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Appendix A

E-AKDE bandwidth optimizer

The elements below serve two purposes: first, making the proof of concept of AKDE [1] more accessible to a wider
audience; second, describing how environmental interactions were incorporated into the AKDE bandwidth optimizer.

Throughout, the multivariate Gaussian density function of mean u and variance-covariance matrix X is denoted
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with r a vector of dimension d=2.

A) Lemma A: “Completing the square”

The product of two Gaussian densities of r can be expressed as a product of a Gaussian density independent of r and a
Gaussian density of r.
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A summarized proof is found in Pedersen et al. (2008 pp.40-41).

This lemma is key to E-AKDE derivation, because the first term in the right-hand product does not depend on r so can be
extracted from spatial integrals. The expression “completing the square” may not be familiar to non-anglophone
readers so it seemed worthwhile to explain it in full.

B) Lemma B: Multivariate Gauss Hermite Quadrature

In one dimension, the Gauss Hermite quadrature refers to the use of Hermite polynomials to approximate an integral of
i f(x) exp(—x?/2) dx with a finite sum of Q terms

X=—00

the form

=—00

Q
+00
| reemx/2dr =Y wif
x u=1
The weights {w, } and nodes {z, } have been tabularized for various Q values [3]. It is generally recommended to use Q >
15. This quadrature reputedly remains precise even in the presence of a moderate number of discontinuities in f.

Now in multiple dimensions, the problem is to compute integrals of the form
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In other words, we want to generalize the 1D Gauss-Hermite quadrature to 2D (or 3D), in order to approximate the
above multivariate integral with a finite sum. The problem is therefore to 1) place the nodes in the d-dimensional space




in an optimal way relative to the covariance terms in X; and 2) minimize the number of terms in the sum (for a fixed Q)
in order to decrease the computing time.

Following Jakel (2005), the first objective is reached by rotating the summation grid using the spectral decomposition of
X, that is the matrix S and diagonal matrix A that yield

T =STAS

We define A(Z) = SVA, we introduce the rotation operator R,4_; that operates d-1 45° rotations in each of the d-1
planes that constitute the d-dimensional environment, and we obtain the preferred set of nodes z' = A(X) - R4_1 * Z.
This routine is illustrated by Jakel (2005, in his Fig. 5).

The second objective is reached by “pruning”, i.e., removing the nodes with very small contributions to the sum.
Following Jakel (2005), we introduce a cutoff value below which the contribution of the focal node is considered
negligible.

The 2D Gauss-Hermite quadrature is then written:
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C) Computing and minimizing the Mean Integrated Square Error of E-AKDE

We denote p(r) the probability that location ris utilized by the focal animal. As per the kernel density estimation
paradigm, we want to approximate p (1) with a sum of n unimodal density functions, where n is the number of data
points. In E-AKDE, each kernel is a weighed multivariate Gaussian distribution:
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where the scaling constant K = fRZ W(r|R;)¢(r,r;, 6g)dr and other notation as in the main text.

The mean integrated square error (MISE) quantifies the difference between the true distribution and its estimator.
Following Fleming et al. (2015) we decompose the MISE into three components

MISE (a3) = { fﬂlp(r) — @I dr)
(1) (2) 3)
_y f p(Pp(r) dr) — 2 f p(PB(r) dr) + f P dr)

Following Silverman [5] and most later authors (e.g., [1,6]), we then replace p(r) with a mathematically tractable
function, a.k.a. reference function, in order to be able to evaluate the MISE (see main text for an important discussion of
this). For KDE and AKDE, the reference function is a simple multivariate normal distribution. For E-AKDE, we used a
weighed multivariate Gaussian distribution as reference function that we averaged across recorded locations. This
yields:
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where pg = (ryand a¢ = ((r — uo)" (r — po)), K? = fRZ W(r|R;)p(r, uy, 0¢)dr, and other notation as in the main
text.

After replacing p(r) with pggr (1) in the MISE formula, we integrate each of the three terms separately. We first
integrate over space (variable r), second over realizations of the movement process (variables r; and r;), using the
lemmas A and B. In doing so we treat the scaling constants K as constants, not random variables.

The following is written for 2D applications and using the Ornstein-Uhlenbeck position process with constant mean to
model availability (see main text). The framework can accommodate other availability models and 3D situations, but
this would require redoing to math below.
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From lemma A
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Integration over space

From lemma B
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Note that this term does not depend on the bandwidth so in effect does not need to be computed.

Second term
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Integration over space

From lemma B
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Integration across realizations
By definition
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Therefore from lemma B
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