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Since we expand the stage game to multiple terms, the stage game repeats itself at each period starting from t = 0. At the conclusion of each stage’s play, the action profile is revealed to all players and the stage payoff is also rendered. Since we assume the U.S. and Iran have perfect recalls, they should condition their current strategy on the history of all action profiles. A player has repeated-game strategy sequence, where each is a history dependent stage-game strategy,. The history at time t is the sequence of action profiles..
Since players in our game receive payoffs after the conclusion of each stage and discount future payoffs with a uniform discount factor, we use the average discounted payoff to represent the player’s overall payoff over a certain period. A player’s average discounted payoff over an infinite period,  is:
		(8)
To prove a strategy profile  is a sub-game perfect Nash equilibrium of the infinitely-repeated game, no player  has a profitable deviation from s∗. Based on the Folk theorem, we only need to check whether one-stage improvement exists. In a one stage deviation, the deviating player only deviates from the specified strategy profile at a single history . If there is no one-stage improvement, plays should have no incentive to deviate and thereby the strategy profile is a sub-game perfect Nash equilibrium.
We define one stage deviation as, for player , there exist sa , which satisfies that for a time  and a history, , ,  and . s∗ will satisfy no one-stage improvement if , , , and ,  is no better than s∗ against . 
We now prove that playing the grim trigger strategy and the stage Nash equilibrium strategy are two sub-game perfect Nash equilibrium. Set  and  as the strategy profile of the U.S. and Iran at each stage t. Phase  is the stage where the earliest deviation happens,. The payoffs for the U.S. and Iran given their respective strategy set are denoted as U1 and U2. The President discounts future payoffs by a per-period factor δ. δ will remain the same across the international and domestic game because the President, at a given period, always considers international and domestic politics at the same time and generates a uniform expectation of the future.
Proof For Proposition 1
For the grim trigger strategy, we want both players to play, which is the Pareto optimal action profile. After one player deviates, the other player chooses the punishing strategy . It minimizes the payoff the deviating player could receive given the player chooses the best response to the punishing strategy. We consider the case where one player deviates at stage  and, for all stage  and no player deviate from .
We define the grim trigger strategy profile  as:	
[bookmark: _Hlk64208353]If the player does not deviate and plays , he will achieve payoff, given that the other player also does not deviate and plays the Pareto optimal strategy. When he deviates, the other player will punish him by playing strategy , which minimizes the payoff the deviating player is able to receive given that he optimizes against the punishment. The minmax value the deviating player will receive is denoted as. To satisfy the no one stage deviation principle, each player should have payoff vector  larger than , so that  such that >. 
The U.S.’s payoff at each stage is  and its average discounted payoff is . We will prove that (1) it is not better for the U.S. to deviate first, and (2) it is not better for the U.S. to keep choosing positive after Iran deviates at . Thus, we can prove that playing the grim trigger strategy satisfies the no one deviation improvement principle.
If the U.S. deviates first at phase , its payoff will be:
   (10)             (11)
Since  are all constructed as constant terms, we now solve for  with respect to δ. If and only if, the U.S. will not deviate first. This condition also applies to Iran given the symmetric property of the game.
As such, we have proved that if the U.S. is sufficiently patient, namely , it is not optimal for the U.S. to deviate first. We can now prove U.S.’s best response in case where Iran deviates first is to trigger the punishment strategy and plays negative. If Iran deviates first at phase , the U.S. will not benefit from keep choosing positive strategy after . Consider one case that the U.S. keeps choosing positive strategy at . If we can prove that it will be worse for the U.S. to choose positive one turn after Iran has chosen negative, by recursion, we can also prove that the U.S. only loses more by keep playing positive after Iran plays negative.

                                                                                                                           (13)
       (14)
Since by our assumption in equation (4), , and 0 < δ < 1,  always holds. Therefore, once Iran deviates first, the U.S. should adopt the punishment strategy immediately in the next stage. Thus, it has been proved that the grim trigger strategy is a subgame perfect Nash equilibrium given . 
Proof For Proposition 2
Both countries playing their Nash equilibrium strategies in a single stage game is also a sub-game perfect Nash equilibrium. In this case, both players play  all the time. The optimal strategy profile  can be represent as:
,  and                                                        (15)
The U.S.’s payoff at each stage is, and its average discounted payoff is . We will prove that it is not better for the U.S. or Iran to unilaterally deviates to playing positive.
If the U.S. or Iran deviates to positive strategy in any single term, it will gain a payoff less than . If the U.S. deviates to positive strategy at phase , and return to negative strategy at phase to minimize the loss, it will achieve the following payoff: 
 


By our assumption in Equation (4), . Since 0 < δ < 1,  ,  is strictly higher than . Through recursions, inasmuch as it is strictly worse for the U.S. to deviate to  in any single term, it will be similarly worse for the U.S. to deviate to  in multiples terms. 
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Let  indexes the stage number in the series of games. . At , it is the initial node where Iran makes its move. At and the President and Congress make their moves, respectively. Moreover, we denote the decision node of each player as The path that leads to Congress’s decision is defined as , , where the first entry represents Iran’s strategy and the second one is the President’s. Congress makes decision at . The average discounted payoff for each player is defined as a function of , .
Based on the definition of variables, we arrive at the following relations between the payoffs for Congress:

Using the backward induction approach, we can efficiently eliminate outcomes that are not rational for Congress, that is, (1) choosing disapproval when Iran and the President both play ; (2) choosing disapproval when Iran chooses  and the President chooses n; and (3) choosing approval when Iran plays  and the President plays  The only undecided case is when both Iran and the President play negative, whether Congress should approve or disapprove. We will divide this situation into two scenarios and discuss them separately.
By analysing each player’s best response given the other player’s choice, we can discover that {negative, negative} is still the Nash equilibrium at the stage game. By the same reasoning in international game, playing negative is always the sub-game perfect Nash equilibrium for the President and Iran. The question is: when both players play a grim trigger strategy, what motivates them to play positive?
Proof For Proposition 3
In this situation, Congress chooses approval when Iran and the President both play negative. Similar to the setting in the international game, we set  as the strategy profile of each player at each stage t. Iran, the president and Congress are denoted as 1, 2 and 3, respectively. The payoff for Iran is denoted as  while that for the President and Congress are  and .
We expect Iran and the President to play  in the international game, but after one player deviates, the other player will choose the punishing strategy. Assuming that the earliest deviation happens in t”, the grim trigger strategy profile can be represented as: 
                                       (21)	
If the President does not deviate, his payoff at each stage will be  and the average discounted payoff will be . We calculate the discount factor, given that Congress approves the President’s negative attitude, that makes: (1) it is not better for the President to deviate first; (2) it is not better for the President to keep playing positive after Iran deviates first at t”.        
The payoff for the President is exactly the same as that in the international game, except that the President now achieves rally effects when he chooses negative. If the President deviates at phase t, his payoff  will be:


To examine the conditions under which the President will choose positive, we solve for the condition of  that satisfies , namely .
Solving for the equation, we now find that when , the President will keep choosing positive. Both states choosing positive until one party deviates to negative and then keep choosing negative is a sub-game perfect Nash equilibrium strategy.
Proof For Proposition 4
In this situation, , Congress will disapprove when the path arrives at (n, n). If the President deviates at first at , he will end up with payoff :


At this time, in order for  to be satisfied, .
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