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Part I: Supplementary theory

The envelope function of a wave packet propagating in a uniform medium with anomalous group velocity dispersion (GVD) can be expressed as1,2,

,                 (1)
where is the wave function, x, y, and z are Cartesian coordinates,  is the retarded time in the local frame, k is the wave number, k2 is the GVD at  = 0. After normalization with respect to the size of the wave packet, Eq. (1) is rewritten as, 

,                      (2)





where , , and . The parameters xs and s are the size of the wave packet along the x and  directions, zR is the Rayleigh range. The size of the wave packet in x and y directions are assumed to be equal. k2 is chosen to be negative so that the spatial and temporal second derivatives have the same sign, . 
[bookmark: _GoBack][image: ]
Fig. S1. Schematic of three related optical wave packets. a, STOV tube with winding number l2 = 2. b, Toroidal vortex with winding number l2 = 2. c, Hopfion with winding numbers l1 = 2, l2 = 2.

Suppose a spatiotemporal optical vortex (STOV) tube as shown in Fig. S1a is positioned at X = x0 with its vortex line parallel with the y direction3-5. Consequently, the wave function is slowly varying along the y direction, and its second derivative with respect to y can be omitted. Eq. (2) is rewritten in polar coordinates,

,                 (3)


where , and . The solution to Eq. (3) reads6,7,

,       (4)

where z0 is a constant, is a generalized Laguerre polynomial, m and l are the radial and angular mode numbers. If the radial mode number m = 0, the wave function at z = 0 is reduced to,

.                 (5)
.                    
A spatiotemporal STOV tube can be conformally mapped to form a toroidal vortex through two cascaded phase elements: a transformer and a corrector. The phase distribution of the transformer is given by7-10,

.               (6)
where a and b are two constants, d is the distance between the two phase elements. The corrector phase is expressed as,

,       (7)
where (u,v) are the Cartesian coordiantes in the phase corrector plane. The toroidal radius of the toroidal vortex is given by,

.                         (8)
The toroidal radius of the toroidal vortex is assumed to be significantly larger than its poloidal radius. Under this assumption, the envelope function is rewritten as,

,                    (9)

where . The toroidal vortex at z = 0 as shown in Fig. 1b can therefore be expressed as,

,   (10)
Since Eq. (9) is independent of the toroidal angle in toroidal coordinates, the following expression is also a solution to Eq. (9):

,  (11)
Equation (11) is the wave function of a scalar optical hopfion as shown in Fig. 1c. The two winding numbers are defined as,

,	  						 (12)

,						 (13)

where  is the nabla operator, rtor and rpol are the position vectors in the toroidal plane and poloidal plane, respectively. The two winding numbers are also known as the topological charge of the toroidal spatial vortex and the poloidal spatiotemporal vortex. The Hopf invariant is defined as the product of the two winding numbers:

.                           (14)

[bookmark: _Hlk96405985]Part II: Supplementary data

Additional examples are given to show the characteristics of scalar hopfions with different sets of winding numbers in Fig. S2 to Fig. S4. The winding number l1 determines the number of times of the equiphase lines winding about the circumference of the torus. The winding number l2 determines the number of times of the equiphase lines winding about the hole of the torus. The linking number of equiphase lines of two different phase values is consistent with the Hopf index .   
[image: ]
Fig. S2. Optical hopfions showing two equiphase lines with winding numbers: a, l1 =1, l2 = 1. b, l1 = 2, l2 = 1. c, l1 = 3, l2 = 1. d, l1 =4, l2 = 1.


[image: ]
Fig. S3. Optical hopfions showing two equiphase lines with winding numbers: a, l1 = 1, l2 = 2. b, l1 = 1, l2 = 3. c, l1 = 1, l2 = 4. d, l1 = 2, l2 = 2.


[image: ]
Fig. S4. Optical hopfions showing two equiphase lines with winding numbers: a, l1 = 3, l2 = 3. b, l1 = 2, l2 = 3. c, l1 = 4, l2 = 2. d, l1 = 4, l2 = 3.

Additional examples are given to show the equiphase lines of scalar hopfions weaving tori with different sets of winding numbers in Fig. S5 and Fig. S6. These disjoint and linked equiphase loops form complete ring tori.

[image: ]
Fig. S5. Optical hopfions showing 50 equiphase lines to form ring tori with winding numbers: a, l1 = 1, l2 = 1. b, l1 = 3, l2 = 1. c, l1 = 1, l2 = 2. d, l1 = 1, l2 = 4

[image: ]
Fig. S6. Optical hopfions showing 50 equiphase lines to form ring tori with winding numbers: a, l1 = 2, l2 = 2. b, l1 = 4, l2 = 2. c, l1 = 3, l2 = 3. d, l1 = 3, l2 = 4
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