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The bi-exponential case
Consider a bi-exponential TAC, ze.,

A(t) = a4 exp(—[/h + Aphys]t) +a, exp(—[Az + Aphys]t) (SD
corresponding to the parameter vector p = [aq,Aq, az, A5]T.
The Jacobian for the fitting problem to the n data points is

exp(—[A1 + Aphys]tl) —tia, exp(—[A1 + Aphys]tl) exp(—[A2 + Aphys]tl) —t1a, exp(—[A2 + Aphys]tl)
J= exp(—[A1 + Aphys]tz) —t,ay exp(—[A1 + Aphys]tz) exp(—[A2 + Aphys]tz) —tya, exp(—[A2 + Aphys]tz) (s2)

exp(—[A1 + Aphys]tn) —t,a, exp(—[A1 + Aphys]tn) exp(—[A2 + Aphys]tn) —t,a, exp(—[A2 + Aphys]tn)

and the covariance matrix of the parameter vector becomes

Q1 —a1Q1t; Q12 —a3Q12t12 -
Tp = 12 —a1Q1t; a%Q1(512 4: 512) —a1Q12t2 a1a2Q12(5122_+ Efz) (S3)
Q12 —a10Q12t12 Q2 —a;Q;t;
—a3Q12t12 10,01, (sz + Efz) —a;Q>t; a%Qz (522 + Ezz)

where Q; = X7, g7 (t;), Q2 = 272145 (t) , and Q12 = XiL; q1 ()2 (8) with g, (¢) =

exp(—[/h + Aphys]t)/A(t) and q,(t) = exp(—[Az + Aphys]t)/A(t); t1, ty, and t1; are the weighted
averages £y = Niq g1 (t)t;/Q1, T = Xiq 45 (t)t;/ Q2 and Ty = Xitq q1(t)q2(t)/Q12; and 57, 57,
and s, are the weighted variances s? = Y=, q7 () (t; — fl)z/Q1, s2 =Y, gt — fZ)Z/QZ, and
St2 = 2ieq a1 () (t) (& — 512)2/Q12-

Denote
Q1 —a;,Q1t ]
A = - | (S4)
! —a,0:8  afQi(sf + )
Q2 —a,0Q;t; ]
A, = _ |, (S5)
27 l—ayQ:8,  a3Q,(s +
and
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Q12 —a;Q12t12 ]
K= [ i} i} (S6)
—a1Q12t12  a102Q12(st, + t52)
such that
A, K1t
— 2|1 —
Zp =77 kT Az]
A7! + AT'K(A, — KTAT'K) T KTA7! —A7'K(A, — KTATIK)
r2 |01 1 2 1 1 1 2 1 _
-1 -1
—(A; — KTATK) KTAT! A7+ A7'KT(A; — KAZ'KT) KAj!
-1
A7l 0 AT'K(A, — KTAT'K) "KTAT? 0
T'Z [ 1 _1] + T'Z 1 ( 2 1 ) 1 B n
0 A 0 A7'KT(A; — KAZ'KT) KA3!
0 —A7'K(A, — KTATIK)
r2 . 1'K(a; 1K) . (S7)
—(A; — KTATK) KTAT! 0
The Jacobian for the integration is
Y= [Y1 Yz], (S8)
where
Y, = [@art a7 (s9)
and
Y, =[&a;" —d,1,] (510)
Wlth &1 = allIl, &2 = azlgl, Tl = /1;1, and TZ = /151
The variance of the TTA becomes
V(A) = YEpYT = r2Y, ATYY + r2Y,051Y] +
r2Y,A7'K(A, — KTAT'K) T KTATIYT +
r2Y,A7'KT(A, — KA7'KT) ' KAZ1YT —
r2Y,A7'K(A, — KTAT'K) YT —
r2Y,(A, — KTA7'K) ' KTAT1YT. (s11)

Noting that V(A), and hence all constituent terms, are scalar in combination with (Az - KTAIlK)_lbeing
_ _ T

symmetric, Y(A, — KTAT'K) " KTAT'YT = [Y;A7'K(A, — KTA7'K) Y| = Y,A7'K(a, -

KTAT'K) " Y] and defining

Dy = Y1471, (S12)

D, = Y,A;1Y], (s13)
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¢ = Y;A7'K(A, — KTATIK) T KTAT1YT,
C, = Y,A;'KT(A, — KA;'KT) KA1V,
and

p = Y,AT'K(A, — KTAT'K) Y]

leads to
V(A) =712(Dy + Dy + Cy + C, — 2p),

where, in analogy with the mono-exponential case,

1 t, — 1)
oy [1+(1 >]
a;Qq S1

and

1 t, —1,)?
D, = & — [1+(2 22)].
aQ: S

(S14)

(S15)

(S16)

(817)

(518)

(S19)

There are straight-forward interpretations of the different terms in (S17) with Dy and D, representing the

propagation of dispersion for the two phases individually; C; and C, represent corrections to Dy and D,; and

p represent the correlation between the two phases.
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