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Appendix Figures 19 

 20 
 21 
Appendix Figure S1: Process for collecting developmental time-series at various 22 

temperatures.  A) A schematic of the process used to collect frog developmental data 23 
in a 3D printed aquatic cage. The cage ensures that the embryos stay in focus despite 24 

water level changes due to evaporation. Images were continuously acquired every 0.5 25 

to 1 minute. The entire setup was held in a temperature-controlled chamber. B) Shown 26 

here is the process for setting up fly embryos in Halocarbon oil on an air permeable 27 
slide for time-lapse imaging. Images were acquired in a temperature-controlled room. C) 28 
Embryos were recorded at various temperatures. Various milestones were scored and 29 

graphed against their temperature. 30 
  31 



 32 
Appendix Figure S2: Log transformed developmental time-series data. A) As 33 
Figure 1C but plotting log transformed time (n = 2 -13 biological replicates per 34 

temperature). Error bars in time indicate standard deviation among replicates. Error 35 
bars in temperature represent the standard error (+/- 0.5 oC) of the thermometer used 36 

when recording temperature. B) As Figure 1D but plotting log transformed data. (n = 1 - 37 
23 biological replicates per temperature). 38 
 39 



 40 

Appendix Figure S3: Apparent activation energies spaced by developmental time 41 

and distribution of bootstrapped apparent activation energies. A) As Fig. 2C, but 42 
the x-axis has been scaled by mean developmental timings of each stage at 21.1 oC. 43 

Grey vertical lines mark the borders of the developmental intervals as a portion of 44 
development from Z - K. B) As Fig. 2D, but the x-axis has been scaled by mean 45 
developmental timings of each stage at 22.2 oC. Grey vertical lines mark the borders of 46 
the developmental intervals as a portion of development from A - L. C) Histograms of 47 
bootstrapped apparent activation energies in fly calculated from 5000x bootstrapped fits 48 

on data used to generate Fig. 2C. Displayed is the median (dashed red line) as well as 49 
68% confidence intervals (dashed black line).  D) As (C) but bootstrapping was 50 
performed on frog data used to generate Fig. 2D.  51 

52 



 53 

 54 
Appendix Figure S4: ANCOVA to compare activation energies and BIC to 55 
compare quadratic versus linear fit over the viable temperature range. A) p-values 56 

between fly developmental intervals using ANCOVA calculated to determine the 57 
probability of observing difference between activation energies for every combination of 58 

fly developmental intervals shown in Fig. EV2C. Blue marks p-values above 5E-2, 59 

purple marks ≤5E-2, pink marks ≤1E-2, and red marks ≤1E-3. B) Linear (solid black) 60 

and quadratic (dashed red) fits calculated for an example fly developmental intervals 61 
from 14th Cleavage to Beginning of Germband Retraction over the viable temperature 62 

range where embryos survive until First Breath (blue data, excluding red data). BIC was 63 
used to test model preference for a quadratic fit, reported in the top right as the log ratio 64 
likelihood for quadratic over linear for this temperature range. C) Shown is a heatmap 65 

reporting the natural log ratio likelihood of quadratic over linear fit preference for all 66 
developmental intervals in fly development over the viable temperature range. Intervals 67 

are marked with their beginning event on the X-axis, and their ending event on the Y-68 
axis. Red represents a preference for quadratic while blue represents a preference for a 69 
linear fit. D) As (A) but for calculating frog p-values between slopes of developmental 70 
intervals shown in Fig. EV2D. E) As (B) but for frog 3rd to 10th cleavage over the viable 71 
temperature range where embryos survive until Late Neurulation. F) As (C) but for all 72 

possible frog intervals. 73 
  74 



 75 
Appendix Figure S5: BIC analysis of simulated 1000x coupled reaction networks 76 

with added experimental noise through Monte Carlo simulations explore 77 
network’s ability to generate non-linear behavior to contribute to nonlinearity. A) 78 
Heatmap of the natural log ratio of penalized likelihoods (quadratic/linear) comparing fit 79 

preference for simulated fly interval data, based on measured data-points, generated 80 
from equation (3) with 1000 parameters optimized for maximum curvature at 295 oK. 81 

Standard errors in ln(k) were extracted from our biological experiments for all 82 
developmental fly interval at every temperature and used to introduce noise into 83 
simulated data’s ln(k). Results shown for each interval are the mean of 100 such 84 

simulations, where each replicate perturbed simulated embryos’ ln(k) values by 85 
sampling noise from a normal distribution using the corresponding fly interval’s standard 86 

error at each respective temperature. Noise in temperature was sampled from a normal 87 
distribution using the standard error of our thermometer. B) As (A) but using a 1000x 88 

coupled reaction network of randomly selected Ea and A.  89 
  90 



 91 

Appendix Figure S6: Comparison of enzymatic reaction rates at different 92 

substrate concentrations demonstrates zero-order kinetics. A) Activity for GAPDH 93 
assay with 0.5 mM GAP/5 mM NAD+ (used for Fig. 4D) is similar to activity with 0.25 94 

mM GAP/0.25 mM NAD+. B) Activity of β-galactosidase for 10 mM (Fig. EV 5) is similar 95 
to activity with 20 mM ONPG.  96 



Mathematical derivations 97 

 98 

Multi-reaction Network 99 
 100 
The following is a derivation for an equation modeling the temperature dependence of a 101 
sequential multi-reaction system of reactions, each of which individually follow 102 
Arrhenius. 103 

 104 

First, we show that a relaxation time scale formulation yields the known 𝜏 =
1

𝑘
, where 𝜏 105 

is the reaction network’s time constant and 𝑘 is the rate constant, assuming a simple 106 

transition from some stage 𝐴 → 𝐵. Here, 𝐴0 is the initial amount of 𝐴 and 𝐵(𝑡) is the 107 

amount of 𝐵 at time 𝑡, and we define a function 𝑅(𝑡), which defines the fraction of the 108 

total mass that hasn’t been converted to the final product. 109 
 110 

𝑅𝐴→𝐵(𝑡) =  
𝐴0 − 𝐵(𝑡)

𝐴0
 111 

 112 

If we take the difference between two points on 𝑅(𝑡) we get the incremental change:  113 

 114 

𝑅𝐴→𝐵(𝑡) − 𝑅(𝑡 + 𝑑𝑡) =  −
𝜕𝑅

𝜕𝑡
𝑑𝑡 115 

 116 

Now we can define the network’s time constant, 𝜏: 117 

 118 

𝜏 = ∫ 𝑡 (−
𝜕𝑅

𝜕𝑡
) 𝑑𝑡

∞

0

 119 

 120 
Integrating we arrive at the following expressions: 121 
 122 

𝜏 = 𝑡𝑅(𝑡)|0
∞ + ∫ 𝑅(𝑡)

∞

0

𝑑𝑡 123 

 124 

𝜏 = ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 125 

 126 

Before fully solving this integral we must first simplify 𝑅(𝑡), where 𝑅(𝑡) =
𝐴0−𝐵(𝑡)

𝐴0
. Here 127 

we can substitute 𝐴0 − 𝐴0𝑒−𝑘𝑡 for 𝐵(𝑡), giving: 128 

 129 

𝑅(𝑡) =
𝐴0 − (𝐴0 − 𝐴0𝑒−𝑘𝑡)

𝐴0
 130 

 131 
And finally: 132 
 133 

𝑅(𝑡) = 𝑒−𝑘𝑡 134 



 135 

Now we substitute 𝑒−𝑘𝑡 for 𝑅(𝑡) in 𝜏 = ∫ 𝑅(𝑡)𝑑𝑡
∞

0
, and solve for 𝜏 136 

 137 

𝜏 = ∫ 𝑒−𝑘𝑡𝑑𝑡
∞

0

 138 

 139 

=
1

𝑘
𝑒−𝑘𝑡|0

∞ 140 

 141 

𝜏 =
1

𝑘
 142 

 143 

Therefore, for a simple transition from some stage 𝐴 → 𝐵 a relaxation formulism 144 

captures the known relationship of 𝜏 =
1

𝑘
, and by substituting in the Arrhenius equation, 145 

𝜏 =
𝑒𝐸𝑎 𝑅𝑇⁄

𝐴
. 146 

 147 

Now we expand this approach to a more complicated transition series, from 𝐴 → 𝐵 → 𝐶 148 

to determine if a relaxation formulism can be generalizable to arbitrarily high reaction 149 

transitions or stages. Let 𝑘1 and 𝑘2 be the rate constants for the first and second steps 150 

of the reaction. Then, we start by defining our relaxation function 𝑅(𝑡): 151 

 152 

𝑅(𝑡) =
𝐴0 − 𝐶(𝑡)

𝐴0
 153 

The kinetics of the reactants over time 𝐴(𝑡), 𝐵(𝑡), 𝐶(𝑡) can be defined as follows: 154 

 155 

𝐴(𝑡) = 𝐴0𝑒−𝑘1𝑡 156 

 157 

𝐵(𝑡) = 𝐴0

𝑘1

𝑘2 − 𝑘1

(𝑒−𝑘1𝑡 − 𝑒−𝑘2𝑡) 158 

 159 

𝐶(𝑡) = 𝐴0

1

𝑘2 − 𝑘1
(𝑘2(1 − 𝑒−𝑘1𝑡) − 𝑘1(1 − 𝑒−𝑘2𝑡)) 160 

 161 

Substituting these values into our relaxation function 𝑅(𝑡) and simplifying gives: 162 

 163 

𝑅(𝑡) =
𝐴0 − 𝐴0

1
𝑘2 − 𝑘1

(𝑘2(1 − 𝑒−𝑘1𝑡) − 𝑘1(1 − 𝑒−𝑘2𝑡))

𝐴0
 164 

 165 

= 1 −
1

𝑘2 − 𝑘1
(𝑘2(1 − 𝑒−𝑘1𝑡) − 𝑘1(1 − 𝑒−𝑘2𝑡)) 166 

 167 

=
(𝑘2 − 𝑘1) − (𝑘2 − 𝑘2𝑒−𝑘1𝑡 − 𝑘1 + 𝑘1𝑒−𝑘2𝑡)

𝑘2 − 𝑘1
 168 



 169 

=
𝑘2 − 𝑘1 − 𝑘2 + 𝑘2𝑒−𝑘1𝑡 + 𝑘1 − 𝑘1𝑒−𝑘2𝑡

𝑘2 − 𝑘1
 170 

 171 

𝑅(𝑡) =
𝑘2𝑒−𝑘1𝑡 − 𝑘1𝑒−𝑘2𝑡

𝑘2 − 𝑘1
 172 

 173 

We can now substitute 𝑅(𝑡) back into our definition for a network’s time constant 𝜏 =174 

∫ 𝑅(𝑡)𝑑𝑡
∞

0
, giving the following: 175 

 176 

𝜏 =
1

𝑘2 − 𝑘1
∫ (𝑘2𝑒−𝑘1𝑡 − 𝑘1𝑒−𝑘2𝑡)𝑑𝑡

∞

0

 177 

 178 
Solving the integral and simplifying this equation gives the following: 179 
 180 

𝜏 =
1

𝑘2 − 𝑘1
(𝑘2 ∫ 𝑒−𝑘1𝑡

∞

0

𝑑𝑡 − 𝑘1 ∫ 𝑒−𝑘2𝑡
∞

0

𝑑𝑡) 181 

 182 

=
1

𝑘2 − 𝑘1
(𝑘2 (

1

𝑘1
𝑒−𝑘1𝑡|0

∞) − 𝑘1 (
1

𝑘2
𝑒−𝑘2𝑡|0

∞)) 183 

 184 

=

𝑘2

𝑘1
−

𝑘1

𝑘2

𝑘2 − 𝑘1
 185 

 186 

=

𝑘2
2 − 𝑘1

2

𝑘1𝑘2

𝑘2 − 𝑘1
 187 

 188 

=
(𝑘2 − 𝑘1)(𝑘2 + 𝑘1)

(𝑘1𝑘2)(𝑘2 − 𝑘1)
 189 

 190 

=
𝑘2 + 𝑘1

𝑘1𝑘2
 191 

 192 

𝜏 =
1

𝑘2
+

1

𝑘1
 193 

 194 

We can now substitute in the Arrhenius equation, 𝑘 = 𝐴𝑒−𝐸𝑎 𝑅𝑇⁄ , for 𝑘 to give us 𝜏 in 195 

terms of Arrhenius parameters 𝐴 and 𝐸𝑎. 196 

 197 

𝜏(𝑇) =
𝑒𝐸𝑎2 𝑅𝑇⁄

𝐴2
+

𝑒𝐸𝑎1 𝑅𝑇⁄

𝐴1
 198 

 199 



Here we see a deterministic pattern, and further analysis (not shown) of higher order 200 
reactions series confirms its generality. The above equation can be simplified as a 201 

summation: 202 
 203 

𝜏(𝑇) = ∑
𝑒

𝐸𝑎𝑖
𝑅𝑇⁄

𝐴𝑖

𝑛
𝑖=1          (2) 204 

 205 

Since 𝜏 =
1

𝑘
 still holds true we can put equation (2) in terms of 𝑘 instead of 𝜏 and arrive 206 

at a form close to the linearized Arrhenius equation, 𝑙𝑛(𝑘) = 𝑙𝑛(𝐴) −
𝐸𝑎

𝑅𝑇
. 207 

 208 

𝑘(𝑇) = 𝜏(𝑇)−1 209 

 210 

Substitute ∑
𝑒

𝐸𝑎𝑖
𝑅𝑇⁄

𝐴𝑖

𝑛
𝑖=1  in for 𝜏(𝑇) 211 

 212 

𝑘(𝑇) = (∑
𝑒𝐸𝑎𝑖

𝑅𝑇⁄

𝐴𝑖

𝑛

𝑖=1
)

−1

 213 

 214 

𝑙𝑛(𝑘) = 𝑙𝑛 ((∑
𝑒𝐸𝑎𝑖

𝑅𝑇⁄

𝐴𝑖

𝑛

𝑖=1
)

−1

) 215 

 216 
Simplify exponents: 217 

 218 

𝑙𝑛(𝑘) = −𝑙𝑛 (∑
𝑒𝐸𝑎𝑖

𝑅𝑇⁄

𝐴𝑖

𝑛

𝑖=1
) 219 

 220 

Therefore, for a sequential series of 𝑛 reactions, each ith reaction of which strictly follows 221 

Arrhenius, then the Arrhenius plot for such a system should follow the below equation. 222 
 223 

𝑙𝑛(𝑘) = −𝑙𝑛 (∑
𝑒

𝐸𝑎𝑖
𝑅𝑇⁄

𝐴𝑖

𝑛
𝑖=1 )     (3) 224 

 225 
 226 
Concavity 227 
 228 

The following is a derivation for the concavity of equation (3), which models the 229 
temperature dependence of a sequential multi-reaction system of reactions, each of 230 

which individually follows Arrhenius. 231 

We begin with equation (3): ln(𝑘) = −ln (∑
𝑒

𝐸𝑎𝑖
/𝑅𝑇

𝐴𝑖
𝑖 ). To simplify calculations, let 𝑥𝑖 =232 

𝑒
𝐸𝑎𝑖

/𝑅𝑇

𝐴𝑖
, and let 𝑐𝑖 = 𝐸𝑎𝑖

/𝑅. Then, 
𝑑𝑥𝑖

𝑑(1/𝑇)
= 𝑐𝑖𝑥𝑖. 233 



Now, if we let 𝑆 = ∑
𝑒

𝐸𝑎𝑖
/𝑅𝑇

𝐴𝑖
𝑖 = ∑ 𝑥𝑖𝑖 , then 𝑆′ =

𝑑𝑆

𝑑(1/𝑇)
= ∑ 𝑐𝑖𝑖 𝑥𝑖 and 𝑆″ =

𝑑𝑆

𝑑(1/𝑇)
= ∑ 𝑐𝑖

2
𝑖 𝑥𝑖. 234 

Thus, we have 235 

𝑑(ln(𝑘))

𝑑(1/𝑇)
=

𝑑

𝑑(1/𝑇)
(−ln(𝑆)) = −

𝑆′

𝑆
  , 236 

and then 237 

𝑑2(ln(𝑘))

𝑑(1/𝑇)2
= −

𝑆𝑆″ − (𝑆′)2

𝑆2
. 238 

We claim that this second derivative is always negative. Since the denominator is a 239 

square and thus positive, it is sufficient to show that 𝑆𝑆″ − (𝑆′)2 > 0. But we know that 240 

𝑆𝑆″ − (𝑆′)2 = (∑ 𝑥𝑖

𝑖

) (∑ 𝑐𝑖
2

𝑖

𝑥𝑖) − (∑ 𝑐𝑖

𝑖

𝑥𝑖)

2

. 241 

Now, consider the coefficient of 𝑥𝑖𝑥𝑗 in this difference. If 𝑖 = 𝑗, then both terms will give a 242 

coefficient of 𝑐𝑖
2, and these will cancel each other out in the difference. Otherwise, if 𝑖 ≠243 

𝑗, then the first term will give a coefficient of (𝑐𝑖
2 + 𝑐𝑗

2), while the second term will give a 244 

coefficient of 2𝑐𝑖𝑐𝑗. Therefore, the resulting term in the difference of these products will 245 

be 246 

(𝑐𝑖
2 + 𝑐𝑗

2 − 2𝑐𝑖𝑐𝑗)𝑥𝑖𝑥𝑗 = (𝑐𝑖 − 𝑐𝑗)2𝑥𝑖𝑥𝑗 . 247 

Since each 𝑥𝑖 is positive (being the quotient of an exponential, which is always positive, 248 

and a positive prefactor 𝐴𝑖), and since (𝑐𝑖 − 𝑐𝑗)2 is a square, the entire term (𝑐𝑖 −249 

𝑐𝑗)2𝑥𝑖𝑥𝑗 is positive (unless 𝑐𝑖 = 𝑐𝑗, in which case it’s equal to 0). Therefore, unless all the 250 

𝑐𝑖’s, and thus all the 𝐸𝑎𝑖
’s, are equal, we have that 𝑆𝑆″ − (𝑆′)2 > 0, and so the second 251 

derivative 
𝑑2(ln(𝑘))

𝑑(1/𝑇)2  is always negative. This means that the graph of ln(𝑘) versus 1/𝑇 is 252 

always concave down. 253 


