Supplement to “Model confidence sets and forecast combination:

An application to mortality forecasting”

S1. Geographical locations of the 47 prefectures

We plot geographic locations (from North to South) of the 47 prefectures within eight regions
of Japan in Figure 1. Also, we present the names of the prefectures within each of the eight regions

of Japan in Table 1.
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Figure 1: Geography locations of the 47 prefectures within eight regions of Japan.
Source: https://en.wikipedia.org/wiki/Prefectures_of_Japan

Table 1: Name of the prefectures within each region of Japan. The regions and the prefectures are ordered
geographically from North to South.

Prefecture within each region
Hokkaidd Tohoku Kanto Chibu Kansai Chogoku Shikoku  Kytshi

Hokkaido Aomori Ibaraki Niigata Mie Tottori Tokushima Fukuoka
Iwate Tochigi  Toyama  Shiga Shimane Kagawa  Saga
Miyagi Gunma  Ishikawa Kyoto Okayama Ehime Nagasaki
Akita Saitama  Fukui Osaka Hiroshima Kochi Kumamoto
Yamagata Chiba Yamanashi Hydgo Yamaguchi Oita
Fukushima Tokyo Nagano  Nara Miyazaki
Kanagawa Gifu Wakayama Kagoshima
Shizuoka Okinawa
Aichi



https://en.wikipedia.org/wiki/Prefectures_of_Japan

S2. Detailed point and interval forecast results

While a summary of the point and interval forecast accuracies is given in Table 6, we report the
detailed point and interval forecast errors for the ten years in the forecasting period in Tables 2, 3
and 4, 5.

Table 2: Point forecast accuracy among the 17 models and two model-averaged methods in Japan for ages

between 60 and 100+. Forecast errors have been multiplied by 100. The smallest overall errors are
highlighted in bold.

Series  Method 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 Mean

Female 1 041 037 061 025 08 08 073 060 025 043 0.54
2 145 159 224 275 315 490 522 692 688 686 4.20
3 099 108 149 108 18 173 147 142 1.02 1.25 1.34
4 1.72 185 211 167 233 228 222 19 172 197 1.98
5 098 104 137 092 160 151 139 114 095 1.09 1.20
6 193 197 228 181 242 229 220 200 169 1.93 2.05
7 081 082 102 071 114 1.09 098 073 078 066  0.87
8 019 021 054 011 075 047 035 012 035 0.21 0.33
9 048 043 070 038 097 1.02 088 080 046 062 0.67
10 048 043 071 039 099 105 092 085 049 0.65 0.69
11 047 042 069 038 098 1.04 090 085 050 0.65 0.69
12 046 041 068 038 097 1.05 090 089 053 0.67 0.69
13 069 067 08 059 088 098 081 048 0.65 045 0.71
14 068 067 08 059 09 1.02 083 048 0.65 045 0.72
15 054 054 067 046 082 0838 067 045 0.67 045 0.61
16 064 068 089 059 097 116 1.08 088 0.74 0.68 0.83
17 072 063 080 057 1.01 116 111 080 0.68 062 0.81
18 041 037 061 025 08 08 073 060 025 043 0.54
19 041 037 061 025 08 08 073 060 025 043 0.54
Male 042 034 107 044 126 114 106 053 038 044 0.71
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2 068 091 058 151 105 176 297 461 487 3.70 2.27
3 1.05 131 224 147 275 256 244 195 166 192 1.93
4 218 245 336 237 356 330 343 283 264 3.08 292
5 113 136 229 132 254 221 223 160 136 1.80 1.78
6 233 250 347 230 354 310 3.09 236 225 258 2.75
7 112 131 221 118 233 198 198 132 1.06 149 1.60
8 090 073 063 093 075 048 025 075 0.64 0.39 0.65
9 055 054 135 056 161 151 149 094 057 0.78 0.99

10 055 053 135 056 162 154 152 097 0.60 0.80 1.00
11 057 057 138 058 164 156 152 099 061 0.81 1.02
12 054 055 137 056 162 152 149 095 0.60 0.80 1.00
13 029 043 128 061 117 110 074 049 049 0.63 0.72
14 059 063 149 057 120 1.03 071 048 048 0.63 0.78
15 031 038 130 058 121 1.07 080 048 045 062 0.72
16 053 050 135 064 141 146 138 079 051 074 093
17 052 043 133 058 125 089 062 064 0.69 0.65 0.76
18 042 034 107 044 126 114 106 053 038 044 071
19 042 034 107 044 126 114 106 053 038 044 071




Table 3: Point forecast accuracy among the 17 models and two model-averaged methods, averaged across the
47 sub-national populations for ages between 60 and 100+. Forecast errors have been multiplied
by 100. The smallest errors are highlighted in bold.

Series  Method 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 Mean

Female 1 116 112 121 1.05 130 130 126 1.04 084 0.82 1.11
2 200 227 261 288 379 441 752 801 797 2098 6.24
3 140 146 172 138 203 196 186 160 125 1.40 1.61
! 203 210 230 187 249 247 242 212 188 2.08 217
5 144 144 165 131 184 177 169 140 123 131 1.51
6 223 224 247 202 262 250 243 219 189 2.09 2.27
7 133 129 141 119 146 141 136 112 113 1.01 1.27
8 1.09 107 115 1.02 124 107 101 087 089 0.79 1.02
9 133 123 132 120 142 146 140 123 101 099 1.26
10 133 123 132 120 142 148 142 126 1.02 1.01 1.27
11 132 123 131 120 141 147 145 126 1.02 1.01 1.27
12 132 122 131 121 141 147 148 129 103 1.03 1.28
13 1.19 118 127 110 133 146 145 118 1.04 090 1.21
14 121 120 125 1.09 131 146 146 120 1.04 0091 1.21
15 118 119 124 112 132 143 148 116 1.05 092 1.21
16 121 121 126 114 134 145 151 125 1.09 1.01 1.25
17 122 121 124 116 130 144 144 122 1.07 096 1.23
18 115 115 124 1.09 134 139 154 131 120 096 1.24
19 116 116 126 1.07 135 138 155 127 104 091 1.22
Male 1 280 282 265 274 274 282 259 220 214 203 2.55

2 346 350 323 361 350 387 423 471 558 448 @ 4.02
3 283 289 325 29 372 373 354 308 261 272 3.13
4 331 350 394 340 424 427 415 380 337 3.65 3.76
5 275 283 315 275 346 343 321 289 248 263 2.96
6 347 360 411 343 433 416 391 346 312 328 3.69
7 276 278 310 268 328 327 301 275 232 242 2.84
8 290 268 251 269 265 258 232 230 212 196 247
9 373 381 408 379 438 419 388 361 312 323 3.78

10 369 375 404 376 434 417 388 361 312 323 3.76
11 376 382 411 382 441 425 398 367 317 327 3.83
12 331 343 375 345 401 383 365 334 290 3.02 3.47
13 254 251 256 249 276 299 272 246 211 198 2.51
14 254 251 255 249 276 298 271 246 212 1.99 2.51
15 254 248 251 246 271 288 262 240 207 198 2.47
16 255 248 251 247 267 289 264 243 207 194 2.47
17 266 257 248 250 258 273 238 229 219 203 244
18 264 259 257 248 282 289 265 237 206 200 2.51
19 265 258 257 250 280 287 265 237 205 197 250




Table 4: Interval forecast accuracy among the 17 models and two model-averaged methods in Japan for ages
between 60 and 100+. Forecast errors have been multiplied by 100. The smallest overall errors are
highlighted in bold.

Series Method 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 Mean

Female 1 1.04 090 190 0.67 350 338 253 217 0.67 139 181
2 354 436 6.62 584 1045 872 633 805 586 1144 7.12
3 284 375 536 377 767 673 546 515 351 486 4091
4 567 651 782 571 935 877 821 707 590 737 724
5 242 321 467 223 594 532 449 314 233 335 371
6 509 610 695 488 827 724 660 547 356 535 595
7 1.89 189 214 178 216 227 220 177 163 160 193
8 076 080 079 079 148 094 079 074 075 076 0.86
9 114 104 196 1.00 368 352 284 262 113 204 210
10 114 105 201 1.02 382 381 3.06 290 132 227 224
11 113 1.02 194 101 375 372 295 293 133 224 220
12 111 097 18 100 368 375 291 311 145 233 222
13 119 116 150 105 18 245 140 079 101 068 131
14 117 115 149 105 214 260 146 077 099 068 135
15 132 130 127 128 127 141 137 136 133 128 132
16 117 121 141 100 189 246 184 115 104 112 143
17 1.51 131 160 126 245 257 25 172 158 144 180
18 079 077 081 083 155 091 079 075 076 0.69 0.87
19 079 077 081 083 155 091 079 075 076 069 0.87
Male 1 126 096 368 144 574 519 467 205 130 163 279

2 213 225 188 547 297 5.04 1020 1770 1876 1333 7.97
3 389 532 957 588 1229 1135 1075 821 676 7.63 8.17
4 827 10.25 14.00 9.17 1559 14.13 14.53 11.57 11.05 13.28 12.18
5 305 512 887 438 1070 8.60 859 499 400 592 642
6 714 914 13.17 745 14.15 1127 1120 753 730 884 9.72
7 252 287 534 282 674 499 495 265 215 310 381
8 152 147 119 181 168 120 118 131 116 116 1.37
9 1.52 152 456 170 6.79 627 597 349 206 293 3.68

10 153 151 459 173 692 655 619 372 220 3.06 3.80
11 156 167 482 178 709 671 625 383 228 311 391
12 146 150 448 166 669 6.16 584 346 209 296 3.63
13 118 112 201 136 233 219 129 118 116 114 150
14 117 108 250 125 226 18 128 118 114 114 149
15 196 190 230 189 204 193 200 199 192 187 198
16 1.77 167 161 162 177 223 184 177 187 175 1.79
17 151 130 238 151 241 171 161 176 187 187 1.79
18 154 154 124 180 158 126 120 130 110 1.05 1.36
19 154 154 124 180 158 126 120 130 110 1.05 1.36




Table 5: Interval forecast accuracy among the 17 models and two model-averaged methods, averaged across
the 47 sub-national populations for ages between 60 and 100+. Forecast errors have been multiplied
by 100. The smallest overall errors are highlighted in bold.

Series Method 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 Mean
Female 1 386 3.67 4.01 365 473 496 465 355 286 2.87  3.88
2 480 5.07 626 594 8.00 796 4038 4210 32.27 464.22 61.70
3 430 462 569 440 733 720 6.68 523 394 470 541
4 6.18 655 750 568 874 868 811 675 572 697 7.09
5 399 414 505 360 612 587 526 390 329 3.83 4.50
6 548 574 656 485 758 7.02 649 523 425 519 584
7 3.04 287 308 277 315 338 321 257 253 228 289
8 246 236 259 243 288 280 260 199 2.02 1.84 240
9 437 399 430 410 494 522 500 4.02 327 337 426
10 441 401 434 414 499 538 515 417 336 347 434
11 440 399 428 415 491 527 534 418 334 346 433
12 430 388 420 411 481 521 543 426 3.35 350 4.30
13 255 242 266 240 282 346 349 276 231 225 271
14 258 241 264 239 282 342 349 272 231 225 270
15 300 291 284 283 282 321 334 294 280 272 294
16 346 332 348 315 353 4.08 387 318 296 294 340
17 273 267 272 254 278 336 314 271 240 229 273
18 261 249 260 240 269 291 310 252 224 215 257
19 265 253 261 241 271 289 305 250 223 213 257
Male 1 10.28 10.15 9.84 10.27 1040 1094 997 8.04 8.07 7.68 9.6
2 1147 11.61 11.26 1240 1196 14.02 15.89 1829 2218 16.62 14.57
3 10.11 10.39 12.15 10.44 14.18 14.22 13.16 10.55 9.11 9.65 11.40
4 1046 11.83 13.77 1093 1544 1542 1487 1270 1144 13.22 13.01
5 834 9.10 1046 840 1198 11.62 1047 855 7.35 823 945
6 932 1031 1233 9.25 1344 1253 11.28 9.09 8.20 8.99 1047
7 780 772 867 744 949 944 862 723 6.09 6.57 791
8 6.85 6.12 620 623 623 626 546 514 480 437 577
9 13.056 12.81 13.53 12.75 14.64 1459 13.55 11.76 10.54 10.80 12.80
10 1297 12.66 13.42 12.66 1451 14.62 13.62 11.86 10.59 10.86 12.78
11 13.21 1294 13.73 1290 1490 1498 14.02 12.05 10.76 1098 13.05
12 10.78 10.52 11.27 10.83 12.14 1227 11.83 1029 924  9.63 10.88
13 6.14 578 580 568 6.00 666 638 557 535 528 5.86
14 6.15 576 579 568 601 667 639 558 535 528 5.87
15 523 502 502 491 525 562 541 494 448 432 5.02
16 765 746 751 719 715 746 745 704 674 6.61 7.23
17 592 566 554 547 574 605 537 520 502 494 549
18 522 501 507 494 518 571 550 502 453 443 5.06
19 524 503 507 494 519 567 550 502 454 446 5.07




S3. Application to single-premium fixed-term immediate annuity

An important use of mortality forecasts for the elderly (at ages approximately older than 60
years of age) is in the pension and insurance industries, whose profitability and financial strength
depend on accurate mortality forecasts to appropriately hedge longevity risks. When a person
retires, an optimal way of guaranteeing one individual’s financial income in retirement is to
purchase an annuity (as demonstrated by Yaari, 1965). An annuity is a contract offered by insurers
guaranteeing a steady stream of payments for either a fixed term or the lifetime of the annuitants
in exchange for an initial premium fee.

Lifetime immediate annuities, where rates are locked in for life, have been shown to deliver
poor value for money (i.e., they may be expensive for the purchaser: see, e.g., Cannon and Tonks,
2008, Chapter 6). We consider fixed-term annuities, which have grown in popularity in some
countries. These fixed-term annuities pay a pre-determined and guaranteed level of income
which is higher than the level of income provided by a lifetime annuity for a similar premium.
Fixed-term annuities offer an alternative to lifetime annuities and allow the purchaser the option
of also buying a deferred annuity to start at a later date. By using the constraint that the last age
of the fixed-term annuity is less than 100, we also avoid the problem of extrapolating the sets of
mortality rates up to the very highest ages.

We apply the mortality forecasts to the calculation of a fixed-term annuity (see Dickson et al.,
2009, p. 114), and we adopt a cohort approach to the calculation of survival probabilities. For a
single cohort, the T year survival probability of a person aged x currently at t = 0 (or year 2016) is

determined by

T T
opr = [ Tpasjr = exp™2xi,
j=1 j=1

which is a random variable given that mortality rates for j = 1,..., T are forecasts obtained by a
model-averaging method based on the Ty« test. Here, we assume that the central mortality
rates are constant throughout each one-year period.

The price of an annuity with maturity T year, written for an x-year-old with benefit $1 per year

and conditional on the path is given by

T T

ay(Vie) = Y B0, DE(r,sc| Vi) = Y B0, 1) epx(Vir),
=1 =1
where B(0, T) is the T-year bond price, )i . is the first T elements of Vj.;, and +px(V1.r)* denotes
the survival probability given a random ). (see also Fung et al., 2017). For the purpose of pricing,
reserving and risk management, it is vital to produce an accurate forecast of the survival curve ;py

that best captures the mortality experience of a portfolio.



In Table 6, to provide an example of the annuity calculations, we present the model-averaged
point forecasts of the annuity prices using the Trax M test for different ages and maturities for a
female policyholder residing in Akita, where we have single years of observation from 1975 to
2015. We assume a constant interest rate at 7 = 3%, and hence B(0, 7) = exp™ ™.

Table 6: Estimates of annuity prices with different ages and maturities (T) for a female policyholder
residing in prefecture Akita. These estimates are based on forecasting age-specific mortality rates

from 2016 to 2056. We consider only contracts with maturity so that age + maturity < 100. If
age + maturity > 100, NA will be shown in the table.

Age T=5 T=10 T=15 T =20 T =25 T =230
60 4.53 8.34 11.52 14.13 16.19 17.65
65 4.51 8.28 11.37 13.80 15.54 16.56
70 4.49 8.17 11.07 13.14 14.36 14.87
75 4.43 7.92 10.41 11.87 12.49 NA
80 4.30 7.37 9.18 9.94 NA NA
85 4.01 6.38 7.37 NA NA NA
90 3.53 5.01 NA NA NA NA
95 2.89 NA NA NA NA NA

To quantify forecast uncertainty, we construct the model-averaged prediction interval of
mortality rates, derive the survival probabilities and calculate the annuities for different ages and
maturities in Table 7. Since the superior set of models included in the proposed model-averaging
methods are different for producing point and interval forecasts of mortality rates, the point
forecasts of the annuity price do not necessarily lie with the constructed pointwise prediction

intervals.

Table 7: 95% pointwise prediction intervals of annuity prices with different ages and maturities (T') for
female policyholder residing in prefecture Akita, for example. These estimates are based on forecast
mortality rates for ages between 60 and 100+ from 2016 to 2056. We consider only contracts with
maturity so that age + maturity < 100. If age + maturity > 100, NA will be shown in the table.

Age T=5 T =10 T =15 T = 20 T =25 T = 30
60  (452,453) (8.32,836) (11.50,11.57) (14.11,14.23) (16.17,16.38) (17.68,17.99)
65  (450,452) (8.26,8.32) (11.35,1147) (13.79,14.01) (15.57,15.92) (16.68,17.13)
70  (447,451) (8.15,825) (11.05,11.27) (13.18,13.52) (14.48,14.99) (15.13,15.71)
75  (4.41,448) (7.90,8.09) (10.44,10.80) (12.01,12.54) (12.77,13.43) NA

80  (4.28,440) (7.39,7.71)  (9.31,9.85)  (10.23,10.94) NA NA

85  (4.02,421) (6.49,6.96)  (7.65,8.34) NA NA NA

90  (3.55,3.86) (5.21,5.83) NA NA NA NA

95  (2.94,3.36) NA NA NA NA NA
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