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Kalman Filter and Smoother
Our goal here is to demonstrate how the Kalman filter and smoother provide a means of calculating
p(η|Ξ) = p(η1|Ξ)

∏K
k=2 p(ηk|ηk−1, . . . , η1,Ξ) and sampling p(θ|η, V,W,D,B)1. Based on this goal,

we can restrict our attention to a portion of the full MALLARD framework, particularly the
conditional model

ηk ∼ N(F ′kθk, Vk)

θk ∼ N(Gkθk−1,Wk)

θ0 ∼ N(m0, C0)

where we consider ηk, Vk, Wk, Fk, and Gk as given for all k ∈ {1, . . . ,K}. This presentation of the
Kalman Filter and Smoother directly parallels the discussion presented by West and Harrison [1].

Theorem 1. (Kalman Filter) For the above model, one-step forecast distributions of the form
p(ηk|ηk−1, . . . , η1,Ξ) and posterior distributions of the form p(θk|ηk, . . . , η1,Ξ) are calculable for
all k as follows:

(a) Posterior at step k − 1:
For some mean mk−1 and variance matrix Ck−1,

p(θk−1|ηk−1, . . . , η1,Ξ) ∼ N(mk−1, Ck−1).

(b) Prior at step k:

ak = Gkmk−1

Rk = GkCk−1G
′
k +Wk

p(θk|ηk, . . . , η1,Ξ) ∼ N(ak, Rk)

(c) One-step forecast at step k:

fk = F ′ak

Qk = F ′kRkFk + Vk

p(ηk|ηk−1, . . . , η1,Ξ) ∼ N(fk, Qk) (1)

1 Just as in the main text we consider Ξ = {V,W,m0, C0, F,G}.
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(d) Posterior at step k:

ek = ηk − fk
Ak = RkFkQ

−1
k

mk = ak +Akek

Ck = Rk −AkQkA
′
K

p(θk|ηk, . . . , η1,Ξ) ∼ N(mk, Ck).

Proof. The proof follows directly from the corresponding theorem given in West and Harrison [1]
with the following substitutions: t← k throughout and Yk ← ηt.

Theorem 2. (Kalman Smoother) The marginal posterior distribution for p(θk|ηK , . . . , η1,Ξ)
can be sampled directly given quantities Rk, Ck, ak, and mk calculated from the Kalman filter as
follows:

(1) For step K:

hK = mK

HK = CK

p(θK |ηK , . . . , η1,Ξ) ∼ (hK , HK)

(2) For step 0 ≤ k < K:

Bk = CkG
′
k+1R

−1
k+1

hk = mk +Bk(hk+1 − ak+1)

Hk = Ck +Bk(Hk+1 −Rk+1)B′k

p(θk|ηK , . . . , η1,Ξ) ∼ (hk, Hk)

Proof. The proof follows directly from the discussion given in West and Harrison [1] with the
substitution t← k.

The Kalman Smoother can be seen as a method for calculating the posterior marginals of θk.
Sampling from these marginals is straight forward and reduces to sampling sequentially from the
multivariate normal as demonstrated in Theorem 2. For many purposes, as was the case in the anal-
ysis of the artificial gut dataset, sampling from these marginals will be sufficient for posterior anal-
ysis. However, if sampling of entire trajectories from the joint posterior p(θK , . . . , θ1|ηK , . . . , η1,Ξ)
is desired, a different algorithm is required. While this task is in general more complicated than
sampling from the posterior marginals, we present the Backwards Sampling Algorithm which solves
this task. Our discussion of the Backwards Sampling algorithm will follow the presentation of West
and Harrison [1].

(Backwards Sampling Algorithm) The posterior distribution for p(θK , . . . , θ1|ηK , . . . , η1,Ξ)
can be sampled from directly given quantities Rk, Ck, ak, and mk calculated from the Kalman
filter as follows:

(1) At step K:

hK = mK

HK = CK

p(θK |ηK , . . . , η1,Ξ) ∼ N(hK , HK)

(2) For step 0 ≤ k < K:

Bk = CkG
′
k+1R

−1
k+1

hk = mk +Bk(θk+1 − ak+1)

Hk = Ck −BkRk+1B
′
k

p(θk|θk+1, ηK , . . . , η1,Ξ) ∼ N(hk, Hk)
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While the Algorithm is technically correct, care should be taken as certain models can cause
the above algorithm to fail in practice due to singularity in the matrix Hk. For example, in
analyzing two samples (k and k + 1) that are technical replicates (Wk+1 = 0), we will find that
Rk+1 = Gk+1CkG

′
k+1 + 0 which will cause Bk = CkG

′
k+1(Gk+1CkG

′
k+1)−1 and therefore causing

Hk = Ck − CkG
′
k+1(Gk+1CkG

′
k+1)−1Gk+1CkG

′
k+1(Gk+1CkG

′
k+1)−′Gk+1Ck

= Ck − CkG
′
k+1(Gk+1CkG

′
k+1)−′Gk+1Ck

= Ck − CkG
′
k+1(G−′k+1C

−1
k G−1k+1)Gk+1Ck

= Ck − CkC
−1
k Ck

= 0.

To summarize, having Wk+1 = 0 (as would be seen in the case of technical replicates, can cause
Hk = 0 and therefore causing p(θk|θk+1, ηK , . . . , η1,Ξ) to be singular and likely causing errors for
most computer programs. However, this may be improved by adding a condition into the sampling
that if Wk+1 = 0 then θk may be calculated (not sampled) as θk = hk.

Observations Missing at Random
Observations missing at random (e.g., Yk is missing at random) are often trivially handled by
MALLARD using the ability of the Kalman filter to handle missing values. In particular, if
observation k is missing, the fourth step of the Kalman filter (in which the Posterior at step k is
computed) can be replaced with the following update rule:

mk = ak

Ck = Rk

p(θk|ηk, . . . , η1,Ξ) ∼ N(mk, Ck).

In other words, in the presence of a missing observation the prior becomes the posterior. Im-
portantly, this simple change to the Kalman filter is usually the only change required to allow
MALLARD models to handle observations missing at random.
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