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Derivations of Optimal Type 1 and Type 2 Criteria

1. Optimizing Accuracy

1.1. Optimal Type 1 Criterion for Maximizing Type 1 Accuracy

Suppose an observer with perceptual sensitivity d’ wishes to place the type 1 criterion c¢1 so as to maximize
the proportion of correct responses in discriminating two stimulus classes, S1 and S2, where p(S1) and
p(S2) denote the prior probabilities of S1 and S2 being presented on a given trial. The measure to be
optimized, proportion correct, can be expressed as

p(correct;) = p(S2) HR; + p(S1) (1 — FAR;) (s

where HR; = type 1 hit rate = p(response = “S2” | stimulus = S2) and FAR; = type 1 false alarm rate =
p(response = “S2” | stimulus = S1). For a given d” and c1, HR; and FAR; can be expressed in the equal
variance signal detection theory model as

HR; =1-¢ (cl %) (S2)
FAR, =1—¢ (c1 —%') (S3)




where ¢(x | 1) is the cumulative distribution function of the normal distribution with mean u and
standard deviation o = 1 evaluated at x. (Here we set ¢ = 1 for convenience, without loss of generality,
as d’ corresponds to the signal-to-noise ratio @ )

To find the criterion c; that maximizes p(correct;), we set the derivative of p(correct;) with respect to ¢;
equal to zero and solve for ci. The derivative is given by
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where @(x | ) is the probability density function of the normal distribution with mean p and standard
deviation ¢ = 1 evaluated at x:
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Setting the derivative equal to zero and solving for c; gives
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where the A* superscript denotes that Equation S6 defines the optimal c; for maximizing type 1 accuracy
(see Table 1, main manuscript).

1.2.1. Optimal Type 2 Criterion for Maximizing Type 2 Accuracy for “S2” Responses



Next, suppose the observer wishes to place the type 2 criterion for “S2” responses, c;s,", SO as to
maximize the proportion of correct type 2 responses when responding “S2.” By way of analogy to the type
1 case, type 2 responses are considered to be correct when “high confidence” is reported for correct type
1 responses and when “low confidence” is reported for incorrect type 1 responses (see Table 2, main
manuscript). More formally, the observer must set c; »s, s0 as to maximize p(correct;s>):

p(correctz;-szn) = p(correctl,--sz--) HR; »go + p(incorrectlj--sz--) (1 - FARz,"sz") (87)

where HR,s»» and FAR;»s;» correspond to type 2 hit rate and false alarm rate for “S2” responses:
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and where p(correct; »s2*) and p(incorrect; »so7) correspond to the probability of a correct or incorrect type
1 decision, given that the type 1 response was “S2”:

p(correct, »sy) = p(stim = S2 | resp = "S2") (S10)

p(incorrect, »s,») = p(stim = S1 | resp = "S2") (811)

Egs. S10 and S11 can be re-expressed as

p(stim = S2 Nresp = "S2") B p(S2) HR,
p(resp = "S2") ~ p(resp = "S2")

p(correct; rsy) = (812)
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Thus, substituting Egs. S8-9 and S12-13 into Eq. S7, p(correct, s>#) can be written
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Differentiating with respect to c¢; s, gives
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Setting the derivative equal to zero and solving for c; »g,~ gives
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Enforcing the constraint that ¢, »s,» = ¢; yields a final solution for ¢, »g,- as
1nPGL)
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where the A* superscript denotes that Equation S16 defines the optimal c; -, for maximizing type 2
accuracy (see Table 1, main manuscript).

1.2.2. Optimal Type 2 Criterion for Maximizing Type 2 Accuracy for “S1” Responses

For “S1” responses, the observer must set the type 2 criterion for “S1” responses, ¢, »s1, S0 as to maximize
p(correct, »s17):

P(correctz,"sr') = p(correctl,"sr') HRy 51" + p(incorrectll--srv) (1 - FARZ,--Sl-v) (817)
where
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Substituting Eqs. S18-21 into Eq. S17, p(correct,s»7) can be written
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Differentiating with respect to ¢, »q~ gives
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Setting the derivative equal to zero and solving for ¢, »gq~ gives
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Enforcing the constraint that ¢, »s;» < ¢; yields a final solution for ¢, g as
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where the A* superscript denotes that Equation $24 defines the optimal c; g1+ for maximizing type 2
accuracy (see Table 1, main manuscript).

2. Optimizing Reward

2.1. Optimal Type 1 Criterion for Maximizing Type 1 Reward Contingencies

Suppose the observer wishes to place the type 1 criterion so as to maximize the reward earned via an
environmental structure that differentially rewards different type 1 outcomes. The observer must set ¢;
so as to maximize expected reward from a type 1 reward contingency table:

E(reward;) = p(S2)[Rpit1HRy + Riniss1(1 — HR] + p(SD[Rery (1 — FAR,) + Rpas FAR; ] (S25)

where Rhit1, Rmiss1, Rcr1, and Reaz1 correspond to the number of points gained or lost following type 1 hits,
misses, correct rejections, and false alarms (see Table 3, main manuscript). To find the criterion c; that
maximizes E(reward;), we substitute for HR; and FAR; using Egs. S2 and S3, set the derivative of E(reward,)
with respect to c; equal to zero, and solve for c;. The derivative is given by

d d’
e, [E(reward;)] = p(S2) [_Rhitl‘-P (C1 Vi

dl

) + Rmissl(p (Cl 7)]
dl
2

- —)] (526)

d’
+p(S1) [Rcm(P (C1 - 7) — Rpa1@0 <C1

where @(x | u) is the probability density function of the normal distribution with mean p and variance
o = 1 evaluated at x, as given in Eq. S5.

Setting the derivative equal to zero and solving for c; gives
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where the R* superscript denotes that Equation S27 defines the optimal ¢; for maximizing type 1 reward
(see Table 1, main manuscript).

2.2.1. Optimal Type 2 Criterion for Maximizing Type 2 Reward Contingencies for
“S2” Responses

Now suppose the observer wishes to maximize the reward earned via an environmental structure that
differentially rewards different type 2 outcomes. For “S2” responses, the observer must set the type 2
criterion for “S2” responses, ¢; »s,», SO as to maximize E(reward,,s>):

E(reward, rs,v) = p(hity, LC|"S2")Ryyiss2 + p(hity, HC|"S2") Rpira
+p(FA1, LC|"S2")RcRry + p(FA1, HC|"S2")REa, (528)

where Rhit2, Rmiss2, Rcr2, and Reaz correspond to the number of points gained or lost following type 2 hits,
misses, correct rejections, and false alarms (see Table 4, main manuscript), and where e.g. p(hit;, LC |
“S2”) is the probability of a low confidence hit given that the observer responded “S2,” or more formally,

p(hity, LC|"S2") = p(stim = S2,conf = low | resp = "S2")
_ p(stim = S2 Nresp = "S2" N conf = low)

p(resp = "S2")

This expression can be re-written as
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Rearranging the equation for E(reward, s>#) (Eq. $28) and using Eqgs. S8-9 to substitute for the HR; «s,» and

FAR; «s,” terms gives
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Setting the derivative equal to zero and solving for ¢, s, gives
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Enforcing the constraint that ¢, »s,» = ¢; yields a final solution for ¢, »g,- as
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where the R* superscript denotes that Equation S35 defines the optimal ¢; »s,+ for maximizing type 2
reward (see Table 1, main manuscript).

2.2.2. Optimal type 2 Criterion for Maximizing Type 2 Reward Contingencies for
“S1” Responses

For “S1” responses, the observer must set the type 2 criterion for “S1” responses, ¢, »s1+, 0 as to maximize
E(rewa rdz,"51"):

E(reward,rs;v) = p(CRy, LC|"S1")Rppiss2 + P(CRy, HC|"S1") Ryien
+p(miss;, LC|"S1")Rcry + p(miss;, HC|"S1")Rga, (S36)

where e.g. p(CRy, LC | “S1”) is the probability of a low confidence correct rejection given that the observer
responded “S1.” By similar reasoning for the derivation of Eq. S29, we can write



p(S1) (1 —FAR,) (1 — HRZ,"SI")

p(CR;,LC|"S1") = ——L (S37)
p(CRy,HC|'S1") = p(Sl)p((lre_ij?;ﬁi e (538)
p(missy, Le|'s1) = P2 (1p_(i§;):q S_l,,F)ARZ’"Sl") (S39)
p(miss;, HC|"S1") = p(52) (1 = HR,) FAR, sy (540)

p(resp = "S1")

Rearranging the equation for E(reward,s1) (Eq. S36) and using Eqs. S18-19 to substitute for the HR 1~
and FAR;,«s;» terms gives
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Setting the derivative equal to zero and solving for ¢, »g1 gives
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Enforcing the constraint that ¢, »s;» < ¢; yields a final solution for ¢, g1 as
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where the R* superscript denotes that Equation S43 defines the optimal ¢, »g;» for maximizing type 2
reward (see Table 1, main manuscript).

3. Optimizing Calibration

(In the below we intentionally decline to include a Section 3.1, as optimizing type 2 calibration does not
have a natural analogue in the type 1 case.)

Suppose the observer wishes to place high confidence ratings to reflect that some benchmark of type 1
accuracy has been achieved. For instance, the observer may choose to rate “high confidence” only when
the estimated probability of a correct type 1 choice, p(correct;), exceeds 0.8.

More formally, let p(correct;)r be the threshold value of accuracy needed to report high confidence
(where T denotes threshold), and let p(correct:|x) be the observer’s estimate of being correct on the
current trial based upon the evidence sample x. Then the observer seeking to calibrate confidence to
accuracy uses the following decision policy for rating confidence:

high, if p(correcty | x) > p(correct;)r

low, if p(correct | x) < p(correcty)r (544)

confidence = {

The formulae for the type 2 criteria that achieve this decision policy differ for “S1” and “S2” responses.

3.2.1. Optimal Type 2 Criterion for Calibrating “S2” Responses



On trials where the observer responds “S2,” the quantity the observer must consider in order to calibrate
confidence to accuracy is p(correcty «,|x), where p(corrects «s,”) denotes probability of a correct type 1
response, given that the response was “S2”. Since “S2” responses are correct whenever the stimulus is
S2, it follows that p(correcty «» | x) = p(stim=S2]|x), where p(stim=S2|x) is given by the relative likelihood
that x was generated by S2 rather than S1:

ps2 0 (x| %) .
peDo(x[-5) +ps2 0 (x|5)

p(correctll--szn | x) = p(stim=S2 | x) =

Following Eq. S44, the observer must report high confidence for “S2” responses when p(corrects «sy"|x) >
p(corrects)r. This objective can be accomplished by setting the type 2 criterion ¢, g, at the location of
the decision axis value x where p(correct; «>»|x) = p(correct)r:
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Enforcing the constraint that ¢, »s,» = ¢; yields a final solution for ¢, »g,- as
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where the C* superscript denotes that Equation 548 defines the optimal c; »s,+ for maximizing type 2
calibration (see Table 1, main manuscript).

3.2.2. Optimal Type 2 Criterion for Calibrating “S1” Responses

Following similar logic as for “S2” responses, the probability of being correct given a particular evidence
value x for an “S1” response is given by
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Following Eq. S44, the observer must report high confidence for “S1” responses when p(correcty,«i~|x) >
p(corrects)r. This objective can be accomplished by setting the type 2 criterion ¢, »g;~ at the location of
the decision axis value x where p(correcty 17| x) = p(correcti)r:
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Enforcing the constraint that ¢, »g;» < ¢; yields a final solution for ¢, g4 as
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where the C* superscript denotes that Equation S52 defines the optimal ¢, »s;» for maximizing type 2
calibration (see Table 1, main manuscript).

4. Optimizing HR — FAR

4.1. Optimal Type 1 Criterion for Maximizing HR1 — FAR;

Suppose the observer has the objective of maximizing the difference between type 1 hit rate and type 1
false alarm rate:

where HR; and FAR; are defined as in Egs. S2 and S3, respectively. Thus, D; can be written
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Differentiating with respect to c; gives
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where the HF* superscript denotes that Equation S55 defines the optimal ¢; for maximizing the difference
between type 1 hit rate and type 1 false alarm rate (see Table 1, main manuscript).

4.2.1. Optimal Type 2 Criterion for Maximizing HR2 — FAR; for “S2” Responses

Suppose the observer has the objective of maximizing the difference between type 2 hit rate and type 2
false alarm rate:

D, = HR, — FAR, (S56)



For “S2” responses, the observer must set the type 2 criterion for “S2” responses, ¢, 55+, 0 as to maximize
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where HR,«s;» and FAR;,«;» are defined as in Eqgs. S8 and S9, respectively. Thus, D, s> can be written
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dcy 52 [Dy,s27] HR, @l\czs2r |5 )+ FAR, @ Czrs2 > (559)

Setting the derivative equal to zero and solving for ¢ s, gives

1 ay_ 1 d
i@ (s | 7) = e (s |- 2)
dl
HR, @\C2rs2" | o
ln FARl == ln d, = CZ,"SZ d
@\C2rs2n |7
HR
In 5ok
FAR
Cors2r = —i— L (S60)

Enforcing the constraint that ¢, »s,+ = ¢, yields a final solution for ¢ »g,~ as



1 HRy
HF* n FAR]_
Crgpr = Max d’

.1 (S61)

where the HF* superscript denotes that Equation S61 defines the optimal ¢, g,+ for maximizing the
difference between type 2 hit rate and type 2 false alarm rate (see Table 1, main manuscript).

4.2.2. Optimal Type 2 Criterion for Maximizing HR2 — FAR; for “S1” Responses

For “S1” responses, the observer must set the type 2 criterion for “S1” responses, ¢, »s1, S0 as to maximize

Dz,”51"1
Dyrs1 = HRyrspv — FARp sy (562)

where HR;,«1» and FAR;,«s;» are defined as in Egs. $18 and S19, respectively. Thus, D, s;» can be written

o(evsr |- o(ersr|2)

Darst =—0TFAR) ~ U —HR,) (563)

Differentiating with respect ¢, s, gives

%') (S64)

4 [Dyerr] = —— ( d’) 1 (
degrsye 23T T (1 - FARy) P\ |77) T A —ary P @St

Setting the derivative equal to zero and solving for ¢, »g1 gives

7)
2

(s [-2) = o
Coicqn |—=| = CHngqn
(1 _ FARl) (p 2,"S1 2 (1 _ HRl) ('p 2,"S1



dl
(1-HRy)) @ (52,"51” 7) 3 7
nm =1n aN €2, 51"
@\C2s1m | T

1—HR

In 1

1 —FAR

Cars1" = —a L (S65)

Enforcing the constraint that ¢, »s1» < ¢; yields a final solution for ¢, g1 as

1y L= HR
"TFAR,

HF*
d “

Cz 51" = min (S66)

where the HF* superscript denotes that Equation S66 defines the optimal ¢, rg;» for maximizing the
difference between type 2 hit rate and type 2 false alarm rate (see Table 1, main manuscript).

5. Expressing Criterion as Likelihood Ratio

An alternative way to express any decision criterion c is as the value of the likelihood ratio § of the
f(x]S2)
fx|s1)
location of the criterion (i.e. the likelihood ratio at x = ¢). In the equal variance signal detection theory
model considered above, f(x|S1) = ¢ (x |— d?) and f(x|S2) = @ (x |d7), and so it follows that the

likelihood ratio § occurring at c is given by

probability density functions of decision axis values x for each stimulus, i.e.

occurring at the

dl
_f(els?) _ ‘P(C 7) _ ped
f(clsD) (p(c|_d7')

(S67)

Eqg. S67 can be used to re-express any of the type 1 or type 2 decision criteria derived above in terms of
likelihood ratio. For instance, as discussed in the main text, the type 1 criterion that maximizes type 1
accuracy (from Eq. S6 above)



p(S1)

In=—=<

A p(S2)
1 - d/

can be expressed in terms of the 8 value occurring at ¢2” by plugging ¢ into Eq. S67:

N:f@fwaze#w“:mm)
b f(eIsD) p(S2)

Similarly, consider the type 2 criterion that maximizes type 2 reward for “S2” responses (from Eq. S35

(Rcrz—Rra2)

above, using simplified notation where Q, = as in the main text):

(Rnitz—Rmissz2)

ggg +InQ,

d '

In

R* —
CZ,"SZ" = max

Re-expressing all elements of the left-hand side and right-hand side of the equation in terms of § and
simplifying gives

. S1
5’52” = max <% Q> 'ﬁ1>

where ﬂzpf-tszu is the likelihood ratio at which the type 2 criterion for “S2” responses maximizes type 2
reward, and f; is the likelihood ratio corresponding to the (possibly suboptimal) type 1 criterion actually
used by the observer.

In a similar way, all other type 1 and type 2 decision criteria derived above can be re-expressed in terms

of 5.



