mean-zero sub-Gaussian random variables with sub-
Gaussian norm bounded above by C' (which may depend on N ). Then

max |X,| = Op{log"?*(N)C}.
ne[N]
Proof. We see that

Pr (maX]Xn\ > t) < Pr <maX X, > t) + Pr (max -X, > t)
ne

ne[N] [N] ne[N]

for any ¢t > 0. We bound the first probability on the right hand side, noting that the bound
for the second probability is identical. Lemma 5.5 of Eldar et al. [21] implies E{exp(AX,,)} <
exp(cA*C?) for some universal constant ¢ > 0. As such,

Pr <max X, > t> < Pr {Z exp(AX,,) > exp()\t)} < exp(eA?C? — At + log N),

ne[N]

for all A > 0, where the second inequality follows by Markov’s inequality. The result follows
by minimizing . [

Lemma 11. Suppose X1,..., Xy are mean-zero sub-exponential random variables with sub-
exponential norms bounded above by a constant ¢ > 0. Then

max|X,| = Op{log(N)}.
ne[N]

Proof. The proof follows directly from Lemma 5.15 of Eldar et al. [21] and the proof of
Lemma 10 above. O

Lemma 12. Let A, and A, g4 be as defined in the statement of Lemma 4, and let Z, =
SN 1{A, # An—g)} be the number of samples n where A, # A, (—q). Then

E(Z,) < clog"*(G)NG~'/?
and

max| Z, — E(Zy) = Op{log(G)(NG™Y2)12} = op{log"*(G)NG~/?},
ge

36



Proof. The bound on E(Z,) follows directly from Lemma 4. To prove the bound on the max-
imum deviation, define W, = Z, — E(Z,) and p,, = Pr{A, # A, (g} < c{log G}/2G~1/
by Lemma 4. Then the moment generating function for W, satisfies

log[E{exp(AIV,)} Zlog{l T ponl€ = 1)} = AE(Z,) < (¢ — DE(Z,) — AE(Z,)
for all A € R, where the inequality follows by Taylor’s Theorem. Let ¢ > 0. Then

Pr <maX|Wg| > t> <Pr (mang > t) + Pr (max -W, > t)
9€(G] 9€(G]

9€[G]

We provide an upper bound for Pr(max,eciq Wy, > t). The bound for the second term is
identical. For any A > 0,

e,
Pr (maxW > t) <Pr {Z exp(AW,) > exp(At)

9€(G] s

<exp{(e* — D) — Mp +t) +1og(G)},

}S ZgG:1E{eXP(>‘Wg>}

exp(At)

where the second inequality follows by Markov’s inequality and px = clog!/ 2(GYNG='/2 for
some sufficiently large ¢. Note that g = O(N® ') for some ¢ > 1 by Assumption 5. Since
A > 0 was arbitrary, we can choose so as to minimize the right hand side of the inequality,
which results in A = log{(x +t)/p}, implying

Pr (maxW > t) <explt — (u+t)log{(n+1t)/u} + log(G)]

g€[G]
<exp {—ﬁ <1 - E) + log(G)}
- 2u 1 '

The second inequality follows by Taylor’s Theorem. Setting ¢ = c{log(G)u}"/? implies the
right hand side can be made arbitrarily small by choosing the constant ¢ large enough, which
proves the result. O

Lemma 13. The following hold for some non-random functionsn, ;(¢), j = 1,2,3, satisfying
maxge(c)|1g,;(¢)] < G2

max| N1 X, Z U (ping){B — B} — ng,l(aﬁ)‘ = Op{log"(G)G™*N~1/2}

max|N~'¢X ), qu (Ghing) ting{ B ﬁn}—ng,z(@‘:Op{logc(G)G1/2N1/2}

g€[G]

max| N~ X, Z{Bn( o) — B} 108(ygn) — ng,3(¢)‘ = Op{log®(G)G~AN 12},

g€[G]

Remark 3. The function n,3(¢) is a constant with respect to its argument ¢. We call it a
function of ¢ for consistency.
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Proof. Let 6 B — L. Corollary 2 1mphes we can prove the above expressions after
replacing ,Bn and ﬁ(l (—0) with Bn ~176 l)ﬁn and ﬂ(l — 1T5 1) ,Bn, respectively.

We prove the first result, as the proofs of the other two are 1dentlca1 The first term can
be expressed as

N
NTIX] Z U(ping ) { B ~17603,} =N"1X Z U (Bfing) 0LV
(S13)

- N~ Zﬂng Pling) 1T6 W

Define x, to be the first term to the right of the equal sign and let the event F to be as
defined in the statement of Lemma 3. Then for any ¢ > 0, Lemma 2 implies

P —E >t) <P —E(z,1{E})| >t — E(z,1{E° NnE
r(maxjzy — B(zo)| > 1) < Pr(max{|z, — Bz, 1{E})] max| Bz, {ED)|} N E)
+ cexp{clog(G) — ¢ 'G}.
We first prove that max,ciq) G/E(z,1{E})| converges to 0 and that |E(z,)| < cG~/2 We
then prove that
Pr <{mz[g<];]:z:g — E(x,1{E})| > Mog*(G)G~2N~1?1 n E)
g€

can be made arbitrarily small by choosing a large enough .
Let a, and X, be as defined in the proof of Lemma 4. Then on the event F, the first
term to the right of the equals sign in (S13) can be written as

N
N7TX], Z U(Gpng)0) =X, NN " M, 1A, = a, U 1]} 0(bpang) (X, X)) X €,

n=1 an

where M,,, € {0, 1}/*(ntlanl) i 3 matrix whose columns are all 0 except for one entry that
is equal to 1. Note X;Man equals the g-th row of X, . On the event F,
”E[Manl{An = an U [Jn]}\p(¢,ung)(X;;Xan)_lx;enl{E}]Hg
<E|[|M,,1{A, =a, U[J,]}¥(¢ Mng)(X;Xan)_lX;enH21{EH

<e[B{lx X X el] " < 6

which also implies

E < G2,

NT'X], Z‘P (ppng){BY — B} I{E}

On the event E°, the first term in (S13) satisfies

NTX] Y U(gp, SWI{E} || < E{|6" < E
Z (Phing) 0, 1{E} < cmax {16123 c+cmax {1882}
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where the first inequality follows because || X .||z, [¥(Ppng)| < ¢ and the second because
|Bnll2 < ¢. Since the non-zero elements of 57(11) equal the ordinary least squares estimator

for the regression of ¥, onto some subset of the columns of X, E{||8"||y < ¢. Together,
these results and Lemma 2 imply

E 1xT Z‘Il ¢Mng 5(1) <CG 1/2

E 1)(T Z U (ping) 0V 1{E} || < cexp{clog(G) — ¢ G,

which proves maxyeq) GIE(z,1{E})| — 0 and |[E(z,)| < G2,
To complete the proof for the first term in (S13), define ay,, 4 to be

Qg o= M, 1{A, = a, U[J. ]}V (du, ) (X X, )X €,
n,g n /'L g an n an
where
VY Y a BB = XN Y )
n=1 ap n=1 an
on E. For any unit vector v € RX and p > 1,

{E(G? [0 0, o) }7 <c{E(Jv" M., (G X, X,,) "' G712 X, €al")}1/7
<cp'?|GT2X, enllg, < cp'?,

meaning G'/2ay,, , is sub-Gaussian with uniformly bounded sub-Gaussian norm. Since the
a,, o's are independent across n,

N
X, N Qg — B, o)}
n=1 an

is mean-zero and sub-Gaussian with sub-Gaussian norm bounded above by ¢cG~Y/2N~1/2 by
Lemma 5.9 of Eldar et al. [21]. Then
. t] |

The desired bound then follows by Lemma 10. Putting all of this together implies |E(x,)| <
¢G~'/? and that

X, N7 Z > Ag — E(ou, o)}

n=1 an

Pr max{\:cg E(z,1{E})| >t} N E} < Pr [max

g€[G) 9€[G]

Pr{m?GX\xg —E(x,)| > Mog®(G)G~VAN1?}
S

can be made arbitrarily small by choosing A sufficiently large.
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An identical proof can be used to show the same holds for z, = N=* SN ung\lf(qbung)lT&(f).
This implies the first result in the statement of the lemma holds with

Nea(¢) =E |[N7'X, Z W (Hping) (B 1T5£3>ﬁn}] -

The remaining two statements hold with

i N
ng,2(¢) =E N_1¢X;< Z qj%éﬂng)ﬂny{ég) - /Bn - ]-T(%Ll)/an}]

nya(¢) =E N7 X, Z{B 1ng{2_g)ﬁn}1og<ygn>] .

]

S13 Proof of Theorem 1 when data do not follow a
beta distribution

Here we prove Theorem 1 when DNAm levels y,, do not follow a beta distribution.

S13.1 Assumptions

The below assumptions are assumed to hold for some large constant ¢ > 1 in all proofs
below.

T

Assumption 6 (Design conditions). The matriv X = (x1---xg) is non-random and

satisfies:
(i) Xgx € [ct, 1= ¢ for all g € [G] and k € [K].
(ii) The smallest eigenvalue of G1X T X s greater than ¢~ *.

Assumption 7 (True coefficients). The sum of cell type proportions is equal to one, i.e.,
178, = 1. Additionally, let J, € {2,...,K}. The first J, coefficients of B3, are non-zero
and the second set of K — J,, coefficients are zero. The non-zero coefficients satisfy Bur > ¢!
for all k € [J,].

Assumption 8 (Precision parameters). ¢, € [¢™!, c] for all g € [G].

Assumption 9 (Observed DNAm levels). The random variables {Yng}nenyigeia) are inde-
pendent, bounded between zero and one, and satisfy

E(Yng) = ting = XTan Var(yng) = fing(1 — ping)/(¢g + 1), n € [N];g € [G].

Assumption 10 (Sample size). ¢c'N < G < cN2—<"
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Assumptions 6, 7, and 10 are identical to Assumptions 1, 2, and 5 from Section S11. As-
sumption 8 is slightly more general than Assumption 3 from Section S11, as it does not
explicitly require ¢, be estimated in the compact set.

The main change from Section S11 is Assumption 9. In additional to the random variables
being independent (which was also required in Assumption 4 from Section S11), Assump-
tion 9 assumes we have the correct form for the mean and variance model. As the data do
not need to follow a specific distribution, this is much more general than requiring the data
follow a beta distribution.

S13.2 BLEND-M’s estimators

Here we detail BLEND-M’s estimates for cellular proportions when only the mean and
variance model are known. Since this only impacts our estimates for ¢,, we simply change its
estimate from the maximum likelihood estimator to the method of moments estimator given
in (S1). All other estimates, i.e., its first- and second-step estimates for cellular proportions,
remain the same.

S13.3 Proof of Theorem 1

We first note that the lemmas and corollaries presented in Section S12.3 do not depend
on the way the precision parameter is estimated and only depend on the beta assumption
through the fact that when this holds, y,, is bounded between zero and one. As such, all
of these results hold under the new set of assumptions. The same is true for Lemmas 10-12
from Section S12.6.

Since the only part of BLEND-M that changes is the estimate for the precision parameter,
we need only modify the results regarding qgg from Section S12.4. In particular, we prove an
analogue of Lemma 8, which states that the method of moments estimator can be expressed
in a tractable manner. We then prove Theorem 1.

Lemma 14. Let gzgg be as defined in (S1) and assume Assumptions 6-10 hold. Then there
exist non-random quantities 1y satisfying maxyeciq|ng| < cG~2 for all g € [G] such that

max (ggg — ¢y) + (¢ +1)° {N_l Z %_—E(Eng)) + 779} = Op{log(G)N'}.

9€(G] 1 Ping(1 = fing

Remark 4. We abuse notation in the statement of the above lemma, as the quantities 7, are
not the same as the non-random functions defined in the statement of Lemma 8. We use the
same notation because the two sets of quantities share the same properties.

N =By
n=1 fing(1—fing)
is sub-Gaussian with sub-Gaussian norm bounded above by ¢cN~—V/2 for all g € [G]. As

such, Lemma 10 implies a direct consequence of Lemma 14 is that maxge[gﬂgzgg — ¢4 =
Op{log"*(G)N~/2}.

Remark 5. Since €, is bounded between zero and one under Assumption 9, N1 3"
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Proof. Define

where ¢, = max(&, ' — 1,0). To prove the desired result, we need only show that

N 2 2
max| {6, — (3, + 1)} = N1 30 1o 2w

= Op{log“(G)N 1.
prete) — ,ung(l _ ,Ung) g P{ g ( ) }

This is because ¢, = N7 ! Zn 1 MWL(%)) is sub-Gaussian with sub-Gaussian norm bounded
above by cN~1/2 (by Lemma 5.5 in Eldar et al. [21]). As such, Taylor’s theorem would then
imply

grel?éla (ng +1) + (¢g + 1)2{@7 + 779}} <Op {grel?g]q{@ + 779}2| + logc(G>N_l}
=Op{log"(G)N"'}.

Let 5,(11), 5(1)_9), 521), and 57(11’2_@ be as defined in Corollary 2, and define X = X (I —

n,(

B,17) and Amg =6 — Ssz_g). To simplify notation, we note that the Op remainders in all
of the below expressions are valid over maxima taken over g € [G]. That is, if z, = Op(a,)
for some sequence ay, it is taken to mean maxycig|z,| = Op(an).

First, &, can be expressed as

N T 5142 N o T s(1)q2
€ng — X 5, 0n €ng — X 15On
dy =N"") :{ it Eoo N t O ) + Op{log*(G)N '}
n=1 /Lng(l N Mng) Corollary 1,2 n=1 ’ung(l o ,ung)

1) TA 2
_N- Z{eng X0,y — XA}

+ Op{log*(G)N '}

fing (1- Mng)
R DT N
- n=1 lu’”g lu”g N n=1 /ng(l ,UJng)

Corollary 1
+ Op{log®(G)N'}.

To bound the second term in the last line, note that

) .
X000 VX LA

N
2 {Eng
— S14
P Fong (L — fing) (514)
231y = Ay X000 X A
Nn:1 n n,(—g) Hng(l png)

o T 5(1) o T
{eng — X .0, 1 XA
llng(l - ﬂng)

9 N
P2 A Au)
n=1
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By Lemma 2, it suffices to assume [J,] C A,, A, (—g). On this event and when A,, = A, (_

An,g _ Eng _1(:“92_ Ngn) (X;l—nXAn)_l X4,
— hgn

where hg, is the g-th leverage score of the design matrix X 4, and X, 4, is the g-th row of
X 4, expressed as a column vector. Since mane[G},ne[Nthn| <G,

N T
2 {Eng Xg* n }X
max|— HA,= A, _
g€[G]| N ; { { g)} ,U/ng(l Nng)
<c¢G™' max _ X;dn( 9| max €ng — (fign — tign)| = Op{log®(G)G~'}
- 9€[G]ne([N] ung(l fing) | 9€[GlnE(N] oo

— Op{log*(G)N "1},

Next, Corollary 1 and Lemma 12 imply

N o)
max|— H{A, # A, . —9)
g€[qG] N nz { 7& = g)} ,U/ng<1 Nng)
. XT5(1 ) N
<c¢ max g+ (=g max  ||A,, |l max N~! A, # A,
= gelGlnel] ung(l ing) | octb il Aol 28 nzl W # Ao}

= Op{log*(G)N"'}.

We now return to the expression for &,. The above bounds and Corollary 1 imply it can
be expressed as

9 N
o =N Zung — fing) _Nz::

We start by considering the second term after the equality. Corollaries 1 and 2 imply
MaX,e(N],ge(c][fing — Hingl = Op{log®(N)G™/2} = Op{log®(G)N~/2}. As such, a second
application of Corollary 1 and Taylor’s theorem imply the second term can be expressed as

50
>+ Op{log (G)N '} (S15)

ng)

1
2 engXT(s (-g) .
SN w9 4 Op{log -1
N n=1 Mng(l - :ung) { ( ) }

Since €,, and Sfllg_g) are independent, the first term is sub-Gaussian with sub-Gaussian

norm bounded above by ¢N=! [N (X T§0) 12 v conditional on 8" sY b
y n=11%g Oy, () 1,(~g) "1 ON(—g) Y

Lemma 5.5 of Eldar et al. [21]. Corollary 1 and Lemma 10 then imply

2 X e X0

max|—

— 2 9 — Op{log“(G)N 1},
g€[G] anl Mng(l _Mng) P{ g( ) }
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To complete the proof, it remains to consider the first term on the right hand side of (S15).
To do so, let f(x) = {x(1 —x)}~'. Then Taylor’s theorem and Corollary 2 imply

N~ —N
Z [/Jng ng Z ,ung

e ) 4 Ol (@N ),
n=1

7t NT'X ), Z F(ptgn) 2,0

M /‘ng

where [ig4, lies between jig, and fi4,. Corollary 1 and 2 imply the term term on the right
hand side of the equality is Op{log®(G)N~'}. Therefore, to complete the proof, we need
only show that

NT'XLY " (ign)eny 08 = ng + Op{log®(G)N '},

where 7, satisfies the properties in the statement of the lemma.
To prove this, we see that

IXT Zf ,ugn 6ng(sr(ll _ 1xT Zf /Lgn € 6 +N 1xT Zf/(ﬂgn)eigAq(—Ll;
=1

Identical techniques used to bound (S14) can be used to show that the second term on the
right hand side of the equality is Op{log®(G)N~'}. Finally, an identical proof used to prove
Lemma 13 can be used to show that

{ IXTZJC Ngn ng n )}
2 5(1)

satisfies the properties in the statement of the lemma and N*1X9T>k 25:1 J'(tgn)€ng0p (o)
ng + Op{log®(G)N~'}. O

We next prove Theorem 1 assuming Assumptions 6-10 hold. Since the only change we
have made from the proof in Section S12.5 is the estimator for ¢4, proving the theorem only
requires updating that proof to account for the change in estimator. We therefore need only
show (S9) still holds (see the proof of Theorem 1 in Section S12.5), and that the term on the
left hand side of the equality in (S11) is 0p(G'/2). We prove these two below, which together
with the proof from Section S12.5 in, will complete the proof of Theorem 1 under the new
set of assumptions.

Proof that (S9) holds. To prove (S9) holds, we need only show that

by + 1 1
max| — 09 T — — 09 = op(1). (516)
9€lG)| fign(1 — fign)  pign(1 — fign)

This follows directly from Corollaries 1 and 2, Lemma 14, and Remark 5. O
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Proof that the term on the left hand side of the equality in (S11) is op(G'/?). To prove this,
we re-define ¢'(¢,), ¢"(¢,), and n,(¢p,) from the proof of Theorem 1 in Section S12.5 to be

N
U(pg) = (¢ + 1) Z ung))v "(gg) = N, 1y(dg) = (dg + 1)2779>
- M ng

where 7, is as defined in the statement of Lemma 14. The result then follows by the same
proof we used to show that (S11) is 0p(G*/?) in Section S12.5. O
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