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Supplementary Materials


Supplementary Notes
1. Supplementary discussion for Figure 3
1. Faster increase of CRB of 2p-MINLUX with r: Comparing Figure S1 (c) to (d), and comparing (e) to (f),  decreases more rapidly with r in 2p-MINFLUX than 1p-MINFLUX. This means less information could be drawn from the 3rd point  with increasing r. The less information contributes less localization precision, thus larger CRB.
Indeed, in an extreme case, zero intensity is of great importance since that the dye would coincide with the origin of pattern to yield zero intensity, if no background is considered. However, the SBR in MINFLUX technique is limited to ~ 3. If the signal / information decreases by >> 10-fold, it would be submerged by background, or to be more specific, (Poissonian and other) noises of background.
2. Anisotropy in 2p-MINFLUX CRB: As seen in (a), CRB in angle 0° increases much faster with r than CRB in angle 60°. CRB in angle 0° is steeper in slope while CRB in angle 60° is smoother. This could also be explained by the decrease of . Comparing (c) to (e),  decreases more rapidly with r in angle 0° than angle 60°.

[image: ]
Figure S1. CRB anisotropy for 2p-MINFLUX.
(a-b) 1D cut profile of CRB of 1p-MINFLUX to 2p-MINFLUX. Definitions are the same with Figure 3 of main text. (c-f) The signal intensities of the four exposures in MINFLUX. The fluorescence counts from each exposure of the four-point TCP could be think of ‘information’ for the localization. The less signal, the less information useful for determine fluorophore positions. Here the Poissonian means (expectation) of the fluorescence are plotted. The four signals are normalized to their sum (i.e., their summation becomes 1).  is the signal from excitation at the origin ;  are the singles from excitation at 120°, 240° and 360° (i.e., at coordinates For simplicity of the plots, background is considered zero. The lines have two linewidths; a wider linewidth indicated superposition of two curves, which is also indicated by the respective figure legends.



2. CRB with L = 100 nm
1. In contrast to situation of L = 50 nm, both CRBs of 2p-MINFLUX and 1p-MINFLUX with L = 100 nm have anisotropy. A triangle like contour can be seen in both Figure S2 (a) and (b). 
2. CRB ratio still decreases with increasing r. However, there are differences in trend compared to CRB under L = 50 nm (comparing Fig. S2d to Fig. 3d):
a) CRB ratio is larger under L = 100 nm than L = 50 nm.
b) CRB ratio (under L = 100 nm) never decreases below 1; while CRB ratio (under L = 50 nm) has values smaller than 1.
c) [bookmark: _Hlk84857330]For angles changing from 0° to 60°, CRB ratio (under L = 100 nm) is largest at angles 0°, while CRB ratio (under L = 50 nm) is largest at angles 60°.


[image: ]
Figure S2. Comparison of CRB with L = 100 nm.
This figure is analogous to Figure 3 of main text, with only changes being L (50 nm changed to 100 nm). (a-b) Comparison of CRB across xy-plane of (a) 1p-MINFLUX and (b) 2p-MINFLUX. Colormaps are rescaled into same dynamic range. CRB is calculated with N = SBR = 3. (c) Ratio of CRB of 1p-MINFLUX to 2p-MINFLUX in (a-b). (d) 1D cut profiles of CRB ratio. 4 angles (0°, 20°, 40°, 60°) are chosen considering symmetry. Three dotted lines represent , with  being the CRB of the second-step of iterative 1p-MINFLUX with L = 150 nm. Scale bar: (a-c) 10 nm.


3. Fluorescence saturation in MINFLUX

Regarding fluorescence rate and possible saturation in MINFLUX, two related factors should be considered: (a) what is the fluorescence rate in MINFLUX and (b) what is the plateau and saturation fluorescence rate of the dyes.


For the first question (a) what is the fluorescence rate in MINFLUX, we find that the useful fluorescence rate  in 1p-MINFLUX is ≤ 50 kHz, based on the following statement in Gwosch et al., Nat. Methods 2020 [1]: (The dyes used were AF647, CF680 and CF660C.)
The overall fluorescence rate of typically ~50 kHz allowed a complete localization within ~40 ms. [Paragraph 1, Left column, Page 4 (Page 220)]
In the case of the two-color DNA origami, we observed outliers in the average count rate during an emission event, which most likely appeared owing to an interaction of nearby fluorophores. For this reason, we omitted localizations with an average count rate larger than 50 kHz. …… In the unlikely case that a second molecule appears within the MINFLUX region, the count rate is roughly doubled. [Paragraph 2-3, Right column, Page 10 (Page 226)]

[bookmark: _Hlk89365461]For the second question (b) what is the plateau and saturated fluorescence rate, it is not mentioned in Gwosch et al., Nat. Methods 2020. We could only find quantifications of other fluorophores in previous literature. In Schwille et al., Biophysical Journal 1999 [2], single-photon and two-photon fluorescence rates of TMR were studied (Figure S3, Table S1). Other literature [3-5] showed similar results, but Schwille et al., 1999 [2] has the most fully discussed data.



[bookmark: _Hlk89089402]Each curve can be separated into two parts: a first part with strict linear (or quadratic, respectively) power dependence, and a second part that reaches plateau.  is defined at the transition from linear to nonlinear (saturation) dependence, while  is the saturation rate at the plateau.

[image: ]
Figure S3. Power dependencies of single molecule emission rates for EGFP (a) and TMR (b), Linear (quadratic) slope is plotted for comparison. Black squares, 1PE; gray circles, 2PE. [2]

	
	denotation 
	1p, TMR
	1p, EGFP
	2p, TMR
	2p, EGFP

	Saturation emission rates
	

	70 kcps
	15 kcps
	15 kcps
	15 kcps

	Maximum emission rates of linear/quadratic power dependence
	

	20 kcps
	5 kcps
	13 kcps
	5 kcps


Table S1. Single molecule emission rates for TMR and EGFP for single-photon and two-photon excitation of Figure S3. [2]





With knowledge of the shape of the above fluorescence rate – power curves, we can then relate the MINFLUX fluorescence rate  to the curve and to  and .


Note the difference of the fluorophores (TMR and {AF647, CF680 and CF660C}). We assume the shape of the curves are the same for TMR and {AF647, CF680 and CF660C}, while the absolute values are different. Specifically, we assume that the ratio of  to  are the same for TMR and {AF647, CF680 and CF660C}:

 for single-photon fluorescence

  for two-photon fluorescence


For calculating fluorescence rate of MINFLUX, ‘regions of interest’ should be considered, which we agree fully with the reviewer. For L = 50 nm (L/2= 25 nm), the radius r of the fluorophore can be described as 25 nm ± k*σ, where σ is the CRB of a previous round of iteration with L = 100 nm, and k is a positive real number (for example, k = {1, 2, 3}). We could derive the relation of  to  as below (Table S2).

	1p-MINFLUX
	σ = 3.3 nm
	


	ROI = 3σ
	
 = 1.90
	

≤/1.90 = /6.65

	ROI = 2σ
	
 = 1.57
	

≤/1.57 = /5.50

	ROI = σ
	
 = 1.27
	

≤/1.27 = /4.45

	[bookmark: _Hlk89094494]2p-MINFLUX
	σ = 1.6 nm
	


	ROI = 3σ
	
 = 2.04
	

≤/2.04 = /2.35

	ROI = 2σ
	
 = 1.63
	

≤/1.63 = /1.88

	ROI = σ
	
 = 1.29
	

≤/1.29 = /1.49





Table S2. Relationship of MINFLUX fluorescence rate  to  and .

Nevertheless, the apparent fluorescence intensities at donut peak are





Thus, we conclude that both 1p-MINFLUX and 2p-MINFLUX would saturate at r >> 25 nm, with much more saturation in 2p-MINFLUX than in 1p-MINFLUX. In fact, with . 2p-MINFLUX with L = 50nm would already saturate starting from r ≈ 40 nm.



In absolute numbers, for 1p-MINFLUX, the literature stated that  = 50 kHz; then we could derive that with ROI = σ, for AF647, CF680 and CF660C,  ≥ 63.5 kHz， and  ≥ 222.5 kHz, which are indeed larger than Schwille et al., Biophysical Journal 1999 suggested for TMR. 


The literature is already suggestive of fluorescence saturation at r > 25 nm: 
[bookmark: _Hlk89092845]In the unlikely case that a second molecule appears within the MINFLUX region, the count rate is roughly doubled.
---- Gwosch et al., Nat. Methods 2020 [1]:
 Paragraph 3, Right column, Page 10 (Page 226)


The second molecule would (most likely) occur in r >> 25 nm, which means if no saturation exists. The roughly doubled fluorescence means that , which is, by definition, saturation of fluorescence.



4. Iteration MINFLUX
[image: D:\XP\STED MINFLUX\Optica审稿\SI_code\iteration.png]
Figure S4. Progression of spatially averaged CRB of iteration 2p-MINFLUX and 1p-MINFLUX in 2D xy-plane. The ‘1p-MINFLUX’ line replicates Fig. 1f in [3].


	k-th step
	Lk (nm)
	1p-MINFLUX
CRB1p,k-1 (nm) 
	2p-MINFLUX
CRB2p,k-1 (nm)

	2
	150
	19.3
	21.9

	3
	100
	8.1
	3.9

	4
	50
	3.3
	1.6


Table S3. CRBs in each round of iteration MINFLUX in xy-plane. CRB1p,k-1 and Lk and corresponding to Fig. 1f in [1].


5. Two-photon excitation power in 2p-MINFLUX
Figure S3 gives a calculation of the excitation power needed for 2p-MINFLUX, while Table S1 summarizes the parameters and constants used in the calculation.

There are several different forms of equations describing the relation of two-photon excitation rate, cross-section and excitation power.
For a bulk description, consider a dye concentration C, the fluorescence rate could be described as [6]:

		
For comparison, we would like to consider single fluorophore here. The number of photon pairs absorbed per laser pulse and per chromophore were estimated as [7]:

		




For absorption rate to excitation rate, the rate should be multiplied by the fluorescence quantum efficiency : , where TPE and TPA stands for two-photon emission and two-photon absorption respectively. For simplicity, cross-section  as mentioned below in Figure S5 and Table S4 refers to. 
For a conservative calculation, pulse duration was assigned the value of 180 fs instead of <100 fs (Table S4).



[image: ]
Figure S5. Excitation power needed for 2p-MINFLUX. Three cross-sections are used for calculation, with focus on . 25 KHz excitation rate is seen as the target for excitation considering fluorescence saturation. Note that values above 25 KHz do not reflect true values due to fluorescence saturation. Note the difference of x-axis values.



	Parameter
	Value
	Unit conversion

	Power
	0.5 to 10 mW for confocal
5 to 100 mW for MINFLUX
	mW to W = J/s

	Two-photon cross-sections
	50, 100, 150 GM
	 cm^4*s/photon (GM) to m^4*s/photon

	Planck constant
	6.62607015*10^(-34) J*s
	 J*s

	Light speed
	299792458 m/s
	 m/s

	Excitation wavelength
	800 nm
	 nm to m

	Numerical aperture
	1.4
	---

	Pulse duration 
	180 fs
	fs to s

	Repetition rate 
	80 MHz
	MHz to Hz



Table S4. Parameters used in calculation of excitation power needed for 2p-MINFLUX.
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(a)   2p-MINFLUX, L=50nm
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(b)   1p-MINFLUX, L=50nm
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(c)  2p-MINFLUX, L=50nm, 0°
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(d)  1p-MINFLUX, L=50nm, 0°
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(e)  2p-MINFLUX, L=50nm, 60°
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(f)  1p-MINFLUX, L=50nm, 60°
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