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Section S1: Eigenequation of Dyakonov surface waves
We investigate the all-dielectric structure made of an isotropic crystal and a uniaxial crystal as shown in Fig. 1a. The refractive index of isotropic crystal is . The ordinary and extraordinary refractive indices of uniaxial crystal are  and , respectively. Accordingly, the permittivity of isotropic crystal, the ordinary and extraordinary permittivities of uniaxial crystal are ,  and , respectively. Considering a propagating mode with the in-plane wavevector of  on the interface in the (u, y, w) coordinate system in Fig. S1, we find that the field inside the isotropic crystal is a combination of transverse magnetic field (p-polarized light) and transverse electric field (s-polarized light) while the field in the uniaxial crystal is a combination of ordinary field (o light) and extraordinary field (e light). The wavevectors for p-polarized light and s-polarized light radiated upward are ; The wavevectors for o light and e light radiated downward are  and , respectively. Here, the ,  and  are determined from dispersion relations of bulk modes as 
                                                         ,                                                       (1.1)
                                                         ,                                                       (1.2)
                                                 ,                                          (1.3)     
On the other hand, the polarization vectors of the p-polarized light and s-polarized light in the isotropic crystal take the form as
                                                          ,                                               (1.4)
                                                      ,                                            (1.5)
                                                             ,                                                      (1.6)
                                                       ,                                           (1.7)
Meanwhile, the polarization vectors of the o light and the e light in the uniaxial crystal take the form as
                                      ,                          (1.8)
                               ,                      (1.9)
                                     ,                      (1.10)
                          .       (1.11)
Applying the classical boundary conditions, we obtain the eigenequation as
.                                                     (1.12)
After tedious algebraic derivations, the Eq. (1.12) can be further simplified to the standard eigenequation of Dyakonov surface wave (DSW) as1
         .        (1.13)
The eigenvalue of the Eq. (1.13) is ,  where both  and  must be real, while , ,  are imaginary values. The , where  and  can be obtained by setting  and , respectively, in Eq. (1.13):
                                     ,                             (1.14)
                                           ,                                       (1.15)
The central value of this angular interval is estimated as 
                                                                                                             (1.16)
where , . Accordingly, , and we have
                                                              ,                                                      (1.17)
                                                       .                                        (1.18)
The direction  of Poynting power relative to the optical axis can also be determined from the eigenequation as,
                     ,             (1.19)
where  and  are the wavevectors parallel to and vertical to the optical axis of the uniaxial crystal, respectively.

[image: ]
Fig. S1 Creating Cartesian coordinate systems on the interface of an isotropic crystal and a uniaxial crystal. The particle trajectory aligns with the z-axis in (x, y, z) coordinate system. The in-plane wavevector kin of studied mode aligns with the w-axis in (u, y, w) coordinate system. The optical axis of the uniaxial crystal aligns with the z’-axis in (x’, y, z’) coordinate system. Here the y-axis is out-of-plane in these three coordinate systems. 

[bookmark: _Hlk31307986]Section S2: Calculating fields of surface Dyakonov-Cherenkov radiation
Assuming a swift charged particle travelling along z direction in (x, y, z) coordinate system, the corresponding current density  generates the source fields in the frequency domain as  
                        ,                   (2.1)
             ,       (2.2)
                ,            (2.3)
                 ,             (2.4)
                                ,                        (2.5)
                                                                ,                                                        (2.6)
where  is the distance from the particle trajectory to the dielectric interface and . 
Next, we transform each source field components in (x, y, z) coordinate system to ones in (u, y, w) coordinate system by a rotation matrix , where . As such, the field component with  in (u, y, w) coordinate system can be decoupled as the p-polarized light and the s-polarized light. 
For the p-polarized light, these field components are expressed as
                    ,                      (2.7)
                  ,                   (2.8)
                                   ;                   (2.9)
For the s-polarized light, the field components are expressed as
                              ,                        (2.10)
                                      ,                                (2.11)
                            .            (2.12)
Now we can express the total radiation fields as a sum of the source field and the scattering field in the dielectric structure. When ,
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When 
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By matching the boundary condition at , we can derive the scattering coefficients as 
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After determining the scattering coefficients, we transform the frequency-domain field expressions in (u, y, w) coordinate system back to ones in (x, y, z) coordinate system by an inverse rotation matrix . In the (x, y, z) coordinate system, when , 
                    ,        (2.29)
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                ,      (2.31)
       ,   (2.32)
                                     ,                   (2.33)
          .    (2.34)
When ,
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.             (2.40)
The time-domain radiation fields from the swift charged particle are calculated using the Fourier transformation as 
                                                           ,                                  (2.41)               
                                                          .                                  (2.42)
In the calculation of time-domain field distribution, we apply Sommerfeld integrals to overcome singularities along the numerical integration path. 

Section S3: Calculating energy loss in surface Dyakonov-Cherenkov radiation
The power dissipation formula is employed to calculate radiation energy loss emitted by a swift charged particle in the frequency interval  as 2
             .         (3.1)
On the one hand, the energy loss of the source field is found as 
.                                 (3.2)
On the other hand, the energy loss of the scattering field is found as
,         
                                                                                                                                               (3.3)
where  
,
,
,
,
.
In the end, the total radiation energy loss is expressed as 
                                                                    .                                                      (3.4)
The power spectral density can be derived from the formula . Meanwhile, the photon number generated per unit length of the particle path is related the power spectral density as 
.                                                              (3.5)

[bookmark: _Hlk65489787]Section S4: Influence of the birefringence on surface Dyakonov-Cherenkov radiation
[bookmark: _Hlk65625895][bookmark: _Hlk65625598]We start our analysis by studying the influence of birefringence on surface Dyakonov-Cherenkov radiation. The DSWs are excited only when no<na<ne and the evanescent wave generated by the charged particle phase matches the eigenmode of DSW as [Fig. S4]
                                                           .                                                  (4.1)
[bookmark: _Hlk65625927]Using the Eq. (4.1), Eqs. (1.14-1.18) and Eqs. (3.2-3.4), we can calculate the ,  and power spectral density GDSW for the arbitrary birefringence [Fig. S2]. Here,  is the  at the maximum energy loss;  is induced by  [Fig. S5].  We highlight that reducing the no or increasing the ne will enlarge the birefringence, and thus impact the behaviors of surface Dyakonov-Cherenkov radiation. First, the increase of the birefringence can either increase [Fig. S2a] or decrease [Fig. S2b] the . Second, when the birefringence is enlarged, the  increases due to the larger angular existing domain . Consequently, the particle detection sensitivity is decreased. On the contrary, the small birefringence improves the sensitivity since it makes the θq,max more accurate. Thirdly, the enlarged birefringence can increase the intensity of surface Dyakonov-Cherenkov radiation. Therefore, the proper design of the birefringence enables the construction of high-performance Cherenkov detectors. 

[image: ]
[bookmark: _Hlk65626065]Fig. S2 Influence of birefringence parameters on surface Dyakonov-Cherenkov radiation. a&b The  versus the ne and no. c&d The  versus the ne and no. e&f The power spectral density GDSW versus the ne and no. In a,c,e, ne is set as 1.1, 1.2 and 1.3, respectively; in b,d,f, no is set as 0.7, 0.8 and 0.9, respectively. In all panels, na is set as 2.04. The studied particle velocity is v=0.8c. The distance between the particle trajectory and the dielectric interface is y0=200 nm. The studied wavelength is 0.635 µm. 

[bookmark: _Hlk65489850]Section S5: Dispersion, isofrequency contour of surface dyakonon and electromagnetic properties of surface Dyakonov-Cherenkov radiation
[bookmark: _Hlk65666237]We develop our discussion by using Si3N4 as the isotropic material and YVO4 as the anisotropic material. The refractive indices of used materials are obtained from Ref. 3,4, shown in Fig. S3a. The calculated mode dispersion of DSW is plotted in Fig. S3b. For comparison, we show the dispersion curve of surface plasmon polariton (SPP) existing at the interface of Au and Al2O3 5,6. Clearly, in the wavelength ranging from 0.6 to 1 µm, the SPP is much more dispersive than the DSW. Due to the small mode dispersion, the wavelength has negligible influence on both the θd and θq,max for DSWs.

[image: ]
[bookmark: _Hlk65666266]Fig. S3 The dispersion characteristics of surface Dyakonov Cherenkov radiation. a The refractive indices versus the wavelength for Si3N4 and YVO4. na is the refractive index of Si3N4. no, ne are the ordinary and extraordinary refractive indices of YVO4, respectively. b The effective mode indices versus the wavelength for surface dyakonon and surface plasmon. At the wavelength of 0.641 µm, the DSW and SPP have the identical wavevector and wavelength. c The θd versus the wavelength. d The θq,max versus the wavelength when the particle velocity v is 0.5c, 0.6c, 0.7c and 0.8c, respectively.
We proceed to analyze the condition to excite the surface Dyakonov-Cherenkov radiation. Here we consider the wavelength of 0.635 µm, where na=2.04, no=1.99 and ne=2.22. In 0.635 µm, the isofrequency contour of DSW is given in Fig. S4.  The phase matching between the charge field and the DSW leads to the condition in Eq. (4.1). Due to the anisotropy of the substrate, the phase velocity and group velocity of Dyakonov surface mode do not align with each other [Fig. S4b]. On the other hand, the angular existing domain Δθd for DSW is finite [Fig. S5]. Δθd is generally very small but can be precisely controlled by the proper design of refractive indices. This small value of Δθd ensures the strong directionality of surface Dyakonov-Cherenkov radiation. Figure S6a shows the solution to excite surface Dyakonov-Cherenkov radiation in the first quadrant. The solutions for exciting surface-Dyakonov Cherenkov radiation in all the quadrants are plotted in Fig. S6b.  

[image: ]
Fig. S4 Cherenkov phase-matching condition for surface Dyakonov-Cherenkov radiation in Si3N4/YVO4 dielectric structure. a Isofrequency contours of DSW. Eigenvalues for DSWs are marked as grey dots, with their in-plane wavevector denoted as . The Eigenvalues at , ,  and  are marked as 1, 2, 3 and 4, respectively. The inset shows the details of distribution of eigenvalue 4. The angle between the  and the optical axis of YVO4 is . The corresponding Poynting power vector is denoted as  . In the reciprocal space,  and   are the in-plane wavevector components parallel to and vertical to the optical axis, respectively. b Dispersion relation of DSW and corresponding direction of Poynting power .  is the in-plane wavevector of arbitrary optical modes. The angle between the  and the optical axis of YVO4 is . The angle between the  and the optical axis of of YVO4 is . The studied wavelength is 0.635 µm.

[image: ]
Fig. S5 Angular existence domain in the dielectric structure made of semi-finite Si3N4 and YVO4 crystals. When the refractive index of the isotropic material (Si3N4) is 2.04, the angular band is 0.73º for the existence of DSW. The finite angular existence domain gives rise to the relatively small measurement error of proposed Dyakonov Cherenkov detector. Such a measurement error can be suppressed by carefully engineering the refractive indices of dielectrics used. The studied wavelength is 0.635 µm. 


[image: ]
[bookmark: _Hlk40258270]Fig. S6 The  at arbitrarily particle velocity satisfying the Cherenkov phase-matching condition. a The  for exciting DSW at . Here,  is symmetric relative to . b The  for exciting DSWs at , ,  and , respectively. The studied wavelength is 0.635 µm.

Section S6: Radiation field pattern of surface Dyakonov-Cherenkov radiation
While DSW is confined on the dielectric interface, the position of the peak electric field is slightly shifted from the interface. This phenomenon arises from the fact that the amplitudes of ordinary and extraordinary light have opposite signs and these two waves decay with different rates from the interface [Fig. S7].


Fig. S7 Radiation field distribution around the boundary when DSW is excited. Here, we set x=0 µm, z=0.01 µm,  and . The total radiation field is a sum of source field and scattering field (the components for p-polarized light, s-polarized light, o light, e light are plotted, respectively). Due to different signs and decay rate of amplitudes of o light and e light, the position of peak  is slightly shifted from the interface. 

The radiation field distribution from the swift charged particle on the interface becomes extremely asymmetric relative to the particle trajectory when the DSW arises [Fig. S8]. The strongly asymmetric field distribution originates from the high directionality of DSWs. Specifically, the energy flow direction is  for the DSW at . Note that the wavevector of DSW and the energy flow direction are misaligned, i.e., . Since the direction of particle velocity  here, the field of DSW shows up only on the left side of the particle trajectory while Cherenkov photons appear on both sides.

[image: ]
Fig. S8 In-plane radiation patterns from the swift charged particle on the dielectric structure. a When  and , DSW is excited by the swift charged particle. The radiation field is a superposition of field of Cherenkov photons and field of DSW. b When  and , DSW is not excited by the swift charged particle. Only Cherenkov photons are generated by the swift charged particle. The optical axis is along the z’-axis. 

[bookmark: _Hlk65489744]Section S7: Intensity of surface Dyakonov-Cherenkov radiation
[bookmark: _Hlk65878401]In this section, we investigate the energy loss of the changed particle in a broad range of wavelengths with the consideration of realistic material dispersions. The realistic dielectric dispersion can reshape the spectrum of emitted surface Dyakonov-Cherenkov radiation in two ways, compared to the case at a single wavelength [Fig. S9]. First, the intensity of excited DSW slightly disperses in the angle, since θq,max depends on the wavelength. Second, the maximum energy ratio of DSWs reduces accordingly. To illustrate this point, we plot in Fig. S10 the ratio ηbroad (ηsingle) of maximum  () to the total energy loss as a function of the normalized velocity , i.e.,  (). Clearly, ηbroad< ηsingle at a given particle velocity. 
[bookmark: _Hlk65878450]Despite of above influences, the material dispersion will not affect the availability of our method to detect particles. First of all, the relation between the particle velocity v and θq to excite the DSWs remains unchanged. The tolerance of θq as small as 3˚, ensures the high sensitivity of designed Cherenkov detectors. Moreover, we find that the intensity of DSW still dominates the total energy loss when the particle velocity approaches the Cherenkov threshold velocity. To be specific, approaching the threshold velocity , the power ratio ηbroad (ηsingle) dramatically increases towards 100%. In other words, DSWs can significantly enhance the photon emission by orders of magnitude around the Cherenkov threshold, facilitating the particle identification. 

[image: ]
[bookmark: _Hlk65878550]Fig. S9 Energy loss of a swift charged particle emitting DSW. a The energy loss  (owing to the excitation of DSWs) as a function of the normalized particle velocity  and the angle  (corresponding to the orientation of the particle trajectory).   acquires a nonzero value only when  and  satisfy the phase matching condition given by Eq. (1). b The total energy loss  (where  refers to the radiation loss of free-space Cherenkov photons) versus the normalized particle velocity  for angle , ,  and , respectively. (c)The total energy loss  versus the angle  for particle velocity , ,  and , respectively. In particular, we denote  as the straight dashed line (a-b). The studied wavelength band is 0.6-1 µm. 

[image: ]
Fig. S10 The ratio ηbroad (ηsingle) of peak  () to the total energy loss  () as a function of the normalized particle velocity . a The studied wavelength is 0.635 µm. When the normalized particle velocities are 0.5, 0.6, 0.7 and 0.8, the calculated power ratios are 0.80, 0.54, 0.50 and 0.48, respectively. b The studied wavelength band is 0.6-1 µm. When the normalized particle velocities are 0.5, 0.6, 0.7 and 0.8, the calculated power ratios are 0.77, 0.28, 0.22 and 0.17, respectively.

Section S8: Practical implementation of surface Dyakonov-Cherenkov detectors
[bookmark: _Hlk66143730]In the practical implementation of structure shown in Fig. 1a, the unavoidable secondary particle production from the primary particles and particle scattering effect may increase the difficulty of realizing surface Dyakonov-Cherenkov radiation in experiment. In particular, the moving particle can only propagate in a limited distance inside the high-density dielectric due to the interaction between the moving charged particle and the high-density dielectric, such that the photon generation is insufficient for the far-field detection. 
To facilitate the experimental realization of surface Dyakonov-Cherenkov radiation, we propose the multilayered structure made of a semi-infinite free space, a slab of isotropic crystal and a semi-infinite birefringent crystal [Fig. S11a]. Compared to the double-layer structure made of a semi-infinite free space and a semi-infinite birefringent crystal in Fig. 1a, the multilayered structure allows the swift charged particle to move in the free space rather than the high-density dielectric. As long as the distance between the particle trajectory and isotropic-birefringent crystal interface is smaller than the penetration distance of DSWs (i.e. in the order of several µm), the swift charged particle can produce photons of DSW with negligible effect of particle scattering or secondary particle production. We also highlight that such a geometric extension will not affect the directional nature of DSW. Thus, surface Dyakonov-Cherenkov radiation in the multilayered structure provides an efficient route to select particles with a desired velocity and trajectory in experiment. 
Our method is also applicable to detect the unknown particle velocity or trajectory in additional to the particle selection, through the proper structural design. For conceptual demonstration, we consider a cascade structure (as shown in Fig. S11b) made of sub-structures (as shown in Fig. S11a). The orientation of birefringent crystal’s optical axis in each sub-structure is different. As such, the charged particle at the moving direction will experience a gradual change of  when passing through the cascade structure. Surface Dyakonov-Cherenkov radiation arises only at a specific sub-structure with a specific value of , thanks to the narrow linewidth [Fig. S2]. Measuring  can thus determine the particle velocity according to Fig. 4.  Note that this method is suitable to detect a single particle rather than multi-particles. 

[image: A picture containing text, businesscard
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Fig. S11 Experimental setup of the Dyakonov particle detector. a Schematic of surface Dyakonov-Cherenkov radiation in a multilayered structure made of a semi-infinite free space, a slab of isotropic crystal and a semi-infinite uniaxial crystal. A swift charged particle moves in the free space, with the trajectory parallel to the interfaces of multilayered structure. The angle between the particle velocity and the optical axis of uniaxial crystal is denoted as . DSW arises when . The distance between the particle trajectory and top interface of isotropic crystal is . The thickness of slab of isotropic crystal is . b The cascade structure is constructed by a series of sub-structures. Each sub-structure is composed of an isotropic crystal and uniaxial crystal as demonstrated in a. The optical axis in each sub-structure is distinctly oriented. The charged particle will experience a gradual change of  when passing through the cascade structure. 

In addition, we emphasize that the far-field detection of surface Dyakonov-Cherenkov radiation can be achieved through etching a grating in the dielectric interface far away from the particle trajectory. As shown in Fig. S12a, the DSW will interact with the grating coupler near the dielectric interface in the far field, leading to the wave scattering. The scattered waves in the free space are probed by the photon detectors. We prove that only DSW is detectable in the far field () for following two reasons: 1, DSW is the dominating field in the vicinity of its propagation path at the dielectric interface. As evident by Fig. S12b, the power flow of DSW is more than two orders of magnitude higher than that of free-space Cherenkov photons along the wave propagation path (as highlighted in yellow in Fig. S12a); 2, free-space Cherenkov photons propagate far away from the interface in the far-field, while the lossless DSW still propagates along the interface. As a result, the power flow of free-space Cherenkov photons significantly decreases with the increasing propagation distance while that of DSW remains almost unchanged (see Fig. S12b). Thus, we can safely conclude that the contribution of free-space Cherenkov photons is negligible compared to the DSW in the waves scattered from the grating coupler. 

[image: C:\Users\hao.hu\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Fig R3-01.tif]
 Fig. S12 Scheme for the far-field detection of surface Dyakonov-Cherenkov radiation. a Coupling surface Dyakonov-Cherenkov radiation to free space through the grating coupler in the far field (). b The power flow of DSWs versus the propagation distance l. Without loss of generality, we choose Si3N4 - YVO4 as the platform to excite DSWs. For comparison, the power flow is also calculated for free-space Cherenkov phonons from the charged particle moving in the Si3N4. Other parameter setups are: wavelength  µm and .

References
1	Takayama, O., Crasovan, L., Artigas, D. & Torner, L. Observation of Dyakonov surface waves. Phys. Rev. Lett. 102, 043903 (2009).
2	Hu, H. et al. Nonlocality induced Cherenkov threshold. Laser Photonics Rev 14, 2000149 (2020).
3	Luke, K., Okawachi, Y., Lamont, M. R., Gaeta, A. L. & Lipson, M. Broadband mid-infrared frequency comb generation in a Si 3 N 4 microresonator. Opt. Lett. 40, 4823-4826 (2015).
4	Tucker, A., Birnbaum, M., Fincher, C. & DeShazer, L. Continuous‐wave operation of Nd: YVO4 at 1.06 and 1.34 μ. J. Appl. Phys. 47, 232-234 (1976).
5	Malitson, I. H. & Dodge, M. J. Refractive-index and birefringence of synthetic sapphire. J. Opt. Soc. Am. 62, 1405-1405 (1972).
6	Johnson, P. B. & Christy, R.-W. Optical constants of the noble metals. Phys. Rev. B 6, 4370 (1972).

2

image4.tiff
AN
AT
1.04 N\
AR
bulk mode *,
inYVO,
- 1.02 Dyakonov F
< surface mode
x
1.00 W\ r
\\
bulk mode in Si;N, '\,
\\\\
0.98 >
1.74 1.76 1.78 1.80
kilky JPias
2.0424+—— . .
_-1b 29.4°

k./k,

30

2.039

29.2

29.6

0 ()

30.0




image5.tiff




image6.tiff
2704

1801

—~
)
<
o
()

90

vic

0.4

vic




image7.png
E, (kV/m)

30

-154

source field

p-polarized light
s-polarized light
o light

e light

radiation field

“interface|
particle source

I
I
I
'





image8.tiff
X' (um)

/<|

VIc=0.50
6,=40.9"

E, (V/m)

-max T max





image9.tiff
max

0.30 ;// .
0.20 0,=40.9° vic=0.5
0.45 0.50 055 36.9 40.9 44.9
0.82
g PphPDS-VV > B S
2 gal ¥ . 6,=64.8 vic=0.6
& 055 0.60 065608 64.8 68.8
£ 068
v/ie=0.7
1 751 79.1
ve08 /L
10 075 0.80 085778 81.8 85.8

vie vic 0,()




image10.tiff
77

22 47

28

vic

104

48

50

54

vic

(%)

)
©
U

o
<

onels Jamod

20+




image11.tiff
charged
particl

crystal

uniaxial




image12.tiff
JP(hdy (W/m)

10

107
107

107

Dyakonov surface wave

Cherenkov photon

0

20 40
propagation distance / (um)





image1.tiff
optical axis





image2.tiff
15012

() "8

(P oz:01x) "%

nJn,

1

0.9
nJn,

0.8




image3.tiff
n, (n,,n,)

2.2

a — M b surface dyakonon
) — surface plasmon

90 L

[ 90 d 4
601 Fe
S £ 60- — vic=05 |
= < — Vc=06
1 + — v/c=0.7
% — v/c=0.8
%6 0.8 o %e 08 10

A (um)

A (um)




