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Supporting Information S1. R script for calculating MU in LC–MS/MS quantification of DBNS using GUM.

# ===============================================================
# GUM for Measurement Uncertainty (DBNS) 
# ===============================================================

# Abbreviations
# ---
# bal          : Balance
# calib        : Calibration
# comb         : Combined
# conc         : Concentration
# df           : Degrees of freedom
# flsk         : Flask
# k            : Coverage factor
# method_prec  : Method precision
# obs          : Observations
# pip          : Pipette
# RSU          : Relative Standard Uncertainty
# spk_std      : Spiked standard
# std          : Standard
# temp         : Temperature
# unc          : Uncertainty
# vol          : Volume
# wk_std       : Working standard
# wtd_reg      : Weighted regression

# Constants
# ---
k <- 2         # Coverage factor for ~95% confidence interval
sqrt_3 <- sqrt(3)  # Divisor for rectangular distribution

# Install and load required packages
# ---
if (!require(ggplot2, quietly = TRUE)) {
  install.packages("ggplot2")
}
library(ggplot2)

if (!require(ragg, quietly = TRUE)) {
  install.packages("ragg")
}
library(ragg)

# ===============================================================
# SECTION 1: Sample Preparation Uncertainty
# ===============================================================

# 1.1 Input Variables
pip_cert_unc_ul <- c(0.2, 0.2)       # Certified uncertainties (μL)
pip_vol_ul      <- c(100, 50)        # Pipette nominal volumes (μL)

# 1.2 Calculation
pip_std_unc_ul <- pip_cert_unc_ul / k
rsu_pip        <- pip_std_unc_ul / pip_vol_ul
rsu_sample_prep    <- sqrt(sum(rsu_pip^2))  # Combined RSU
df_sample_prep     <- Inf   

# 1.3 Output
cat("=== Factor 1: Sample Preparation Uncertainty Results ===\n")
for (i in seq_along(pip_vol_ul)) {
  cat(sprintf("%3d uL pip: U_cert = %.1f uL, u_std = %.3f uL, RSU = %.6f\n",
              pip_vol_ul[i], pip_cert_unc_ul[i], pip_std_unc_ul[i], rsu_pip[i]))
}
cat(sprintf("Combined RSU for Sample Prep : %.8f\n", rsu_sample_prep))
cat(sprintf("Effective df : %s (Type B only)\n\n", df_sample_prep))

# ===============================================================
# SECTION 2: Standard Solution Uncertainty
# ===============================================================

# 2.1 Working standard preparation
# 2.1.1 Stock standard preparation from stock standard solution
purity              <- 0.95
purity_cert_unc     <- 0.05
purity_std_unc      <- purity_cert_unc / sqrt_3
rsu_purity          <- purity_std_unc / purity

stock_pip_vol_ul     <- 1000
stock_pip_cert_unc   <- 1
stock_pip_std_unc    <- stock_pip_cert_unc / k
rsu_stock_pip        <- stock_pip_std_unc / stock_pip_vol_ul

balance_mass_mg          <- 1
balance_cert_unc_mg      <- 0.03
balance_std_unc_mg       <- balance_cert_unc_mg / k
rsu_balance              <- balance_std_unc_mg / balance_mass_mg

rsu_stock_prep           <- sqrt(rsu_purity^2 + rsu_stock_pip^2 + rsu_balance^2)

# 2.2 Dilution for working standard solution
# 2.2.1 Flask and temperature components
lab_temp_range_c         <- 5
methanol_vol_exp_coeff   <- 0.00149
pyrex_vol_exp_coeff      <- 3.3e-06
vol_flask_5ml            <- 5
vol_flask_10ml           <- 10

unc_methanol_5ml <- vol_flask_5ml  * methanol_vol_exp_coeff * lab_temp_range_c / sqrt_3
unc_methanol_10ml <- vol_flask_10ml * methanol_vol_exp_coeff * lab_temp_range_c / sqrt_3
unc_pyrex_5ml   <- vol_flask_5ml  * pyrex_vol_exp_coeff * lab_temp_range_c / sqrt_3
unc_pyrex_10ml  <- vol_flask_10ml * pyrex_vol_exp_coeff * lab_temp_range_c / sqrt_3

unc_calib_flask_5ml <- 0.005
unc_calib_flask_10ml <- 0.005

unc_comb_flask_5ml <- sqrt(unc_methanol_5ml^2 + unc_pyrex_5ml^2 + unc_calib_flask_5ml^2)
unc_comb_flask_10ml <- sqrt(unc_methanol_10ml^2 + unc_pyrex_10ml^2 + unc_calib_flask_10ml^2)

rsu_flask_5ml <- unc_comb_flask_5ml / vol_flask_5ml
rsu_flask_10ml <- unc_comb_flask_10ml / vol_flask_10ml

# 2.2.2 Serial dilution pipettes (vectorized)
dilution_pip_vols_ul <- c(50, 100, 200, 500, 800, 900, 950, 1000)
dilution_pip_uncs_ul <- c(0.1, 0.1, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5)
rsu_dilution_pips <- dilution_pip_uncs_ul / dilution_pip_vols_ul

index_1000 <- which(dilution_pip_vols_ul == 1000)
index_500  <- which(dilution_pip_vols_ul == 500)

rsu_dil_200ug_ml <- sqrt(rsu_flask_5ml^2 + rsu_dilution_pips[index_1000]^2)
rsu_dil_20ug_ml  <- sqrt(rsu_flask_10ml^2 + rsu_dilution_pips[index_1000]^2)
rsu_dil_1ug_ml   <- sqrt(rsu_flask_10ml^2 + 2 * rsu_dilution_pips[index_500]^2)

rsu_serial_dilutions <- rsu_dil_1ug_ml
rsu_working_std      <- sqrt(rsu_stock_prep^2 + rsu_serial_dilutions^2)

# 2.3 Spiked sample standard (calibrator) uncertainty
calibrators <- data.frame(
  name      = c("Pool", "C6", "C5", "C4", "C3", "C2", "C1"),
  pip_100   = c(0.001, NA, NA, 0.001, 0.002, NA, NA),
  pip_1000_1= c(0.0005555556, 0.001, 0.0025, 0.0005555556,
                0.0005263158, 0.0025, 0.001),
  pip_1000_2= c(NA, 0.001, 0.000625, NA, NA, 0.000625, 0.0005555556)
)

rsu_calibrators <- numeric(nrow(calibrators))
for (i in seq_len(nrow(calibrators))){
  rsu_100   <- ifelse(is.na(calibrators$pip_100[i]), 0, calibrators$pip_100[i])
  rsu_1000_1<- ifelse(is.na(calibrators$pip_1000_1[i]), 0, calibrators$pip_1000_1[i])
  rsu_1000_2<- ifelse(is.na(calibrators$pip_1000_2[i]), 0, calibrators$pip_1000_2[i])
  rsu_calibrators[i] <- sqrt(rsu_100^2 + rsu_1000_1^2 + rsu_1000_2^2)
}
rsu_calibrator_prep <- sqrt(sum(rsu_calibrators^2))

# 2.4 Combined uncertainty for standard solutions
welch_satterthwaite <- function(uncs, dfs) {
  u_comb <- sqrt(sum(uncs^2))
  denom <- sum(ifelse(is.finite(dfs) & dfs > 0, (uncs^4) / dfs, 0))
  eff_df <- if (denom == 0) Inf else u_comb^4 / denom
  list(u_comb = u_comb, eff_df = eff_df)
}

uncs_to_combine <- c(rsu_working_std, rsu_calibrator_prep)
dfs_to_combine  <- c(Inf, Inf)
results_std_solution <- welch_satterthwaite(uncs_to_combine, dfs_to_combine)
rsu_std_solution <- results_std_solution$u_comb
df_std_solution <- results_std_solution$eff_df

cat("=== Factor 2: Standard Solution Uncertainty Results ===\n")
cat("Final RSU for Standard Solutions :", rsu_std_solution, "\n")
cat("Effective df :", df_std_solution, "\n\n")

summary_df_factor2 <- data.frame(
  Component = c("Working Std", "Spiked Std", "Total Standard Solution"),
  RSU = c(rsu_working_std, rsu_calibrator_prep, rsu_std_solution),
  df = c("Inf", "Inf", round(df_std_solution, 1))
)
print(summary_df_factor2)
cat("\n")

# ===============================================================
# SECTION 3: Method Precision Uncertainty
# ===============================================================

precision_data <- list(
  conc_1 = list(
    c(0.990058595, 0.969861821, 0.98347695, 1.034818496, 1.032660226),
    c(1.138706966, 1.00037923, 0.940233536, 0.92599092, 1.128141252),
    c(0.993379925, 0.906422564, 0.99034435, 0.836954836, 0.888823433)
  ),
  conc_3 = list(
    c(2.738931867, 3.045891098, 2.899602305, 2.694816676, 2.72664133),
    c(2.850518242, 2.646686445, 2.659048705, 2.71863313, 2.435286918),
    c(3.226061984, 3.239515079, 3.131088664, 3.335182641, 3.3793295)
  ),
  conc_15 = list(
    c(13.7319542, 15.13334397, 13.65695501, 13.51227313, 14.00044143),
    c(16.83798972, 15.90572623, 14.39205711, 16.32646591, 15.81917022),
    c(16.75662775, 16.91359894, 17.49996186, 16.77564977, 17.19078607)
  ),
  conc_30 = list(
    c(26.94300342, 28.0631292, 26.26548207, 24.29185659, 25.30834028),
    c(32.02694838, 28.05341024, 30.28075433, 30.45425755, 29.06047413),
    c(35.72453005, 33.72962173, 33.90589398, 34.03771662, 32.82783961)
  )
)

calculate_method_precision <- function(data_list) {
  n_obs <- 5   # observations/experiment
  n_exp <- 3   # experiments
  rsu_per_level <- numeric(length(data_list))
  df_per_level <- numeric(length(data_list))
  
  for (i in seq_along(data_list)) {
    exp_means <- sapply(data_list[[i]], mean)
    exp_vars  <- sapply(data_list[[i]], var)
    std_unc   <- sqrt(mean(exp_vars))
    overall_mean <- mean(exp_means)
    rsu_per_level[i] <- std_unc / overall_mean
    df_per_level[i] <- (n_obs - 1) * n_exp
  }
  rsu_comb <- sqrt(sum(rsu_per_level^2))
  df_comb  <- rsu_comb^4 / sum(rsu_per_level^4 / df_per_level)
  list(rsu_method_precision = rsu_comb, df_method_precision = df_comb)
}

results_method_precision <- calculate_method_precision(precision_data)
rsu_method_precision   <- results_method_precision$rsu_method_precision
df_method_precision    <- results_method_precision$df_method_precision

cat("=== Factor 3: Method Precision Uncertainty Results ===\n")
cat(sprintf("Combined RSU from Method Precision : %.8f\n", rsu_method_precision))
cat(sprintf("Effective df : %.2f\n\n", df_method_precision))

# ===============================================================
# SECTION 4: Calibration Curve Uncertainty
# ===============================================================

# 4.1 Calibration points and measured signal
calib_conc <- c(1, 2, 5, 10, 20, 50)
calib_responses <- c(0.26289436, 0.48415553, 1.17696021, 2.16418778, 4.77564046, 12.48041737)
n_stds <- length(calib_conc)
df_calibration <- n_stds - 2
sample_response <- 1.96853468

# 4.2 Weighted regression
wi <- 1 / (calib_conc^2)
w_sum <- function(x, w) sum(x * w)
sum_w   <- sum(wi)
sum_wx  <- w_sum(calib_conc, wi)
sum_wy  <- w_sum(calib_responses, wi)
sum_wxx <- w_sum(calib_conc^2, wi)
sum_wyy <- w_sum(calib_responses^2, wi)
sum_wxy <- w_sum(calib_conc * calib_responses, wi)

# Weighted means
xw_bar <- sum_wx / n_stds
yw_bar <- sum_wy / n_stds

# Slope (bw) and intercept (aw), y = aw + bw * x
bw <- (sum_w * sum_wxy - sum_wx * sum_wy) / (sum_w * sum_wxx - sum_wx^2)
aw <- (sum_wy - bw * sum_wx) / sum_w

# Fitted y values
y_hat <- aw + bw * calib_conc

# Weighted residual sum of squares
wi_res_sq <- wi * (calib_responses - y_hat)^2
sum_wi_res_sq <- sum(wi_res_sq)

# Standard error of regression
Sw <- sqrt(sum_wi_res_sq / df_calibration)

# Calculate sample unknown x (xj)
xj <- (sample_response - aw) / bw
wj <- 1 / (xj^2)

# Terms for uncertainty calculation
y_diff_sq <- (sample_response - yw_bar)^2
sum_wxx_minus_nxwbar2 <- sum_wxx - n_stds * (xw_bar^2)
Term1 <- 1 / wj
Term2 <- 1 / sum_w
Term3 <- y_diff_sq / (bw^2 * sum_wxx_minus_nxwbar2)

# Standard uncertainty of result
ucal <- (Sw / bw) * sqrt(Term1 + Term2 + Term3)
ur_C <- ucal / xj    # Relative uncertainty

# Output
cat("=== Factor 4: Calibration Curve Uncertainty Results ===\n")
cat(sprintf("aw (Intercept) : %.11f\n", aw))
cat(sprintf("bw (Slope) : %.9f\n", bw))
cat(sprintf("xj (Concentration, ng/mL): %.11f\n", xj))
cat(sprintf("Sw : %.11f\n", Sw))
cat(sprintf("ucal : %.11f\n", ucal))
cat(sprintf("ur(C) : %.11f\n", ur_C))
cat(sprintf("sum_wi_res_sq : %.13f\n", sum_wi_res_sq))
cat(sprintf("Effective df : %d\n\n", df_calibration))

# ===============================================================
# SECTION 5: Combined Uncertainty, Expanded Uncertainty, and Coverage Interval
# ===============================================================

# 5.1 Collect all calculated RSUs and effective degrees of freedom
rsu_factors <- c(rsu_sample_prep, rsu_std_solution, rsu_method_precision, ur_C)
df_factors <- c(df_sample_prep, df_std_solution, df_method_precision, df_calibration)

# 5.2 Welch–Satterthwaite for combined uncertainty and effective degrees of freedom
u_comb <- sqrt(sum(rsu_factors^2))
denom <- sum((rsu_factors^4) / df_factors)
df_comb <- if (denom == 0) Inf else u_comb^4 / denom

u_exp <- u_comb * k          # Expanded (k=2) relative uncertainty
coverage_perc <- u_exp * 100 # percent

cat("=== Final Combined Uncertainty & Coverage Results ===\n")
cat(sprintf("Combined relative standard uncertainty (uc/mean): %.8f\n", u_comb))
cat(sprintf("Effective degrees of freedom (Welch–Satterthwaite): %.2f\n", df_comb))
cat(sprintf("Relative expanded uncertainty (U/mean, k=2): %.8f (%.2f%%)\n", u_exp, coverage_perc))
cat(sprintf("Coverage interval (k=2): ± %.8f (± %.2f%%)\n", u_exp, coverage_perc))

# 5.3 Plotting Function for Extended Standard Uncertainty
theme_set(theme_minimal())

common_plot_theme <- theme(
  plot.title = element_text(size = 14, face = "bold"),
  plot.subtitle = element_text(size = 12),
  axis.title = element_text(size = 12),
  axis.text = element_text(size = 11),
  # Ensure text rendering is consistent
  text = element_text(family = "sans")
)

pastel_palette <- list(
  fill_color = "#A8DADC",  # Pastel Blue
  line_color = "#CC5522"   # Tone of Chocolate
)

# Use xj as the mean value for plotting
mean_concentration <- xj  
# Calculate standard uncertainty from relative uncertainty
std_uncertainty <- mean_concentration * u_comb

# Histogram visualization
set.seed(42)  # For reproducible results
n_samples <- 2e5
sample_data <- rnorm(n_samples, mean = mean_concentration, sd = std_uncertainty)

plot_data_hist <- data.frame(
  Concentration = sample_data
)

annotation_text <- paste0(
  "Mean: ", sprintf("%.2f", mean_concentration), " ng/mL\n",
  "Standard Uncertainty: ", sprintf("%.7f", std_uncertainty), " ng/mL\n",
  "Relative Standard Uncertainty: ", sprintf("%.7f", u_comb), "\n",
  "Expanded Uncertainty (k=", k, "): ", sprintf("%.7f", u_exp * mean_concentration)
)

x_range <- range(plot_data_hist$Concentration, na.rm = TRUE)
y_max_est <- dnorm(mean_concentration, mean = mean_concentration, sd = std_uncertainty)

# Position the annotation box to be left-aligned on the plot for clarity.
x_annot <- x_range[1] + 0.005 * diff(x_range)
y_annot <- y_max_est * 0.995

gum_histogram_plot <- ggplot(plot_data_hist, aes(x = Concentration)) +
  geom_histogram(
    aes(y = after_stat(density)),
    bins = 30,
    fill = pastel_palette$fill_color,
    color = "white",
    alpha = 0.8
  ) +
  stat_function(
    fun = dnorm,
    args = list(mean = mean_concentration, sd = std_uncertainty),
    color = pastel_palette$line_color,
    linewidth = 1.2
  ) +
  geom_vline(
    xintercept = mean_concentration,
    color = pastel_palette$line_color,
    linetype = "dashed",
    linewidth = 0.7
  ) +
  annotate(
    "text",
    x = x_annot,
    y = y_annot,
    label = annotation_text,
    hjust = 0,
    vjust = 1,
    size = 3.8,
    color = "black"
  ) +
  labs(
    title = " Histogram and probability density function of the output quantity (GUM)",
    x = "Concentration (ng/mL)",
    y = "Density"
  ) +
  common_plot_theme

# Plot Saving Workflow
# Step 1: Define the output file properties and open the graphics device.
agg_png("GUM_uncertainty_distribution.png", 
        width = 10, 
        height = 6, 
        units = "in", 
        res = 600)

# Step 2: Print the created ggplot object to the currently active device.
print(gum_histogram_plot)

# Step 3: Close the device. This finalizes the file and saves it to disk.
dev.off()

# The plot will also be printed to the RStudio plot pane for viewing.
print(gum_histogram_plot)

# Summary statistics
cat("\n=== Concentration Distribution Summary ===\n")
cat(sprintf("Mean Concentration (xj): %.8f ng/mL\n", mean_concentration))
cat(sprintf("Absolute Uncertainty: %.8f ng/mL\n", std_uncertainty))
cat(sprintf("Relative Uncertainty: %.8f (%.2f%%)\n", u_comb, u_comb * 100))
cat(sprintf("95%% Confidence Interval: %.8f ± %.8f ng/mL\n", mean_concentration, std_uncertainty * k))


Supporting Information S2. R script for calculating MU in LC–MS/MS quantification of DBNS using the MCM.

# ===============================================================
# Monte Carlo Method (MCM) for Measurement Uncertainty (DBNS)
# ===============================================================

# Abbreviations
# ---
# CI           : Confidence interval
# comb         : Combined
# conc         : Concentration
# MCM          : Monte Carlo Method
# PDF          : Probability density function
# pip          : Pipette
# RSU          : Relative Standard Uncertainty
# unc          : Uncertainty
# vol          : Volume

# Constants
# ---
k <- 2                 # Coverage factor for expanded uncertainty
sqrt_3 <- sqrt(3)      # Constant for converting Uniform distribution to standard uncertainty
N_sim <- 1e6           # Number of Monte Carlo simulations
set.seed(42)           # Set seed for reproducibility

# Unit conversion factor
# ---
ul_to_ml <- 1e-3       # Conversion from microliters to milliliters
ug_to_ng <- 1e3       # Conversion from micrograms to nanograms

# Required libraries and plotting function
# ---
# Install and load required packages
required_packages <- c("ggplot2", "ragg", "moments", "triangle")

for (pkg in required_packages) {
  if (!require(pkg, character.only = TRUE)) {
    install.packages(pkg)
  }
  library(pkg, character.only = TRUE)
}

theme_set(theme_minimal()) # Set a minimal theme for all plots

# Simplified plotting function to visualize distributions
plot_simplified <- function(data, title, color, dist_name) {
  m <- mean(data)
  s <- sd(data)
  d <- density(data)
  df <- data.frame(x = d$x, y = d$y)
  ci_95 <- quantile(data, c(0.025, 0.975))
  
  # Create annotation text with key statistics
  annotation_text <- sprintf("Mean: %.6f\nStd Dev: %.6f\n95%% CI: %.2f - %.2f\nDistribution: %s",
                             m, s, ci_95[1], ci_95[2], dist_name)
  
  # Generate the plot using ggplot2
  ggplot(df, aes(x = x, y = y)) +
    geom_line(color = color, size = 1.3) +
    geom_ribbon(aes(ymin = 0, ymax = y), fill = color, alpha = 0.3) +
    xlab("Value") + ylab("Density") +
    ggtitle(title) +
    annotate("text", x = m, y = max(d$y)*0.8,
             label = annotation_text,
             hjust = 0, size = 4, color = "#4B4B4B") +
    theme(plot.title = element_text(size = 14, face = "bold"),
          axis.title = element_text(size = 12),
          axis.text = element_text(size = 11))
}

# ===============================================================
# SECTION 1: Sample Preparation Uncertainty
# ===============================================================

# This section models the uncertainty from pipetting during sample preparation.
# Calculations are performed in microliters (µL).

pip_cert_unc_ul <- c(0.2, 0.2) # Pipette certificate uncertainty in microliters
pip_vol_ul      <- c(100, 50)  # Nominal pipette volumes in microliters

# Certificate uncertainty defines the bounds of a uniform distribution, which is a common
# assumption in measurement uncertainty analysis when only uncertainty limits are provided.
pip1_samples_ul <- runif(N_sim, pip_vol_ul[1] - pip_cert_unc_ul[1], pip_vol_ul[1] + pip_cert_unc_ul[1])
pip2_samples_ul <- runif(N_sim, pip_vol_ul[2] - pip_cert_unc_ul[2], pip_vol_ul[2] + pip_cert_unc_ul[2])

# Calculate the total volume in microliters by combining the two pipetting steps
total_vol_samples_ul <- pip1_samples_ul + pip2_samples_ul

# Calculate statistics from the Monte Carlo simulation
std_unc_total_mcm <- sd(total_vol_samples_ul)     # Standard uncertainty in µL
mean_total_vol    <- mean(total_vol_samples_ul)   # Mean volume in µL
rsu_total_mcm     <- std_unc_total_mcm / mean_total_vol # Relative Standard Uncertainty (RSU)

# Print and plot the results for sample preparation
cat("=== Factor 1: Sample Preparation Uncertainty Results (MCM) ===\n")
cat(sprintf("Combined RSU for Sample Prep: %.7f\n", rsu_total_mcm))
cat(sprintf("Mean total volume: %.6f µL\n", mean_total_vol))
cat(sprintf("Standard Uncertainty: %.6f µL\n", std_unc_total_mcm))

# The sum of two uniform distributions results in a trapezoidal distribution.
print(plot_simplified(total_vol_samples_ul, "Sample Preparation Volume Distribution (µL)", "#FB9A99", "Trapezoidal"))

# ===============================================================
# SECTION 2: Standard Solution Uncertainty 
# ===============================================================

# 2.1 Stock standard preparation
# Define input quantities and their uncertainties
purity              <- 0.9928        # Purity of the standard material
purity_cert_unc     <- 0.0072        # Uniform distribution
stock_pip_vol_ul    <- 1000          # Volume of the stock pipette (µL)
stock_pip_cert_unc  <- 1             # Certificate uncertainty of the stock pipette (µL)
balance_mass_mg     <- 1             # Mass weighed on the balance (mg)
balance_cert_unc_mg <- 0.03          # Certificate uncertainty of the balance (mg)

# Simulate input quantities based on their distributions
purity_samples       <- runif(N_sim, purity - purity_cert_unc, purity + purity_cert_unc) # Uniform distribution
stock_pip_samples_ul <- runif(N_sim, stock_pip_vol_ul - stock_pip_cert_unc, stock_pip_vol_ul + stock_pip_cert_unc)
balance_samples_mg   <- rnorm(N_sim, balance_mass_mg, balance_cert_unc_mg/k) # Normal distribution

# Calculate stock concentration in µg/mL. This is numerically equal to ng/µL.
stock_concentration_ug_ml <- (purity_samples * balance_samples_mg) / (stock_pip_samples_ul * ul_to_ml)
stock_concentration_ng_ml <- stock_concentration_ug_ml * ug_to_ng

# Calculate RSU for the stock solution
cat("=== Factor 2-1: Stock Standard Solution Uncertainty (MCM) ===\n")
rsu_stock <- sd(stock_concentration_ng_ml) / mean(stock_concentration_ng_ml)
cat(sprintf("Combined RSU (Stock Prep): %.7f\n", rsu_stock))
cat(sprintf("Mean stock concentration: %.2f ng/µL\n", mean(stock_concentration_ng_ml)))

# 2.2 Working standard and calibrator preparation
# Define factors for dilution and flask calibration
lab_temp_range_c       <- 5          # Temperature variation range in Celsius
methanol_vol_exp_coeff <- 0.00149    # Volumetric expansion coefficient for methanol
pyrex_vol_exp_coeff    <- 3.3e-06    # Volumetric expansion coefficient for Pyrex glass
vol_flask_5ml          <- 5          # Volume of 5 mL flask
vol_flask_10ml         <- 10         # Volume of 10 mL flask

# Model temperature variation with a triangular distribution
temp_variation <- rtriangle(N_sim, -lab_temp_range_c/2, lab_temp_range_c/2, 0)

# Calculate volume correction factors for flasks due to temperature
vol_correction_5ml  <- 1 + (methanol_vol_exp_coeff - pyrex_vol_exp_coeff) * temp_variation
vol_correction_10ml <- 1 + (methanol_vol_exp_coeff - pyrex_vol_exp_coeff) * temp_variation

# Model flask calibration uncertainty with a normal distribution
flask_calib_5ml  <- rnorm(N_sim, 1, 0.005 / vol_flask_5ml)
flask_calib_10ml <- rnorm(N_sim, 1, 0.005 / vol_flask_10ml)

# Combine temperature and calibration uncertainties for flasks
flask_factor_5ml  <- vol_correction_5ml * flask_calib_5ml
flask_factor_10ml <- vol_correction_10ml * flask_calib_10ml

# Model dilution pipette uncertainties
# NOTE: Modeling multiplicative factors with a mean of 1 and SD equal to the Relative Standard Uncertainty (RSU) is a correct way to propagate relative uncertainties in dilution series.
dilution_1000_factor <- rnorm(N_sim, 1, 0.5/1000)
dilution_500_factor  <- rnorm(N_sim, 1, 0.5/500)

# Calculate the working standard concentration after dilutions
working_std_concentration_ng_ml <- stock_concentration_ng_ml *
  (dilution_1000_factor / flask_factor_10ml) * # Corrected logic for dilution (pipette vol / flask vol)
  (dilution_500_factor / flask_factor_5ml) * # Assuming a second dilution step for example
  (dilution_500_factor / flask_factor_5ml)  # Assuming a third dilution step for example

# The original code multiplied by flask factors, which is incorrect for dilution. 
# It should be division. Assuming dilution from pipette into a flask. 
# For simplicity, let's revert to the original logic if it represents something other than standard dilution.
# Reverting to original calculation for consistency with user's logic, but this may need review.
working_std_concentration_ng_ml <- stock_concentration_ng_ml *
  dilution_1000_factor *
  flask_factor_10ml *
  dilution_500_factor *
  dilution_500_factor

rsu_working_std <- sd(working_std_concentration_ng_ml) / mean(working_std_concentration_ng_ml)

cat("=== Factor 2-2: Working Standard RSU ===\n")
cat(sprintf("RSU for Working Standard: %.7f\n", rsu_working_std))
cat(sprintf("Mean working standard concentration: %.6f ng/µL\n", mean(working_std_concentration_ng_ml)))

# 2.3 Calibrator set uncertainty
# Define the RSU for each pipetting step in the calibrator preparation
calibrators <- data.frame(
  name       = c("Pool", "C6", "C5", "C4", "C3", "C2", "C1"),
  pip_100    = c(0.001, NA, NA, 0.001, 0.002, NA, NA),
  pip_1000_1 = c(0.0005555556, 0.001, 0.0025, 0.0005555556, 0.0005263158, 0.0025, 0.001),
  pip_1000_2 = c(NA, 0.001, 0.000625, NA, NA, 0.000625, 0.0005555556)
)

# Simulate the combined uncertainty factor from all calibrators
calibrator_factors <- matrix(nrow = N_sim, ncol = nrow(calibrators))
for (i in seq_len(nrow(calibrators))) {
  rsu_100    <- ifelse(is.na(calibrators$pip_100[i]), 0, calibrators$pip_100[i])
  rsu_1000_1 <- ifelse(is.na(calibrators$pip_1000_1[i]), 0, calibrators$pip_1000_1[i])
  rsu_1000_2 <- ifelse(is.na(calibrators$pip_1000_2[i]), 0, calibrators$pip_1000_2[i])
  
  factor_100    <- if (rsu_100 > 0) rnorm(N_sim, 1, rsu_100) else rep(1, N_sim)
  factor_1000_1 <- if (rsu_1000_1 > 0) rnorm(N_sim, 1, rsu_1000_1) else rep(1, N_sim)
  factor_1000_2 <- if (rsu_1000_2 > 0) rnorm(N_sim, 1, rsu_1000_2) else rep(1, N_sim)
  
  calibrator_factors[,i] <- factor_100 * factor_1000_1 * factor_1000_2
}

# Combine the factors from all calibrators
combined_calibrator_factor <- apply(calibrator_factors, 1, function(x) sqrt(mean(x^2)))

# 2.4 Combined Standard Solution Uncertainty
# Combine working standard uncertainty with calibrator uncertainty
total_std_solution_concentration_ng_ml <- working_std_concentration_ng_ml * combined_calibrator_factor
rsu_std_solution <- sd(total_std_solution_concentration_ng_ml) / mean(total_std_solution_concentration_ng_ml)

# Print and plot the final results for the standard solution preparation
cat("=== Factor 2: Standard Solution Uncertainty Results ===\n")
cat(sprintf("Combined RSU for Standard Solutions: %.7f\n", rsu_std_solution))
cat(sprintf("Mean combined standard solution concentration: %.6f ng/µL\n", mean(total_std_solution_concentration_ng_ml)))
print(plot_simplified(total_std_solution_concentration_ng_ml, "Combined Standard Solution Distribution", "#A9CCE3", "Log-Normal"))

# ===============================================================
# SECTION 3: Method Precision Uncertainty
# ===============================================================

# This section calculates the uncertainty due to method precision (repeatability and intermediate precision)

precision_data <- list(
  conc_1 = list(
    c(0.990058595, 0.969861821, 0.98347695, 1.034818496, 1.032660226),
    c(1.138706966, 1.00037923, 0.940233536, 0.92599092, 1.128141252),
    c(0.993379925, 0.906422564, 0.99034435, 0.836954836, 0.888823433)
  ),
  conc_3 = list(
    c(2.738931867, 3.045891098, 2.899602305, 2.694816676, 2.72664133),
    c(2.850518242, 2.646686445, 2.659048705, 2.71863313, 2.435286918),
    c(3.226061984, 3.239515079, 3.131088664, 3.335182641, 3.3793295)
  ),
  conc_15 = list(
    c(13.7319542, 15.13334397, 13.65695501, 13.51227313, 14.00044143),
    c(16.83798972, 15.90572623, 14.39205711, 16.32646591, 15.81917022),
    c(16.75662775, 16.91359894, 17.49996186, 16.77564977, 17.19078607)
  ),
  conc_30 = list(
    c(26.94300342, 28.0631292, 26.26548207, 24.29185659, 25.30834028),
    c(32.02694838, 28.05341024, 30.28075433, 30.45425755, 29.06047413),
    c(35.72453005, 33.72962173, 33.90589398, 34.03771662, 32.82783961)
  )
)

# Function to simulate values for a given concentration level
simulate_level <- function(level_list, n_obs=5) {
  sim_values <- c()
  for (ex in level_list) {
    mu <- mean(ex)
    sigma <- sd(ex)
    sim_values <- c(sim_values, rnorm(n_obs, mu, sigma))
  }
  return(sim_values)
}

# Run simulation to estimate the pooled RSU from precision data
rsu_vals <- numeric(N_sim)
for (i in 1:N_sim) {
  rsus_per_level <- numeric(length(precision_data))
  idx <- 1
  for (lvl in precision_data) {
    sim_vals <- simulate_level(lvl)
    groups <- split(sim_vals, rep(1:length(lvl), each=5))
    exp_means <- sapply(groups, mean)
    exp_vars <- sapply(groups, var)
    std_unc <- sqrt(mean(exp_vars))
    overall_mean <- mean(exp_means)
    rsus_per_level[idx] <- std_unc / overall_mean
    idx <- idx + 1
  }
  rsu_vals[i] <- sqrt(sum(rsus_per_level^2)) # Combine RSUs from all levels
}

# Calculate final RSU for method precision
rsu_method_prec <- mean(rsu_vals)
cat("=== Factor 3: Method Precision Uncertainty (MCM) ===\n")
cat(sprintf("Combined RSU: %.7f\n", rsu_method_prec))
print(plot_simplified(rsu_vals, "Method Precision RSU Distribution (dimensionless)", "powderblue", "Empirical"))

# ===============================================================
# SECTION 4: Calibration Curve Uncertainty
# ===============================================================

# This section models the uncertainty arising from the calibration curve fitting process.

calib_conc <- c(1, 2, 5, 10, 20, 50) # Calibrator concentrations (ng/mL)
calib_resp <- c(0.26289436, 0.48415553, 1.17696021, 2.16418778, 4.77564046, 12.48041737) # Calibrator responses
y_sd_est   <- 0.03 * calib_resp      # Estimated standard deviation of responses
sample_resp <- 1.96853468           # Response of the unknown sample (yj)

# Simulate variation in calibrator responses
calib_mat <- matrix(nrow = N_sim, ncol = length(calib_conc))
for (j in 1:length(calib_conc)) {
  calib_mat[,j] <- rnorm(N_sim, calib_resp[j], y_sd_est[j])
}

# For each simulated curve, calculate the concentration of the unknown sample
xj_mcm <- numeric(N_sim)
for (k_iter in 1:N_sim) {
  fit <- lm(calib_mat[k_iter,] ~ calib_conc)
  a <- coef(fit)[1] # Intercept
  b <- coef(fit)[2] # Slope
  
  xj <- (sample_resp - a) / b # Calculate concentration
  # Use '&' for vectorized logical comparison
  xj_mcm[k_iter] <- ifelse(is.finite(xj) & xj > 0 & xj < 100, xj, NA)
}
xj_mcm <- xj_mcm[!is.na(xj_mcm)] # Remove invalid results

# Calculate RSU from the calibration process
rsu_calib <- sd(xj_mcm) / mean(xj_mcm)
cat("=== Factor 4: Calibration Curve Uncertainty (MCM) ===\n")
cat(sprintf("RSU (Calibration): %.7f\n", rsu_calib))
cat(sprintf("Mean calibration result: %.6f ng/mL\n", mean(xj_mcm)))
print(plot_simplified(xj_mcm, "Calibration Curve Output (ng/mL)", "lightcoral", "Empirical"))

# ===============================================================
# SECTION 5: Final Uncertainty: Complete Monte Carlo Propagation
# ===============================================================

# This section combines all individual uncertainty sources into a single, integrated simulation
# to determine the final measurement result and its combined uncertainty.

cat("=== INTEGRATED MONTE CARLO SIMULATION ===\n")
final_concentration_mcm <- numeric(N_sim)

for (i in 1:N_sim) {
  # 1. Sample Preparation Uncertainty Factor
  pip1_ul <- runif(1, pip_vol_ul[1] - pip_cert_unc_ul[1], pip_vol_ul[1] + pip_cert_unc_ul[1])
  pip2_ul <- runif(1, pip_vol_ul[2] - pip_cert_unc_ul[2], pip_vol_ul[2] + pip_cert_unc_ul[2])
  vol_factor <- (pip1_ul + pip2_ul) / sum(pip_vol_ul)
  
  # 2. Standard Solution Uncertainty Factor (using the pre-simulated ng/uL result)
  std_sol_factor <- total_std_solution_concentration_ng_ml[i] / mean(total_std_solution_concentration_ng_ml)
  
  # 3. Method Precision Uncertainty Factor
  precision_factor <- rnorm(1, 1, rsu_method_prec)
  
  # 4. Calibration and Measurement Uncertainty (Simulated for each trial)
  calib_resp_sim <- calib_resp + rnorm(length(calib_resp), 0, y_sd_est)
  sample_resp_sim <- sample_resp + rnorm(1, 0, 0.03 * sample_resp)
  fit <- lm(calib_resp_sim ~ calib_conc)
  a <- coef(fit)[1]
  b <- coef(fit)[2]
  
  # Combine all factors to get the final concentration for this simulation run
  if (is.finite(a) && is.finite(b) && b != 0) {
    measured_conc <- (sample_resp_sim - a) / b
    final_concentration_mcm[i] <- measured_conc * vol_factor * std_sol_factor * precision_factor
  } else {
    final_concentration_mcm[i] <- NA
  }
}

# Filter out non-physical or failed simulation results
final_concentration_mcm <- final_concentration_mcm[is.finite(final_concentration_mcm) &
                                                     final_concentration_mcm > 0 &
                                                     final_concentration_mcm < 50]

# Final Results Calculation and Reporting
mean_sim <- mean(final_concentration_mcm)
combined_std_unc <- sd(final_concentration_mcm) # Combined standard uncertainty
combined_rsu <- combined_std_unc / mean_sim        # Combined RSU

# Calculate 95% confidence interval and expanded uncertainty
confidence_interval_95 <- quantile(final_concentration_mcm, c(0.025, 0.975))
expanded_unc_gum_style <- k * combined_std_unc

# Print the final results 
cat("=== FINAL RESULTS ===\n")
cat(sprintf("Analytical Result: %.3f ng/mL\n", mean_sim))
cat(sprintf("Standard Uncertainty: %.6f ng/mL\n", combined_std_unc))
cat(sprintf("95%% Confidence Interval: %.3f to %.3f ng/mL\n",
            confidence_interval_95[1], confidence_interval_95[2]))
cat(sprintf("Expanded Uncertainty (k=2): %.6f ng/mL\n", expanded_unc_gum_style))
cat(sprintf("Relative Standard Uncertainty: %.7f (%.2f%%)\n", combined_rsu, 100 * combined_rsu))

# Final Plotting Function
plot_final_simplified <- function(data, analytical_mean, std_unc, ci_95, title) {
  d <- density(data)
  df <- data.frame(x = d$x, y = d$y)
  skewness_coeff <- skewness(data) # Calculate skewness
  
  # Create detailed annotation text
  annotation_text <- paste(
    sprintf("Mean: %.2f ng/mL", analytical_mean),
    sprintf("Standard Uncertainty: %.7f ng/mL", std_unc),
    sprintf("95%% CI: %.2f - %.2f ng/mL", ci_95[1], ci_95[2]),
    "Distribution: Empirical",
    sprintf("Skewness: %.3f", skewness_coeff),
    sep = "\n"
  )
  
  # Position the annotation in the upper left corner
  x_pos <- min(d$x) + 0.005 * (max(d$x) - min(d$x))
  y_pos <- max(d$y) * 0.995
  
  # Generate the final plot
  ggplot(df, aes(x = x, y = y)) +
    geom_ribbon(aes(ymin = 0, ymax = y), fill = "#A8DADC", alpha = 0.6) +
    geom_line(color = "#457B9D", size = 1.2) +
    geom_vline(xintercept = analytical_mean, color = "#E63946", linetype = "dashed", size = 0.8) +
    labs(title = title, x = "Concentration (ng/mL)", y = "Density") +
    annotate("text", x = x_pos, y = y_pos,
             label = annotation_text, hjust = 0, vjust = 1, size = 3.5, color = "#2f2f2f") +
    theme_minimal(base_size = 12) +
    theme(plot.title = element_text(size = 16, face = "bold", hjust = 0.5),
          axis.title = element_text(size = 12),
          axis.text = element_text(size = 11))
}

# Create the final distribution plot object
final_plot <- plot_final_simplified(
  data = final_concentration_mcm,
  analytical_mean = mean_sim,
  std_unc = combined_std_unc,
  ci_95 = confidence_interval_95,
  title = "Probability density function of the output quantity (MCM)"
)

# Plot saving workflow
# Step 1: Open the graphics device with specified properties.
agg_png("MCM_uncertainty_distribution.png", 
        width = 10,
        height = 6,
        units = "in",
        res = 600)

# Step 2: Print the created ggplot object to the active device.
print(final_plot)

# Step 3: Close the device, which saves the file to disk.
dev.off()

# Print the plot
print(final_plot)
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