Appendix:
A.1 Local stability

The Jacobi matrix A of system (2) is as following,
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By calculating the characteristic equation det(A — AI) = 0 of equilibria, we get the
following conclusions.

Theorem A.1 The trivial solution O(0,0,0) of system (2) is an unstable saddle; Let Ry =
m, then the boundary equilibrium El(a—’;l,0,0) of system (2) is locally asymptotic
stable when Ry < 1, otherwise, Ey is unstable, at the same time, equilibrium FEs(Z,7,0)

exists.

For the equilibrium FEs(Z, 31, 0), characteristic equation is obtained:
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As = g1 — d3, when R < 1, we have x < %, thus, A3 < 0.
Assuming that
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then the other two characteristic roots satisfy the following equation,
A\ — (w1 + wa) A + wiwy — wows = 0. (B1)

Here wo < 0,w3 > 0,wy < 0, if wq < 0, then, wi +wy < 0, wiwg — wowsz > 0. At this time,
equation (B1) will have two characteristic roots with negative real part.
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therefore,
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obviously, » — a11Z > 0, in addition, according to the existence of Es(Z,%1,0), we know
a1z —nr +nai1z > 0, thus, the above inequality can be turned into the form below,

mna%liﬂQ + 2a11m(a2 — nr)d + annais + mnr? — ajgmr > 0,



A1 = 4da3jaiam(maiz — mnr — nayy), it is easy to see that A1 < 0 and w; < 0 when
maia < n(mr + ajp). As a result, about the stability of Es(Z,%1,0), we have the following
results.

Theorem A.2 Assuming agir > da(ai1 + mr), if maja < n(mr + a11) and Ry < 1, the
disease-free equilibrium FEs(Z,91,0) is locally asymptotic stable.

In the following, the local stability of the positive equilibrium E*(x*,y],y5) is discussed,
the corresponding characteristic equation of E* is
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then (B2) can be simplified as,
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the above expression turns into:

N+ (assys — (p1+ pa)) A2 + [(p1pa — paps) + B2y ys — assys(p1 + pa)]\
+ as3ys(p1pa — pap3) — B2yiyspr = 0.

According to Hurwitz rules, if the characteristic roots of the equation have negative real
parts, it should satisfy:

assys — (p1+pa) > 0, assys(pips — paps) — B2yiyspr > 0, (B3)
[azsys — (p1+pa)][(p1p4 — p2p3) + B2y v5 — assys (p1+p4)] — assys (p1pa — paps) + B2y ysp1 > 0.

(B4)
the expression of (B4) is equivalent to
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Here pa < 0,p3 > 0,p4 < 0, If p; < 0, then p; + ps < 0, p1ps — pap3 > 0, the inequalities
(B3) and (B5) must be verified.

maizz*y} mai2y]
Because of p1 = —ane™+ rrmeyme <09 momer e < @11, here Lma™ fnyy =
a12y7 . . .. .
e T a11x* > 0, then the above inequality p; < 0 is inequivalent to
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here yf = (T(;lgfgi(i(z%’f), (B6) can be reduced to,
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On the basis of existence of E*, we have a13 — nr + najjz* > 0, r — ajjx™ > 0. (B7) is true,
it only needs to meet

mnaty (%) + 2a11m(arz — nr)z* + ayrarz + mnr® — ajgmr > 0, (B8)
Ny = 4a3i[aiom(mais — nrm — naip)], when maia < n(mr + ap1), Ay < 0, (B8) must be
true, so the following conclusion can be gotten:

Theorem A.3 If Ry > 1, the positive equilibrium E*(x*,y3,y5) of system (2) is locally
asymptotic stable when maio < n(mr + aiy).

A.2 Global stability
According to Theorem 5 and Theorem 6, conclusions about equilibria £7 and E» can be
derived.

Corollary 1 If ag1r < ajids, the boundary equilibrium E7 (
asymptotic stable.

-L-.0,0) of system (2) is globally

ail

Corollary 2 Assume ag1r > da(aj1+mr), the disease-free equilibrium Es (Z,91,0) of system
(2) is globally asymptotic stable when a1y > m(r — a;1&) and Ry < 1.

Remark A.1 Because of the same reason as Remark 6 of Theorem 6, condition a1 >

m(r — an) in Corollary 2 can be replaced by aio < min{ ™ nr}, which is easily checked.

About the positive equilibrium E*, according to Theorem 7, its global stability conditions
is also gotten.

Corollary 3 Assume Ry > 1, when aj; > m(r—anz*), the positive equilibrium E*(x*,y7,ys)
of system (2) is globally asymptotic stable.

Remark A.2 Similarly, the condition aj1 > m(r — aj12*) in Corollary 3 can also use con-

dition a1z < min{™2L nr} instead which is easy to verify .

A.3 Permanence
In the following, we give sufficient conditions of permanence for system (2).

Theorem A.4 Assuming that r > “nﬁ, Bagir > Bairds + ari1agseds and

1 a aor — aj1ds)? mpB3r as1r — a11d
antazf—(r — 42) spgrla )’ BT gy, (o ouds)
an n ai1a3y an a11a22
+ Am— + A,
arl



are verified, here A = agsdo3 + dzassaszs — B2ds, then at this time system (2) is permanent.
Proof. By virtue of the comparison theorem, for system (2), it is easy to see
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In addition, we have
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In the same way, when Baoir > Baiids + ai1a922ds,
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According to the comparison theorem, if Tk > BKo + da,
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Here K| > % is equivalent to
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Substituting K, K and K into the above inequality, we find that K, > % equals to
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here A = as3dsf3 + dsassass — $2ds, the theorem is proofed.



