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1 Degradation curve for Np > 2141
1.1 Number of chain ends

The degradation of polymers by hydrolysis is a process in which a water molecule
cuts a bond of a polymer chain. A random cut mechanism of a linear chain is
considered. In this case, the probability of a chain cut is equal for every bond of
the chain. If small fragments are generated by cuts near the end of the chain, they
can diffuse away and lead to a mass loss. If the fragments are too big to diffuse, still
the average degree of polymerization is reduced. The maximum size of diffusing
fragments [ depends on the hydrolicity of the monomers. The probability of a
chain cut is proportional to the number of breakable bonds Nyonq. A mixture with
Nchain chains and a degree of polymerization Np, which is the average number of
repeating units per chain, contains Nchain (Np — 1) breakable bonds which connect
the individual repeating units. The degree of polymerization can be expressed by
the number of repeating units RU and the number of chain ends NE: Np =
RU/(NE/2). The number of breakable bonds per chain cut is therefore Nponq =
RU — NE/2. The reaction rate vreac of chain cuts is

Vreac = ENbond (1)

Here, k is the reaction constant. Every chain cut, which does not create a diffusible
fragment, creates two additional end groups. A diffusible fragment can be created
by a chain cut on both sides of a chain. The probability Pqig to create a diffusible
fragment in one chain cut is

l

Paig = 2—— 2
i = 25— @

This means that the change in the number of end groups for a chain cut is
dNE NE 1
N, = - a5 Pinner 2—4—-
it = (RU=7F) P (2455
4RUI 2NEl )

== Pinnr 2 — NE —
k e(RU No o1 Npo1

4 NE
= kPiner <2RU “NE- oy (N - 1)>
- kRnncr (2RU — NE — QNEZ) (3)

Here, Pinner is the relative reactivity of an inner bond in comparison to the reac-
tivity of a bond at the chain end. The number of repeating units in the polymer,
which is proportional to the average degree of polymerization, only decreases if
a diffusible fragment is created. The average number of repeating units of a dif-
fusible fragment is %(l +1). As a result, the number of repeating units in the
system decreases via

drRU _ (RU_
dt

e T(FE) (4)

@) 2 1

— = (41
5 ) Np—12¢tY



Polymer degradation with improved chain cut statistics 3

The second derivative of NE is

d’NE dRU dNE dNE
W_kpi“‘” (2 At dt -2 dt )
dNE dNE
= Pinner 7NE 177727
k ( ENEL (1 + 1) i ! & )
— Paner (dNE( 90— 1) — kNEI (z+1)> (5)

Here, it is assumed that the length of a diffusible fragment [ does not change during
the process of degradation.
With the exponential approach

NE(t) = ce™,
equation 5 converts to
ca® = kPiner (ca (=21 — 1) — ckl (1 + 1))
This quadratic equation is solved:
a® = kPumer (a (=20 —1) =kl (I +1)) =0
a® + kPinnera (21 + 1) + k* P Panerl (14 1) = 0

inner k2p2
o= _LD 20 +1) + \/Zner (2 +1)2 — k2 P2 Pynerl (I + 1)

kPlnner

@+1)+= \/ 2 (204 1) — 4Perl(l + 1)

The choice of Pinner determines if the root is positive or negative. The root is 0 for
Pinner=0 or Pinme,r:(éll2 +4l)/(4l2+4l+1). Because 0< Piyner <1, we only consider

the two cases Piuner < (417 +41) /(412 +41+1) and Pipper > (412 441)/(41% +414+1)
We set

T = 7’\/ ( 1nner(2l + ]‘) 4Pinnerl(l + 1)) = 7’6 Rnner < 4l€l+zf-‘1l-1

2 = /P2 (20 + 1)2 — 4Pinnerl (L + 1) Poner > giiith

Note, that § is a real number and that z=1 for Phner=1. Using a linear combina-
tion of both solutions, we get
k P;

_ inner (274 1)¢ kP ¢ _ kot
NE@t) = e~ 2 (4D (clezm +coe” 27,

At t=0, we get
c2 = NE(0) — a1

and for the derivative (see equation 3)

T(O) = kPinner (QRU(O) —NE(0) (1 +20)) (6)
k

= kamner (204+1)(c1 + (NE(0) —c1)) + 1 5%~ (NE(0) — 1)

- g (= Paner (21 + 1) NE(0) + 2¢12 — NE(0)z) (1)
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> (41% 4 41) /(4% + 41 + 1). Comparing Egs.

First, we solve the equation for Pipper
6 and 7 delivers

Rnner Plnner
¢ =2-2R (0)—7<(21+1 § —1)NE(0):A+B (8)

Pinner 1 Rnner
= — (292" RU0) — = (20 + 1
= ( T RU(0) 2 (( ! = T

+ 1) NE(O)) =—-A+B (9)

NE(0)
2

with A = 2P"‘“er RU(0) — % (20 + 1) Pines NE(0) and B = and therefore

NE(f) _ 6_ mner (214+1)t ( inner RU(O) _ % (2l + 1) Rr;ner NE(O) + %(0)) e%zt

k

- ( P Bomer gy o) — £ (2141) Pemernggo) - Y20 (0)> et

Pinner

B AL ((A+B)e*5“+(fA+B)e*5“)

mncr

= 267 (241t (A sinh(= mt) + Bcosh(= Jct))
=9 3o (AL ((QRU(O -5 (@+1) NE(O)) % sinh(gxt) + NEQ cosh(gzt)>
(10)
NE(t) . _ lnncr (2141)¢ RU(O 1 Pinner . é 1 E
NE(0) 2e NE 0 "2 (204 1) " smh(th) + 5 cosh(zxt)

If RU(0) > 1 (20 + 1) NE(0) > NE(0), then

kEPinner
NE(t) ~ 2 2 (Dt <2RU(0) “; sinh(gxt) + N E2 ©

cosh(%xt)) (11)

We introduce the critical time

2 RU(O) inner
te = e arcCoth ((2[ +1 4NE(0)) - )

For large times t > t., eq. 10 reduces to

-Pinner . k
———— sinh(= 12
L sin ( 5 xt)  (12)

NE(t) = 2 Figner (204-1)t (2RU(0) - % (214 1) NE(O))

The derivative of NE(t) is

dNE kPinner k NE(0 k
L = kPpner (214 1) e 2 U ((2RU( )— = (21 +1) NE(O)) ZIBReT ginh(=at) + NE©O cosh(fxt)>

dt x 2 2 2

kPipner 1 Pinner k k NE(0) k k

+ 2~ 2D ((9RU(0) — = (20 4+ 1) NE(0) | =22 25 cosh(=xt) + © —xz sinh(=xt)
2 z 2 2 2 2 2
kPinner 1 P2 1 P2 k
=ke 2 <2’+1>t((<5 (20 4 1)2 nner 596) NE(0) — 2 (21 + 1) —inner RU(D)) sinh(gxt)
xr

+ (= (204 1) NE() + 2RU(0)) Panes cosh(5 1)) (13)
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The function NE(t) has an extreme point at

2 . (2L + 1) NE(0) — 2RU(O))Pmner
t1 = ta P2
k (320 +1)2 8 4 12) NE(0) - 2 (2 +1) Her RU(0)

Now, we solve the equation for Piner < (412 + 4l)/(4l2 +41+1).
With A = 2Pigger RU(0) — (20 + 1) B2 NE(0) and B = YO we get

NE(t) = e™ 3 @i (A+ By + (-A+B)e2™)

= 26_ Fgner (214-1)¢ (zA sin(—= Bt) + Bcos(— Bt))

— 9t ”2“1”((2%(0 —7(21+1)NE(0)) Pt siny k31 + E(m cos(gﬁt))
(14)
NE(t) _, ey (((RU©) 1 Puoner .k 1k
NE(0) — 2e 22+ (( NE() 2 (20 + 1)) 5 51n(§Bt) + 3 cos(iﬁt)>

If RU(0) > 1 (20 + 1) NE(0) > NE(0), then

NE(t) o 2e™ 3 (2D (2RU (0)% 'n(gﬁt) + Nb;(g) Cos(gﬂt)) (15)

Here, the critical time is

- i _ RU(O) Pinner
te = kﬁarcCot<(2l+1 4NE(O)) 3 )

For large times t > t., this equation reduces to

kP

NE(t) = 2¢~

s (21410 (2RU(O)—*(2Z+1)NE(0)> —5 T sin(g 500 (10)

The derivative of NE(t) is in this case

dl\IiE = _ kP Pinner (2l + 1) ang(?l-‘rl)t (<2RU( ) _ - (2l + 1) NE(O)) mﬁner H(gﬁt) + NEZ(O) COS(gﬂt))

dt
NE2(0) gﬁ sin(gﬁt))

Lnﬁncr gﬁ COS(Eﬁt) —
2

X 2
ke kP,SncT (2l+1)t(<<% (2l + 1)2 Pinﬂner _ %B) NE(O) _9 (Ql 4 1) Pinﬁner RU(O)) sin(gﬁt)

EPinner
+2e B ((QRU(O) - % (21 + 1)NE(O))

+ (= (204 1) NE(0) + 2RU(0)) Paner co5( & 1) an

In this case, the function NE(t) has an extreme point at

4= 2 tan? (2l + 1) NE(0) — 2RU(0)) Pnner
k5 (320 +1)2 8 — 1) NE(0) - 2(20+ 1) B RU(0)

The function increases monotonically up to t1 and then decreases to lim¢—, o0 N E(t)
= 0. At t1, the degree of polymerization Np reaches the value of 2] 4+ 1. There is
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no chemical bond in a chain of length 2/ + 1 or lower, which can be cutted in two
parts without the creation of at least one diffusible fragment. That means, that the
probability to create a diffusive fragment (Pg;fy = 2L_) gets 1 and the opposite

Np—1
probability to create no diffusive fragment (1 — Pg;¢ fP) gets 0 at Np = 20+ 1. For
Np <2041, Py;py gets bigger than 1 and 1 — Py;r5 smaller than 0. Mathemati-
cally, a negative probability 1 — Py;¢; to have a chain cut within the chain, which
increases the number of chain ends by 2, is identical to the situation to have a
positive probability |1 — Pg;fs| to decrease the number of chain ends by 2. As a
result, the number of chain ends decreases for ¢ > ¢;.
In reality, probabilities can only have values between 0 and 1. The previous equa-
tions are therefore only valid for 0 < ¢ < ¢1. It is discussed below, how the model
has to be adjusted for Np < 2l + 1. In this case, the number of chain ends de-
creases, but the reason is different: Chain cuts in oligomers with a length of less
than 2] 4+ 1 have the possibility to create two diffusible fragments with one chain
cut. If this happens, the number of chain ends actually decreases by 2, but at the
same time the number of repeating units also decreases because the created two
diffusible fragments do not count anymore to the molecular mass.
For completeness, Eq. 10 reduces for small times ¢ < t. to

kPinner

NE(1) = ¢ DN B(0) cos( S i) (18)

for Pinner < (417 4+ 41)/ (41 + 41 4 1) and

inner

k P;
NE(t) = e~ 8= 214Dt v 5 (0) cosh(gxt) (19)

for Piuner > (412 4+ 41)/(41% 4 41 + 1). As expected, lim;—0 NE(t) = NE(0). Note,
that ¢t. < 0 for ﬁ%((g) >+ %, which means that the approximation for large times
is correct as long as tile initial configuration contains a polymer, whose oligomers
are longer than a diffusible fragment.

For further discussion, it is helpful to know the value of NE(t1) at its maximum.
The calculation is performed for Piner > (412 + 4l)/(412 + 41+ 1). The calculation
for Piner < (417 4 41)/(41% + 41 + 1) is similar if one replaces x by 3 and all
hyperbolic functions by its nonhyperbolic twin functions.

The value of NE(t1) is a result of the hyperbolic sine or cosine of the inverse
hyperbolic tangent. Let’s calculate the inverse hyperbolic tangent first:

2
tanh(a:) =1- m
—1 _1 1+£E
tanh™ " (z) = 5 ln(1 7:5)

In our case

((2l + 1) NE(O) — 2RU(O))Rnner
(421 +1)2 B+ L0) NB(0) — 2 (20 + 1) B RU(0)

2 _
t1 = Etanh Y1)
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The function N E(t) can be rewritten in an hyperbolic tangent:

NE(t) = 2¢ Minner (2741)¢ Cosh(gmt) ((QRU(O) - - (2041 NE(O)> 1r£lvner tanh(gxt) n NE2(0)>

Let’s calculate the terms separately:

k
tanh(= xt;l) =z
k - 1 Eaty **xtl
cosh(imh) =5 (62 te )
LI (g | e
2
1 14z + 1421\ 2
- 2 1—x1 1—x1
o Ehiner 241y, —(2041) uner L in(J221)

14 2,) 723D e
1—x1

(1+x1)l;(1+Pi":” N <1+w1>l;(1+&“;cr)

kP
_ lguer (21+1)t1 & _
2e cosh(2xt1) = =
R T
(k= )l+2<1+—m;“>
1—x
Lz (Lmye
1 +xz1 \1—xz1
P.2
Lo (%(21 +1)? Dinner 4 x) NE(0) — 2 (20 + 1) B RU(0) + (21 + 1) NE(0) — 2RU(0)) Panper
1 -1 (%(21 +1)2 Bliner x) NE(0) — 2 (20 + 1) B RU(0) — ((21 + 1)NE(0) — 2RU(0)) Pinner
(321 + 1)2 Bines 4 1004 (204 1) Pianer ) NE(0) = (220 + 1) Bses + 2P0, ) RU(0)
(@12 ey L (21 + 1)Pinner) NE(0) - (2(21+ 1) B — 2P ) RU(0)
5 ((21 + 1)2 Ponner - m) NE(0) — 4 (20 + 1) wRU(o)

Lo (324 1) e 4 m+(21+1) Pinner ) NE(0) = (2 (21 + 1) Zsss 4 2Pyer ) RU(0)
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We get for the maximum number of chain ends of a random chain cut mecha-
nism
NE(t1) = ABC

P2 p2
((21 +1)2 —inner 4 L> NE(0) — 4 (21 + 1) iBner gy (o)
A=

P2
( (2t +1)2 M + 3o+ @+1) P”mer) NE(0) — (2 (2t +1) mn@r + 2Pmner> RU (0)

2 p2 —14 (1_M)
P T
(%(2, + 12 Plimer 4 1 ) NE(0) - 2 (20 + 1) ZIner RU(0) + (2 + 1) NE(0) — 2RU(0)) Pigor
2
(%(21 +1)2 m“ei + —z) NE() — 2 (20 4+ 1) Pmne* RU(0) — ((21 + 1) NE(0) — 2RU(0)) Pipper
1 P2 21 + 1) NE(0) — 2RU (0 NE(0
C = (2RU(0) — — (2l + 1)NE(0)) nner = « ) © ©» B2 + ©
2 v (%(21 +1)2 nner 4 %z) NE(0) — 2 (2L + 1) —inner Ry (o) 2

(41 +2) RU(O)NE( ) = (L(L+ 1) + H)NE(0)? — 4RU(0)?) D 4 1o N (0)?

B
(204 1)> Piser 4 Lo 4 L (20 + 1) Pianer ) NE(0) = (20 +1) ”‘"ef+Pmner) RU(0)

E(t) =
(5

For large chains at the beginning of the degradation (RU(0) > N E(0)), the max-
imum value is approximately

4 (20 + 1) Buwer — 1 1—1(1—Pinner)
lim  NE(t;) = ) ( >
13%((?;))%00 21 + 1+ P (2[ i 1) P 4 |

1.2 Number of repeating units

Now, let’s turn to the number of repeating units. Using Eq. 3, we can directly
write

1 dNE 1
%P dt + B} (2l+1)NE (20)

Using Eqgs. 13 and 10 one can write

RU(t) =

1 kP 1 P2 1 P2 k
_ — —lgner (2741)¢ - 2 ~ inner - _ inner : N
RU(¢t) = Qkﬂnner( ke 2 (((2 (20+1) - + 2:13) NE@0)—2(21+1) " RU(O)) s1nh(2xt)
+ (= 204 1) NE(O) + 2RU(0)) Panes cosh(£ 1))
+ 1 (20 +1) (26* “ligner (2141)t ((2RU(O) . (204+1) NE(O)) Pinner sinh(ﬁzt) + NE(O) cosh(ﬁxt)>>
2 2 T 2 2 2
_ o~ Ehigoer (21410 (((21 +1) Fimer oy 4 i (a: @+ 1)? PL) NE(O)) sinh(gact) +RU(0) cosh(gxt))
x X
(21)
for Pinner > (41% +41) /(412 441+ 1). For Piyner < (417 +41) /(41> + 414 1), we get
EPinner ]
RU(t) = ¢4 (G101 ((25 +1) P‘T;Qf RU(0) + i (—/3 — @2+ 1)? Lﬂﬁner) NE(O)) sin(gﬂt)

+ RU(0) Cos(gﬂt))
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The function converges to lim¢—o RU(t) = RU(0) as expected. The derivative of
this function is

dRU kP; _kB P, 1 P k k
AU Flinmer ) 4 gy, e (2U4+1)t (((21 4 1) ZIB0CT R0y 4 - (z — (2l +1)2 ﬂ) NE(O)) sinh(— ot) + RU(0) cosh(fzt))
dt 2 * 4 x 2 2
_kB P 1 P k k k k
te pher (U1t (((21 +1) 22CY RU(0) + — (a: — (214 1)? ﬂ) NE(O)) —x cosh(—xt) 4+ RU(O)fzsinh(fa:t))
z 4 z 2 2 2 2

k _ kP 1 P2 P2 k
= o (2“1”((7 ((21 + 13 mner o 4 1yzp | NE©) + (@ — (20 + 1)2 TR | Rrr(0) | sinh(—xt)
2 4 « z 2

(1 ( 2 Pinncr) (Pinncr 1 ) ) k
+ (= (2= +1)2 222 ) NE@) + (20 4+ 1) [ =22 _ " p s er | RUO) ) cosh(=xt)) (22)
4 xT x 2 2

for Pner > (412 4 41) /(412 4+ 41 4 1) and

kP
dRU k _ inner

_ k. aner (241)¢
dt

1 P2 P2 k

(5 e+ 13 Te + (2L + 1) BPipper | NE©) + [ =8 — (20 + 1)? Te RU(0) | sin(_pt)
1 P; P; 1 k

+ (Z (—/i - +1? %) NE(0) + (20 + 1) (% - ;Pmner) RU((») cos(p1))

for Pner < (4l2 + 41)/(412 + 41+ 1). Now the number of repeating units at t; is
calculated. RU(t) is written in hyperbolic tangent form:

kEPinner L S .
RU(t) =e 2 <21+t cosh(ﬁxt) (((2! +1) @RU(O) + L <¢ — 2+ 1?2 M) NE(O)) tanh(imt) + RU(0)
2 x 4 x 2
(23)
for Pinner > (417 4 41)/(41 + 41 + 1) and
_ *Pinner 941y, k P; 1 5 P k
RU(t) = e 2 " cos(— Bt) (((21 +1) %RU(O) + = (—B — (214 1) %) NE(O)) tan(—Bt) + RU(0)
2 4 2
(24)
for Piuner < (412 +41)/(41% + 41 4+ 1). The value at t; is:
1
RU(t,) = —ABCR
2
P2 P2
((21 + 1)2%@ + z) NE(0) — 4 (20 4 1) —iiner Ry (o)
A=
1 2 P} 1 P
(412 Honer 4 Lo 4 (204 1) Pyye, | NE(0) — (2(20 4 1) —BBer 4 op, ) RU(0)
p2 p2 —i+3a- Pinwner)
1 2 “inner 1 inner
(E(Zl +1) lner 4 51) NE(0) — 2 (20 4+ 1) —0eL RY(0) + ((21 4 1) NE(0) — 2RU(0)) Pipper
B =

P2 P2
(%(Zl + 1)2 —inner 4 %1) NE(0) —2(20 + 1) 2R RU(0) — ((2L + 1) NE(0) — 2RU(0)) Pipper

o — <(2l 1y Pimner gy L (L e Pmner) NE(O)) ;;m +1) NE(0) - 2RU(0>>PmnerP2 L RU©)
® 4 ® (%(214-1)241;{1&& + %:r) NE(0) — 2 (21 + 1) —1ner Ry (o)

2 2 2
(21 + 1)2 Pi%ﬂRU(O)NE(O) +3@+ (a: — (21 + 1)2 Pin;‘”) NE(0)2 —2(20+1) Pin;‘” RU(0)2

RU(t1) = o3 oz B
(% (2t 4+ 1)2 —nner Lo 4 L2 4 1) Pinner) NE(0) — ((21 + 1) —inner 4 Pi,mer> RU(0)

for Pner > (4l2 + 4l)/(4l2 + 41 + 1). For large chains at the beginning of the

degradation (RU(0) > NE(0)), the number of repeating units for Np = 2] + 1 is
approximately

9l 1 P 1 _%(1_ Pinner)
4l 2 + inner __ x
lim  RU(t) = 5 2 (( )p.””

N o Tl s \@ D)= 41
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1.3 Degree of polymerization

Egs. 10 and 20 are used to calculate the degree of polymerization

RU
Np() = FF
2

dNE
=20 +1+ dt
kP,

inner

NE

((% (20 + 1)2 Pinxncr +ip=

) NE(Q) — 2 (2L + 1) @RU(O)) sinh(Ext) + (= (201 + 1) NE(0) + 2RU(0)) cosh(E xt)
innner x 2 2

=2l +1+
Pinner k
ALNCL sinh( 5 xt) +

N E(0)
T 2

2 ((QRU(O) - 1@+ NE(O)) cosh(%wt))

(25)

The function converges to lim;—o Np(t) = QJ@%((?))) as expected.
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2 Degradation curve for H+1 < Np < 2141
2.1 Number of chain ends and repeating units

If the length of an oligomer is lower or equal to 2141, every chain cut will cre-
ate at least one diffusive fragment. In case of length 2141, exactly one diffusive
fragment is created, which reduces the number of RU by the average length of a
diffusive fragment (I + %) and does not change the number of chain ends NE. If
the oligomers are smaller than 2/41, chain cuts in the center of these oligomers are
possible, which divide the oligomer in two diffusive fragments. For such a chain
cut, the complete oligomer is degraded, which means that the number of chain
ends decreases by 2 and the number of RUs decreases by the degree of polymer-
ization Np. The probability for such a chain cut in an oligomer of length Np <
2141 is Pyouplecut = Q—FNiL_Ji]E. Similarly, the probability to have a chain cut in
an oligomer of length smaller or equal to 2/4-1, which creates only one diffusible frag-
ment, is 1 — Pgoubiecut- 1 he corresponding equations are

dNE :k(RU*—NE ) (_221+1—Np>

at’ 2 Np—1
_ k:NE*(fo%* _2-1)
= k(2RU* — NE*(20 + 1)) (26)
and
(o ) (R () o)
o S (e 3 )

:k% (N3~ B+ 2) Np+12 214 1)

i (28U i Rut 4 LeNE e + v 27)
n NE* 2 2

Note, that we write NE* and RU™ instead of NE and RU to differentiate the
functions from the previous ones. Furthermore, we introduce the time t' =t — ¢;
because we consider a degradation process, which starts at ¢ = ¢; with initial num-
ber of chain ends NE(t1) = NE(t' = 0) and repeating units RU(¢t1) = RU(t' = 0).
Interestingly, equation 26 is identical to 3 (except for Pinner ). However, the solution
is different because RU*(t') is different. Eq. 27 is not easily analytically solvable
because it contains NE*(¢') in the denominator and RU™* in second order. The
reason is that the number of repeating units changes by Npin a chain cut, which
creates two diffusible fragments. As Npis the average degree of polymerization, we
can replace it by the average length of an oligomer, which creates diffusible
fragments. The shortest length of such an oligomer is /+1 (1 RU longer than a
diffusive fragment) and the longest length is 2/. The average length is therefore
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% (31 4+ 1). This means that the differential equation changes to

dRU* . NE* 2041 - Np1l 2041 —-Np\ 1
- (RUf : )( o 5(3”1”(1*7%—1 )§(z+1))
. NE* 2041 - Np1 12Np — 21 —2
- - - N4 P22 724
k(RU ; )( N B T (l+)>

NE*

= —k—— (=L + 1) Np +4° +1-1)

4
=k (% (I—1)RU* — NE*I*> + iNE* (—1 + 1))

_ 1 * 1 * 2
—k(i(l—l)RU +{NE (—a —l+1)>

(28)

This differential equation is linear in RU™ and NE™ and therefore analytically
solvable. We write the system of coupled linear differential equations in matrix

form:

NE*
=4 ()

A k( —(20+1) 2 ) (NE)
dRl 1(-4?—141) 2 (-1)) \RU"

A general solution is a linear combination of the eigenvectors vi and va with its

corresponding eigenvalues A1 and Aa, respectively.

(NE*

RU*> = My 4 DM vy

One can write matrix A in the form
Ak <a11 au)
a1 a22

The eigenvalues of matrix A are

Mg = %TrA:I: %\/(TrA)Z —4det A

with Tr A = k(a11 4 ag2) the trace and det A = k? P%(a11a22 — a12a21) the deter-

minant of matrix A. An eigenvector to eigenvalue Ay /5 is
Al/2 — a22
Vij2 = ( as1

The individual solutions for eigenvalues Ay, = a £ i3, are

NET/Q _ at’ +ipt’
<RU1*/2 = Cl/zvl/ge €
and the general solution is

(NE*

RU*) = C1v1e®t e 4 Covae™t e P
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We are only interested in real solutions N E*(t), which implies that the constant
C2 has to be the complex conjugate of Cq (note: vi is the complex conjugate of
va). We set

With the new constant C and vector v, we can rewrite

(]]\%75:) = %(Cveat/eiﬁt/)

Now we can write

@5: ) = e“t’&e((&e(C) +i¥(C)) (cos (Bt') 4 isin (Bt')) (a + Zai 1— a22))

w0 en (™ ) e (b )
we (Tl ) e ()

(NE* ’

= " R((N(C) +43(0)) (R(w) +iS(w)))

= " R(R(CIR(W) — F(C)F(W)) +i (RO)I(w) + F(C)R(w))
= ™" (R(C)R(w) — I(C)S(w))

The real and imaginary part of the complex constant C' are individual real con-
stants. We set X = R(C) and Y = —(C) and get

NE*™\ _ v ( (a — az2) cos (Bt') — Bsin (Bt') Ly (o — ag2) sin (Bt") + B cos (Bt)
RU*) ¢ az1 cos (Bt') az1 sin (Bt')
We determine the real constants X and Y with the help of the initial conditions:
NE*(0)\ _ a —aze B
(revion) = (x (") 7 ()

which leads to

¥ RU™(0)
az1
1 . a2 — *
Y ==-NE"(0)+ RU™ (0
3 (0) oz (0)

This leads to the general solution of a coupled system of two linear ordinary
differential equations:

(NE*) _ eat'(RU*(O) ((a — ag2) cos (Bt') — Bsin (Bt’))

RU* as1 a21 COs (ﬁt/)

a21 NE™(0) 4 (a22 — ) RU™(0) [ (v — a22)sin (Bt') + B cos (Bt)
+ a213 ( a91 sin (ﬁt') >)




14 Falk Hoffmann et al.

The derivatives are

dRU* Qa1 COS (Bt') — Baz sin (ﬁt/)

dt’ a1
a21 NE*(0) + (az2 — ) RU*(0) ((Qaﬁ — Bagzz) cos (Bt) + (a® — aazz — 4) sin (ﬂt’)>)
a21f3 Basz cos (Bt) + cazy sin (Bt")

<W> _ eat’(RU*(O) ((a2 — az2a — B?) cos (Bt') + (Bazz — 2aB) sin (ﬂt’))

+

In the derivative, we get a term which depends on 32. Because 8 represents the
imaginary part of the eigenvalue \, 3% = —|f|?. Then we get for the derivatives
at t' = 0 the expected result:

dRU” (0) a21 NE*(0) + a22 RU*(0)

(W(m) _ (a11NE*(0) + alQRU*(O))

We rewrite our functions:

(o) =2 (o)

_ ot (bu b12) (NE*(0)>

with

by = 2922 _Ba22 sin (8t') + cos (Bt') (29)

B (a—a2)?) . /

bip = -2 e a2)” ¢
o ( 2o G ) (30)
boy = % sin (5t') (31)
bao = azzﬁi ? sin (Bt') + cos (Bt') (32)
In our specific case a11 = =20 — 1, a12 = 2, az1 = 1 (41> =1+ 1) and az; =

1(1-1), NE*(t' =0) = NE(t1) and RU*(t' = 0) = RU(t1). Now we calculate
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explicitly

TrA:k(—Zl—l-i—%(l—l))

(-3
2 2

1 1
det A = K?P? ((721 D5 -1 -2; (4 =1+ 1))
=E2P2(12 +1)
ik
(TrA)2—4detA:%\/712—2l—9
3k ik
Mjpp=—(U+1)+ =72 209
/2= 7 +1) D)
3k
=—(+1
o 7 D

k
=—\72-21-9
p 2

We already calculated the time t1(t' = 0) and the value of the number of chain
ends NE(¢1) and repeating units RU(¢1). The final solutions are

kP
NE) {26—7‘3““ (21+1)t ((2RU(0) — 3 2+ 1) NE(0)) Dinner sinn(Ear) + NEO cosh(gzt)) t <ty
b11(t — t1)NE(ty) + bio(t — t1)RU(+1) t >t
(33)
kEPinner 3 3
RU(t) = {e’ SRt (2l 1)t (((21 +1) Binner py (o) 4 1 (T (21 4 1)2 %) NE(O)) sinh(Ezt) + RU(o)cosh(gm)> £ <ty
bo1(t — t1)NE(ty) + baa(t — t1)RU(t1) t>t
(34)

with b11(¢), b12(¢), b21(¢) and b22(¢) from equations (29) to (32).

2.2 Degree of polymerization
With the help of equations (33) and (34), one can directly calculate the degree of
polymerization

R
NP = FE
2

<

P2 p2
((%(zzH)?%Jr%m) NE(opz(zHU%RU(o)) sinh(£2t)+(—(20+1) NE(0)+2RU(0)) Piyper cosh( L at)

20+ 14 ]
P!r:wr sinh(£zt)+ N}Z(O) cosh(%ﬂct))

2 (2RU(0)—%(2L+1)NE(O))
2b91 (t—t1 )N E(t])+2boo (t—t1) RU(t7)
b11(t—t1)NE(t1)+b12(t—t1)RU(t1)

(35)

The second part of the degradation is only valid until the degree of polymerization
decreases to a length of a diffusible fragment+1 (Np= [ + 1). The function reaches
this point at

ty =t + ~arctan | 8 (I+1) NE*(0) — 2RU*(0)
p (2a21 — (1 +1) (@ = az2)) NE*(0) + (2 (a2 — @) + (1 + 1) (o — a22)°)

We can therefore calculate the number of chain ends N E(t2) and repeating units
RU (t2) for the moment when Np =1+ 1.
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3 Degradation curve for Np < 141

The previous section describes the degradation up to a degree of polymerization of
Np=1+ 1. At this point, the oligomers are so short, that they can cut a diffusible
fragment without being completely degraded. This means, that the probability to
have a single cut of a diffusible fragment gets 0 and the probability to have a chain
cut, which degrades the remaining oligomer completely into two diffusible
fragments gets 1. Furthermore, the number of breakable bonds before a chain cut is

N E** NE**
RU S = RUT (1 - =22
1
—RU™(1— ——
( l+1)

l

l+1

The number of RUs per chain cut, which is removed from the system, is always
I 4+ 1 because shorter oligomers are already diffusible fragments. That means, that in
this case the differential equations are

ANE** ! .
a R Ry
!
R
dRU** l .
G = kg RUT (4
= —kIRU™

We use the approach
RU**(t) — aeb(t—tz)

We get
dRU™ . pi—t2)
Eramb abe (36)
= —klae(™") (37)
(38)
and therefore b=-kl. At t=ta, we get
RU™(t2) = a (39)
and therefore a = RU (t2) because RU**(t2) = RU(t2). We have
RU™(t) = RU (tg)e "(t=t2) (40)

Now we solve NE(t)

dANE*™ l —ki(t—t2)
Erai 2kl+1RU(t2)e
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Again, we use the approach

NE*(t) = ae®"%) 4 ¢

We get
dNE** _
= abe®(t712)
dt
and therefore b=-kl and a:H%RU(tg). At t = ta, we get

NE(t2) =a+c

and therefore ¢ = NE(tQ)-H_%RU(tQ). So we get finally

. 2 —kil(t— 2
NE™(t) = H—IRU(Q)G =) 4 NE(ta) — mRU(Q) (41)

Here, we set NE**(t2) = NE(t2) and RU**(t2) = RU(t2) because the function
is a continuation of the previous function. These parts of the function describe the
degradation of the remaining oligomers of length [ + 1 in diffusible fragments.
However, they are strictly only defined until RU(t) = [ because fragments with less
than [ repeating units are already diffusible fragments. The time when this happens
is

tg3 =t —lln(#>
ST Tk U\ RU(t)

At this point, degradation of the chain in diffusible fragments is completed. The
degree of polymerization for the last part is always

RU
NE
2

=1+1

Np =

for all t2 <t < t3. The full degradation curves are therefore

9e— 5 (21+1)t ((QRU(O) — 1 (20 4 1) NE(0)) sinh(£+¢) + YE© cosh(gt)) t<t

NE(t) = Qb1 (t — t1)NE(t1) + bia(t — t1)RU(t1) t <t<ty
l_%lRU(tg)e_M(t_‘?) + NE(t2) — 27 RU(t2) to <t <t3
(42)
e~ B (((zz +1)RU(0) + % (1 2+ 1)2) NE(O)) sinh(£¢) + RU(0) cosh(gt)) t<t
RU() = { bo1 (t — t1)NE(t1) + baa(t — t1)RU(¢1) t <t<ty
RU(tg)e*kl(t*t2> to <t <ts
(43)
1 241 — inh(k — W(E
A1+ ((3(@1+1)*+1)NE(0)—2(214+1)RU(0)) sinh(% t)+( (12Vl-E!—10)NE(0)+2RU(O))cosI(zt) <t
" 2((2RU(0)—%(21+1)NE(0))sinh(gt)+#cosh(%t))
Np(t) = § 2621 (t—t1) NE(t1)+2bgy(t—t1 ) RU(t1)
b1y (t—t1) NE (1) +b12(t—t1) RU (1) fi<t<t
I+1 to <t <ts
(44)

with b11(¢), bi2(t), b21(t) and bea(t) from equations (29) to (32) and NE(t1),
NE(t2), RU(t1) and RU (t2) from the corresponding previous parts of the function.





