Supplementary material
Basic terminologies
                  P (z | x) =            (1)
In equation 1, Bayes theorem establishes the relationship between the parameters of the posterior distribution, , given the observed data (TAC) and the likelihood, , and the prior (which is IDIF-Mean in our work). This relationship is mediated through the evidence, P(x), described through the probability density function as:
P(x) = ∫ P(z|x) * P(z) dz.
To calculate the exact posterior distribution, ∫ P(z|x) essential for the direct computation of the evidence is intractable. Variational inference can be used to approximate the posterior distribution in such scenarios. Here, we start with a family of distributions that are easier to obtain. Subsequently, we find the distribution within this family closest to the exact posterior distribution. The closeness between the exact and approximated distributions is measured using Kullback Leibler (KL) divergence, which measures the difference between two distributions. The details on the KL divergence have been described elsewhere (1) (2).
Steps for AIF estimation: 
1. Select a family of distributions: The true distribution of arterial input function is a complex problem to capture mathematically, but it is valid to assume it follows a sum of exponential distributions (3). A surrogate posterior, , (q), is used as an approximation for (, i.e., the true posterior. The mean of q is typically chosen from a simpler exponential distribution.

[bookmark: _Hlk166767088]The joint probabilistic model was defined using TensorFlow Probability's JointDistributionCoroutine, which specifies how IDIF-Mean (latent variable, z) and TAC (observed variables, z) are related probabilistically. These are defined as per the distribution followed by the AIF and TAC, where the IDIF-Mean is identified to follow an exponential distribution with a specified mean (i.e.,). The TAC is described using a normal distribution (mean , and standard deviation ) at each time step:




2. Calculate ELBO: Instead of directly minimizing the KL divergence, generally a related quantity called the Evidence Lower Bound (ELBO) is maximised (4). As depicted in the equation 2, ELBO consists of two terms: 

.            (2)

Here,  encourages the probabilistic model to calculate the log-likelihood of the observed data (TAC) given the prior (IDIF-Mean). The term KL(q(z|x)||p(z)) ensures that the approximate posterior is close to the prior. The ELBO can be computed and maximized using gradient-based optimization techniques. The optimizer adjusts the parameters of the surrogate posterior (i.e., q) to maximize the ELBO.

3. Optimisation for ELBO maximization: Optimization uses gradient-based methods, such as the Adam optimizer using Tensorflow (Version 2.5.3). The optimization process involves iteratively adjusting the parameters of the surrogate posterior, q, to maximize the ELBO, thereby making a better approximation of the true posterior, . The optimal parameters of the surrogate posterior represent an approximate solution to the intractable posterior distribution. The optimization loop was run for a specified number of steps, and the parameters of the surrogate posterior were updated to better approximate the corrected true posterior distribution. 

Note, the defined joint probabilistic model between the TAC of the grey matter and the IDIF-Mean considers the correction for both overestimation and underestimation of radioactivity at each step. In particular,  and  obtained from the TAC with respect to the  obtained from the IDIF-Mean provides the approximation for the spill-in and spill-out of the radioactivity within the selected pixels, which are obtained with higher arterial vasculature using magnetic angiography atlas.
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