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The bi-exponential case 
Consider a bi-exponential TAC, i.e.,  

 
𝐴𝐴(𝑡𝑡) = 𝑎𝑎1 exp�−�𝜆𝜆1 + λphys�𝑡𝑡� + 𝑎𝑎2 exp�−�𝜆𝜆2 + λphys�𝑡𝑡� (S1) 

 
corresponding to the parameter vector 𝐩𝐩 = [𝑎𝑎1,λ1 ,𝑎𝑎2, λ2]T.  

 
The Jacobian for the fitting problem to the 𝑛𝑛 data points is  
 

𝐉𝐉 =

⎣
⎢
⎢
⎢
⎡exp�−�𝜆𝜆1 + λphys�𝑡𝑡1� −𝑡𝑡1𝑎𝑎1 exp�−�𝜆𝜆1 + λphys�𝑡𝑡1� exp�−�𝜆𝜆2 + λphys�𝑡𝑡1� −𝑡𝑡1𝑎𝑎2 exp�−�𝜆𝜆2 + λphys�𝑡𝑡1�
exp�−�𝜆𝜆1 + λphys�𝑡𝑡2� −𝑡𝑡2𝑎𝑎1 exp�−�𝜆𝜆1 + λphys�𝑡𝑡2� exp�−�𝜆𝜆2 + λphys�𝑡𝑡2� −𝑡𝑡2𝑎𝑎2 exp�−�𝜆𝜆2 + λphys�𝑡𝑡2�

⋮ ⋮ ⋮ ⋮
exp�−�𝜆𝜆1 + λphys�𝑡𝑡𝑛𝑛� −𝑡𝑡𝑛𝑛𝑎𝑎1 exp�−�𝜆𝜆1 + λphys�𝑡𝑡𝑛𝑛� exp�−�𝜆𝜆2 + λphys�𝑡𝑡𝑛𝑛� −𝑡𝑡𝑛𝑛𝑎𝑎2 exp�−�𝜆𝜆2 + λphys�𝑡𝑡𝑛𝑛�⎦

⎥
⎥
⎥
⎤

(S2) 

 
and the covariance matrix of the parameter vector becomes  

 

𝚺𝚺𝐏𝐏 = 𝑟𝑟2

⎣
⎢
⎢
⎢
⎡ 𝑄𝑄1 −𝑎𝑎1𝑄𝑄1𝑡𝑡1̅ 𝑄𝑄12 −𝑎𝑎2𝑄𝑄12𝑡𝑡1̅2
−𝑎𝑎1𝑄𝑄1𝑡𝑡1̅ 𝑎𝑎12𝑄𝑄1(𝑠𝑠12 + 𝑡𝑡1̅2) −𝑎𝑎1𝑄𝑄12𝑡𝑡1̅2 𝑎𝑎1𝑎𝑎2𝑄𝑄12(𝑠𝑠122 + 𝑡𝑡1̅22 )
𝑄𝑄12 −𝑎𝑎1𝑄𝑄12𝑡𝑡1̅2 𝑄𝑄2 −𝑎𝑎2𝑄𝑄2𝑡𝑡2̅

−𝑎𝑎2𝑄𝑄12𝑡𝑡1̅2 𝑎𝑎1𝑎𝑎2𝑄𝑄12(𝑠𝑠122 + 𝑡𝑡1̅22 ) −𝑎𝑎2𝑄𝑄2𝑡𝑡2̅ 𝑎𝑎22𝑄𝑄2(𝑠𝑠22 + 𝑡𝑡2̅2) ⎦
⎥
⎥
⎥
⎤
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(S3) 

 
where 𝑄𝑄1 = ∑ 𝑞𝑞12(𝑡𝑡𝑖𝑖)𝑛𝑛

𝑖𝑖=1 , 𝑄𝑄2 = ∑ 𝑞𝑞22(𝑡𝑡𝑖𝑖)𝑛𝑛
𝑖𝑖=1  , and 𝑄𝑄12 = ∑ 𝑞𝑞1(𝑡𝑡𝑖𝑖)𝑞𝑞2(𝑡𝑡𝑖𝑖)𝑛𝑛

𝑖𝑖=1  with 𝑞𝑞1(𝑡𝑡) =
exp�−�𝜆𝜆1 + λphys�𝑡𝑡� 𝐴𝐴(𝑡𝑡)⁄  and 𝑞𝑞2(𝑡𝑡) = exp�−�𝜆𝜆2 + λphys�𝑡𝑡� 𝐴𝐴(𝑡𝑡)⁄ ;  𝑡𝑡1̅, 𝑡𝑡2̅, and 𝑡𝑡1̅2 are the weighted 
averages  𝑡𝑡1̅ = ∑ 𝑞𝑞12(𝑡𝑡𝑖𝑖)𝑡𝑡𝑖𝑖𝑛𝑛

𝑖𝑖=1 𝑄𝑄1⁄ , 𝑡𝑡2̅ = ∑ 𝑞𝑞22(𝑡𝑡𝑖𝑖)𝑡𝑡𝑖𝑖𝑛𝑛
𝑖𝑖=1 𝑄𝑄2⁄  and 𝑡𝑡1̅2 = ∑ 𝑞𝑞1(𝑡𝑡𝑖𝑖)𝑞𝑞2(𝑡𝑡𝑖𝑖)𝑛𝑛

𝑖𝑖=1 𝑄𝑄12⁄ ; and 𝑠𝑠12, 𝑠𝑠22, 
and 𝑠𝑠122  are the weighted variances 𝑠𝑠12 = ∑ 𝑞𝑞12(𝑡𝑡𝑖𝑖)(𝑡𝑡𝑖𝑖 − 𝑡𝑡1̅)𝑛𝑛

𝑖𝑖=1
2 𝑄𝑄1� , 𝑠𝑠22 = ∑ 𝑞𝑞22(𝑡𝑡𝑖𝑖)(𝑡𝑡𝑖𝑖 − 𝑡𝑡2̅)𝑛𝑛

𝑖𝑖=1
2 𝑄𝑄2� , and 

𝑠𝑠122 = ∑ 𝑞𝑞1(𝑡𝑡𝑖𝑖)𝑞𝑞2(𝑡𝑡𝑖𝑖)(𝑡𝑡𝑖𝑖 − 𝑡𝑡1̅2)𝑛𝑛
𝑖𝑖=1

2 𝑄𝑄12� .  
Denote 

 

𝚫𝚫1 = �
𝑄𝑄1 −𝑎𝑎1𝑄𝑄1𝑡𝑡1̅

−𝑎𝑎1𝑄𝑄1𝑡𝑡1̅ 𝑎𝑎12𝑄𝑄1(𝑠𝑠12 + 𝑡𝑡1̅2)� , (S4) 

 

𝚫𝚫2 = �
𝑄𝑄2 −𝑎𝑎2𝑄𝑄2𝑡𝑡2̅

−𝑎𝑎2𝑄𝑄2𝑡𝑡2̅ 𝑎𝑎22𝑄𝑄2(𝑠𝑠22 + 𝑡𝑡2̅2)� , (S5) 

and  
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𝐊𝐊 = �
𝑄𝑄12 −𝑎𝑎2𝑄𝑄12𝑡𝑡1̅2

−𝑎𝑎1𝑄𝑄12𝑡𝑡1̅2 𝑎𝑎1𝑎𝑎2𝑄𝑄12(𝑠𝑠122 + 𝑡𝑡1̅22 )� (S6) 

such that 
 

𝚺𝚺𝐏𝐏 = 𝑟𝑟2 �
𝚫𝚫1 𝐊𝐊
𝐊𝐊T 𝚫𝚫2

�
−1

=

𝑟𝑟2 �
𝚫𝚫1−1 + 𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�

−1
𝐊𝐊T𝚫𝚫1−1 −𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�

−1

−�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1 𝚫𝚫2−1 + 𝚫𝚫2−1𝐊𝐊T�𝚫𝚫1 − 𝐊𝐊𝚫𝚫2−1𝐊𝐊T�

−1
𝐊𝐊𝚫𝚫2−1

� =

𝑟𝑟2 �
𝚫𝚫𝟏𝟏−𝟏𝟏 𝟎𝟎
𝟎𝟎 𝚫𝚫𝟐𝟐−𝟏𝟏

� + 𝑟𝑟2 �
𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�

−1
𝐊𝐊T𝚫𝚫1−1 𝟎𝟎

𝟎𝟎 𝚫𝚫2−1𝐊𝐊T�𝚫𝚫1 − 𝐊𝐊𝚫𝚫2−1𝐊𝐊T�
−1
𝐊𝐊𝚫𝚫2−1

�+

𝑟𝑟2 �
𝟎𝟎 −𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�

−1

−�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1 𝟎𝟎

� . (S7)

 

 
The Jacobian for the integration is  

 
𝚼𝚼 = [𝚼𝚼1 𝚼𝚼2], (S8) 

 
where  
 

𝚼𝚼1 = [𝛼𝛼�1𝑎𝑎1−1 −𝛼𝛼�1𝜏𝜏1] (S9) 
 
and  
 

𝚼𝚼2 = [𝛼𝛼�2𝑎𝑎2−1 −𝛼𝛼�2𝜏𝜏2] (S10) 
 
with 𝛼𝛼�1 = 𝑎𝑎1𝜆𝜆1−1, 𝛼𝛼�2 = 𝑎𝑎2𝜆𝜆2−1, 𝜏𝜏1 = 𝜆𝜆1−1, and 𝜏𝜏2 = 𝜆𝜆2−1. 

The variance of the TIA becomes  
 

𝑉𝑉�𝐴̃𝐴� = 𝚼𝚼𝚺𝚺𝐏𝐏𝚼𝚼T = 𝑟𝑟2𝚼𝚼1Δ1−1𝚼𝚼1T + 𝑟𝑟2𝚼𝚼2Δ2−1𝚼𝚼2T + 

𝑟𝑟2𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1𝚼𝚼1T + 

𝑟𝑟2𝚼𝚼2𝚫𝚫2−1𝐊𝐊T�𝚫𝚫1 − 𝐊𝐊𝚫𝚫2−1𝐊𝐊T�−1𝐊𝐊𝚫𝚫2−1𝚼𝚼2T − 

𝑟𝑟2𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝚼𝚼2T − 

𝑟𝑟2𝚼𝚼2�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1𝚼𝚼1T. (S11) 

 

Noting that 𝑉𝑉�𝐴̃𝐴�, and hence all constituent terms, are scalar in combination with �𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1

being 

symmetric,  𝚼𝚼2�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1𝚼𝚼1T = �𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�

−1
𝚼𝚼2T�

T
= 𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 −

𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝚼𝚼2T and defining  

 
𝐷𝐷1 = 𝚼𝚼1Δ1−1𝚼𝚼1T, (S12) 

 
𝐷𝐷2 = 𝚼𝚼2Δ2−1𝚼𝚼2T, (S13) 
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𝐶𝐶1 = 𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝐊𝐊T𝚫𝚫1−1𝚼𝚼1T, (S14) 

 

𝐶𝐶2 = 𝚼𝚼2𝚫𝚫2−1𝐊𝐊T�𝚫𝚫1 − 𝐊𝐊𝚫𝚫2−1𝐊𝐊T�−1𝐊𝐊𝚫𝚫2−1𝚼𝚼2T, (S15) 
 
and 

𝜌𝜌 = 𝚼𝚼1𝚫𝚫1−1𝐊𝐊�𝚫𝚫2 − 𝐊𝐊T𝚫𝚫1−1𝐊𝐊�
−1
𝚼𝚼2T (S16) 

leads to 
 

𝑉𝑉�𝐴̃𝐴� = 𝑟𝑟2(𝐷𝐷1 + 𝐷𝐷2 + 𝐶𝐶1 + 𝐶𝐶2 − 2𝜌𝜌), (S17) 
 
where, in analogy with the mono-exponential case,   
 

𝐷𝐷1 = 𝛼𝛼�12
1

𝑎𝑎12𝑄𝑄1
�1 +

(𝑡𝑡1̅ − 𝜏𝜏1)2

𝑠𝑠12
� , (S18) 

 
and  
 

𝐷𝐷2 = 𝛼𝛼�22
1

𝑎𝑎22𝑄𝑄2
�1 +

(𝑡𝑡2̅ − 𝜏𝜏2)2

𝑠𝑠22
� . (S19) 

 
There are straight-forward interpretations of the different terms in (S17) with 𝐷𝐷1 and 𝐷𝐷2 representing the 

propagation of dispersion for the two phases individually; 𝐶𝐶1 and 𝐶𝐶2 represent corrections to 𝐷𝐷1 and 𝐷𝐷2; and 
𝜌𝜌 represent the correlation between the two phases.  
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