Multiple-true-false questions reveal more thoroughly the complexity of student thinking than multiple-choice questions: A Bayesian item response model comparison
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	Supplementary Material 1. Student demographics and overall course performance

	Student characteristic
	n1
	%

	Class standing
	
	

		First-year
	99
	51%

		Sophomore
	50
	26%

		Junior
	30
	15%

		Senior
	15
	8%

	Gender
	
	

		Female
	122
	63%

		Male	
	72
	37%

	Ethnicity2
	
	

		Non-underrepresented
	162
	84%

		Underrepresented  
	31
	16%

	Highest parent education level
	
	

		Completed bachelor’s degree
	123
	63%

		Did not complete bachelor’s degree
	70
	36%

	Transfer status3
	
	

		Non-transfer student
	189
	97%

		Transfer student
	5
	3%

	High school location4
	
	

		Urban
	141
	73%

		Rural
	50
	26%

		Other
	3
	2%

	Final course grades
	
	

		4.00 – 3.67 (A+ to A-)
	56
	29%

		3.66 – 2.67 (B+ to B-)
	73
	38%

		2.66 – 1.67 (C+ to C-)
	34
	17%

		1.66 – 0.00 (D+ to F)
	31
	16%

	1	Information was obtained from institutional data. Some numbers do not add to full sample size because the institution did not have information for particular students.
2	Underrepresented ethnic groups included African American/Black, Hispanic/Latino, American Indian/Alaska Native, and Native Hawaiian/Pacific Islander.
3	Students are only labeled as transfer students by the institution if they are in their first semester after transferring from a different institution. 
4	Urban/rural classifications are based on a high school being located near a town with a population of less than 25,000.





Supplementary Material 2. Mathematical description of the most supported model. 

A general mathematical expression for the posterior and joint distribution of the Bayesian model used in this paper is 









The categorical distribution predicts the multiple-choice (MC) option chosen (yi,j) by each student i, across a total of t students, for each question j, across a total of 36 questions. MC student responses (1,2,3,4) are ordered such that 1 is the correct statement, and the remaining three are ordered by the number of times that statement was selected across both question formats. The multiple-true-false (MTF) responses across all four statements are combined (zi,j) into an index (1,…,16) indicating the combined response, ordered canonically. For example, a response of FFFF is index 1, a response of TFFF is index 2, and so on. The function  gives a vector of the probability of selection for each statement, which is conditional on the proportion with mastery with contributions from each question (ui) and each student (vj), partial mastery (nj), selection bias (bj), and the attractiveness of each statement (pj,qj,rj,sj). Partial mastery and selection bias proportions are conditional on the decision tree in Figure 1.

The second and third lines of the model detail the hierarchical parameters, essentially random effects. The last three lines of the model are the priors, all of which are weak or vague. The normal distribution was used as the prior for the mastery parameter, uj, because it matches the basis of the logit function used in the model to map student-specific and question-specific mastery components to a probability of response constrained between 0 and 1. The half-Cauchy distribution is used as the prior distribution on the dispersion parameters because of its demonstrated success as a weak-informative prior in modeling variance (Gelman, 2006; Polson & Scott, 2012). We confirmed that the values of the vague priors did not unnecessarily constrain parameter estimates. Results were qualitatively robust to increasing the half-Cauchy dispersion parameter for all priors to 5.0 and increasing the standard deviation of the normal distribution for  to 8.0. 

Mean, standard deviation, and dispersion parameters are subscripted with their respective model parameter. The two terms of the normal distribution are the mean and the standard deviation. The two terms of the function  are the mean () and dispersion parameter () which matches the first moment of a beta distribution by substituting for the first term of the beta distribution and (1 -  ) for the second term. As  increase to infinity, the variance asymptotically approaches 0. 

This is sparse data in that, for example, not all students answered all questions in all formats. Consequently, those index values are skipped as appropriate. Square brackets are used to indicate a probability distribution; bold font is used to indicate a vector, while bold capital letters indicate a matrix.

A critical structure of the model is in the way these parameters inform the expected values for each categorical outcome, in other words the function . Subscripts indicating question-level and student-level values shown in the full model expression above are suppressed in the outcome-specific expression below for clarity of presentation. However, all parameters have question-specific values with the exception of the student-level mastery contribution (v), which has a student-specific value and not a question-specific value. Expressions for the expected values of the multiple-choice data () are detailed in Supplementary Materials 3. Expressions for the expected values of the multiple-true-false (MTF) data () under the scenario of double-T selection bias are 
	
Pr(FFFF) = (1 - m) (1 - n) (1 - b) (1 - p) (1 - q) (1 - r) (1 - s)
Pr(TFFF) = m + (1 - m) (1 - n) (1 - b) p (1 - q) (1 - r) (1 - s)
Pr(FTFF) = (1 - m) (1 - n) (1 - b) (1 - p) q (1 - r) (1 - s)
	Pr(FFTF) = (1 - m) (1 - n) (1 - b) (1 - p) (1 - q) r (1 - s)
Pr(FFFT) = (1 - m) (1 - n) (1 - b) (1 - p) (1 - q) (1 - r) s
	Pr(TTFF) = (1 - m) (n + (1 - n) ( (1 - b) p q (1 - r) (1 - s) + b p q (1 - r) (1 - s) / )) 
	Pr(TFTF) = (1 - m) (1 - n) ( (1 - b) p (1 - q) r (1 - s) + b p (1 - q) r (1 - s) / )
	Pr(TFFT) = (1 - m) (1 - n) ( (1 - b) p (1 - q) (1 - r) s + b p (1 - q) (1 - r) s / )
	Pr(FTTF) = (1 - m) (1 - n) ( (1 - b) (1 - p) q r (1 - s) + b (1 - p) q r (1 - s) / )
	Pr(FTFT) = (1 - m) (1 - n) ( (1 - b) (1 - p) q (1 - r) s + b (1 - p) q (1 - r) s / )
	Pr(FFTT) = (1 - m) (1 - n) ( (1 - b) (1 - p) (1 - q) r s + b (1 - p) (1 - q) r s / )
	Pr(TTTF) = (1 - m) (1 - n) (1 - b) p q r (1 - s)
	Pr(TTFT) = (1 - m) (1 - n) (1 - b) p q (1 - r) s
	Pr(TFTT) = (1 - m) (1 - n) (1 - b) p (1 - q) r s
	Pr(FTTT) = (1 - m) (1 - n) (1 - b) (1 - p) q r s
	Pr(TTTT) = (1 - m) (1 - n) (1 - b) p q r s,

where m = logit-1(u+v) and
  = p q (1 - r) (1 - s) + p (1 - q) r (1 - s) + p (1 - q) (1 - r) s + (1 - p) q r (1 - s)
 + (1 - p) q (1 - r) s + (1 - p) (1 - q) r s.

The probability of mastery (m) is a combination of the question-specific mastery (u) and the student-specific mastery (v), using the inverse logit in order to transform the sum into a probability m. The set of options included in the selection bias, in this case double-T bias, are summed in , which is a normalization constant for the conditions among which selection bias is manifest. Other models are modifications of the above expressions as appropriate.





Supplementary Material 3. Calculating the probability of selecting each multiple-choice option. 

The probability of students choosing a particular multiple-choice (MC) option depended on the proportion of students with mastery, partial mastery, and informed reasoning. Students with mastery or partial mastery selected the correct answer (A). The remaining students selected one of the answer options based on informed reasoning. Since students could only select one option in the MC format, selection of a particular option was based on the attractiveness of that option as well as the extent to which the other options were considered false. Thus, the informed reasoning process most closely approximated selection from among the four single-T answer patterns in the MTF format (i.e., TFFF, FTFF, FFTF, and FFFT corresponding to A, B, C, and D, respectively). The probability of selecting each option was modeled as

Pr(A) = m + (1 - m) n + (1 - m) (1 - n) p (1 - q) (1 - r) (1 - s) / 
	Pr(B) = (1 - m) (1 - n) (1 - p ) q (1 - r) (1 - s) / 
	Pr(C) = (1 - m) (1 - n) (1 - p ) (1 - q) r (1 - s) / 
	Pr(D) = (1 - m) (1 - n) (1 - p ) (1 - q) (1 - r) s / 

where letters are the same as in Figure 1 with the addition of  which represents a renormalization constant, in this case the sum of the four single-T probabilities.

	 = p (1 - q) (1 - r) (1 - s) + (1 - p) q (1 - r) (1 - s) + (1 - p) (1 - q) r (1 - s) + (1 - p) (1 - q) (1 - r) s
	
When simplified, these four statements become
	
Pr(A) = m + (1 - m) n + (1 - m) (1 - n) p / ((1 - p) w)
	Pr(B) = (1 - m) (1 - n) q / ((1 - q) w)
	Pr(C) = (1 - m) (1 - n) r / ((1 - r) w)
	Pr(D) = (1 - m) (1 - n) s / ((1 – s) w)

where w = p / (1 - p) + q / (1 - q) + r / (1 - r) + s / (1 - s). 

An alternative model would have been to renormalize the attractiveness parameters directly.
	
Pr(A) = m + (1 - m) n + (1 - m) (1 - n) p / (p + q + r + s)
	Pr(B) = (1 - m) (1 - n) q / (p + q + r + s)
	Pr(C) = (1 - m) (1 - n) r / (p + q + r + s)
	Pr(D) = (1 - m) (1 - n) s / (p + q + r + s)

However, this approach failed to adequately account for the extent to which student MC selections stem both from the attractiveness of each option as well as the relative unattractiveness of the other options. The inferiority of this alternative model was supported by the lack of fit in comparison to the first model.

	Model structures
	WAIC
	WAIC SE
	PWAIC

	MC selection based on single-T probabilities 
	18520.7
	200.0
	342.1

	MC selection based on individual attractiveness
	18745.1
	199.8
	344.7




[image: ][image: ]

Supplementary Material 4. Best-fit distributions from which model parameters were drawn for (A) informed reasoning, (B) partial mastery, (C) endorsement bias, and (D) mastery. Curved lines represent best-fit distributions and tick marks along the x-axes indicate best-fit values for each question, or each student in the case of the student mastery component.
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[bookmark: _GoBack]Supplementary Material 5. Influence of endorsement bias on results interpretation. The expected proportion of students endorsing each statement for an MTF question is plotted using the average parameter values across all questions. The light orange bars represent the complete, best-fit model. The dark orange bars represent the expected endorsement proportions if double-T endorsement bias did not exist (set b = 0). Importantly, endorsement bias has minimal effect on either the proportion of students providing a fully correct answer or the interpretation of which statements remain challenging for students.
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