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This supplementary material provides the brief re-
view of the Ensemble Singular Vector Sensitivity Anal-
ysis (EnSVSA) following Enomoto et al. (2015) and the
detailed procedure of the analysis, especially on how to
obtain Fig. 4 in the main text.

1. Formulation of the EnSVSA

In this section, n is defined as the degrees of freedom and
m as ensemble size. In the sensitivity analysis, it is as-
sumed that the time evolution of the initial perturbations
y ∈ Rn is linear:

z = My (1)

where z ∈ Rn is the perturbations at the verification time
t and M ∈ Rn×n is the tangent linear model. The goal
of the analysis is to find the initial perturbations which
maximize the perturbation growth at the verification time
measured by a specific norm ‖·‖t. This norm is expressed
by the inner product:

‖y‖0 =
√

yTG0y

‖z‖t =
√

zTGtz (2)

where G0 and Gt are arbitrary non-negative symmetric
matrices that denote the weight in their respective defini-
tions of norm.

With the ensemble formulation, the perturbations at
the verification time t of each ensemble member i is ex-
pressed as follows:

zi =M(x + yi)−M(x) (3)

where M is the nonlinear model and x is the reference
state, for which we take the ensemble mean. Assume
that an initial perturbations can be expressed in a linear
combination of the ensemble initial perturbations, then
under the assumption of linear time evolution, the corre-
sponding perturbations at the verification time t can be
expressed in a linear combination with the same coeffi-
cients:

y = p1y1 + p2y2 + · · ·+ pmym (4)

z = p1z1 + p2z2 + · · ·+ pmzm (5)
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In the matrix-vector notation:

y = Yp (6)

z = Zp (7)

where,

Y = (y1,y2, · · · ,ym) (8)

Z = (z1, z2, · · · , zm) (9)

pT = (p1, p2, · · · , pm) (10)

In the EnSVSA, we find the coefficients (10) that max-
imize pTZTGtZp with the constraint of pTYTG0Yp.
This is reduced to the eigenvalue problem:

(YTG0Y)−1ZTGtZp = Λp (11)

where Λ is the diagonal matrix whose diagonal elements
are eigenvalues. For detailed derivation, see Enomoto
et al. (2015) Section 2b.

If the initial perturbations yi are normalized and or-
thogonal (we assume it is true), then the problem (11) is
solved by the singular decomposition of matrix Z

Z = UΣVT (12)

and the coefficients p is equivalent to the right singular
vectors V.

2. Procedure of the EnSVSA

In this section, we provide the detailed procedure for the
EnSVSA. First, the verification time, the verification re-
gion, and the norm are defined. As indicated in the main
text, we conduct the analysis with the moist total energy
(TE) norm (Ehrendorfer et al., 1999),

TE =
1

2

1

D

∫
D

∫ 1

0

[
u′2 + v′2 +

cp
Tr
T ′2

+RTr

(
p′s
pr

)2

+ ε
L2

cpTr
q′2

]
dσdD (13)

where σ = p/pr is the vertical coordinate. D is the veri-
fication area. u, v, T , ps, and q are the zonal wind, merid-
ional wind, temperature, surface pressure, and specific
humidity, respectively. The prime denotes the perturba-
tion from the ensemble mean. cp = 1005.7 Jkg−1K−1,
R = 287.04 Jkg−1K−1 andL = 2.5104×106 Jkg−1 are
the specific heat at constant pressure, the gas constant of
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dry air, and the latent heat for vaporization, respectively.
Tr, pr, and ε are the reference temperature, pressure, and
a factor for the latent heat term, respectively. Here, we
use Tr = 270 K, pr = 1000 hPa, ε = 1.0.

Second, the components of Z matrix are calculated as
follows. Note that followed calculation includes the norm
definition (Gt).

1. Calculate perturbation of prognostic variables
(u, v, T, ps, q) in the verification region at the ver-
ification time by subtracting ensemble mean values
from ensemble member values.

2. Multiply the perturbations by the areal factor (cosφ,
where φ is the latitude) and the layer thickness fac-
tor.

3. Multiply T ′, p′ and q′ by the square root of co-
efficients in (13), i.e.,

√
cp/Tr,

√
RTr/pr, and

L
√
ε/cpTr, respectively.

The calculated values for member i become the ith col-
umn values of matrix Z.

Then, we conduct the singular value decomposition of
Z and obtain the singular values and the left and right
singular vectors. The right singular vector which cor-
responds to the largest singular value is the first mode
linear combination coefficients (the principal component
score). The first mode perturbations are obtained by pro-
jecting the matrix Z to the first mode coefficients. The
horizontal distribution of the moist total energy is ob-
tained by calculation of (13) with the projected pertur-
bations except for the areal integration.

Since we assume that linear time development over the
time range between the initial and the verification time,
the same coefficients can be used to obtain the first mode
perturbations corresponding to any valid time between
the initial and the verification time. Therefore we obtain
the time development of the energy by the projection of
ensemble forecast data at each valid time with the same
initial date.
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