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Appendix

App. A contains all proofs for our new contributions and observations regarding
AST. Afterwards, in App. B, we introduce the notion of strong almost-sure
termination (SAST) and prove our results for PAST and SAST as well.

A  Proofs

In this section, we prove all our new contributions and observations concerning
AST. Most of our proofs do not handle rewrite sequences with =, but instead
we work with rewrite sequence trees that were first described in [30]. We already
gave an example for such a tree in Ex. 16. We start by recapitulating this notion.

Definition 39 (Rewrite Sequence Tree (RST)). LetS be a PTRS. ¥=
(V,E, L) is an S-rewrite sequence tree (RST) if

(1) V # & is a possibly infinite set of nodes and E C V x V is a set of
directed edges, such that (V,E) is a (possibly infinite) directed tree where
vE ={w| (v,w) € E} is finite for every v € V.

(2) L:V = (0,1] x T (X,V) labels every node v by a probability p, and a term
t,. For the root v € V' of the tree, we have p, = 1.

(8) For allv e V: IfvE = {ws,...,wx}, then t, —s {P;;l :twl,...,pp% St b

If we restrict condition (3) to innermost / leftmost-innermost steps, then T is an
innermost / leftmost-innermost S-rewrite sequence tree, respectively.

When it is not clear about which RST we are talking, we will always explicitly
indicate the tree. For instance, for the probability p, of the node v € V' of some
RST ¥ = (V, E, L), we may also write p_. Leaf® denotes the set of leaves of the
RST ¥ and for a node z in T, d*(z) denotes the depth of node z in .

Definition 40 (|¥|Lear, Convergence Probability). Let S be a PTRS. For
any S-RST ¥ we define |T|Leat = ZveLcaf Dv- We say that an RST ¥ converges
with probability p € R if we have |¥|Leat = p-

It is now easy to observe that a PTRS S is AST (i.e., for all =%g-rewrite
sequences (fn)neny we have lim, o |tn|s = 1) iff for all S-RSTs ¥ we have
|Z|Leat = 1. To see this, note that every infinite =g-rewrite sequence (i, )nen
that begins with a single start term (i.e., uo = {1 : ¢t}) can be represented by an
infinite S-RST ¥ that is fully evaluated (i.e., for every leaf v, ¢, is an S-normal
form) such that lim, oo [tin]s = |¥|Leat and vice versa. So S is AST iff all fully
evaluated S-RSTs with a single start term converge with probability 1.
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Example 41. Let Syw2 be the PTRS with the rule g(z) — {1/2: g?(x),1/2 : x}.
Here, we write g?(z) to abbreviate g(g(z)), etc. Consider the infinite rewrite
sequence:

{1:8(0)}
=Sz {1/2 : gQ(O)’ 1/2 : O}
=8z 11/4:8%(0),1/1:g(0),1/2: 0}
=50, 11/8:8%(0), /s : g2(0),1/5: g%(0), /s : O,1/2: O}
=S -

This sequence can be represented by the following Syw2-RST:

|s]e' )] [s]e©@)] [s]eto] [4]o]

Furthermore, for every S-RST ¥ that is not fully evaluated, there exists an
S-RST ¥’ that is fully evaluated such that |T|Leat > |T'|Leat- To get from T to
" we can simply perform arbitrary (possibly infinitely many) rewrite steps at
the leaves that are not in normal form to fully evaluate the tree. So § is AST iff
all S-RST's with a single start term converge with probability 1.

It remains to prove that it suffices to only regard =3-rewrite sequences that
start with a single start term.

Lemma 42 (Single Start Terms Suffice for AST). Suppose that there
exists an infinite S s-rewrite sequence (fin)nen that converges with probability
< 1. Then there is also an infinite = g-rewrite sequence (), )neny with a single
start term, i.e., uy = {1 : t}, that converges with probability < 1.

Proof. Let (jn)nen be an =s-rewrite sequence that converges with probability
< 1. Suppose that we have pg = {p1 : t1,...,pk : ti}. Let (pd))nen with pf = {1 :
tj} denote the infinite = s-rewrite sequence that uses the same rules as (p, )nen
does on the term t; for every 1 < j < k. Assume for a contradiction that for
every 1 < j < k the = s-rewrite sequence (1) en converges with probability 1.
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Then we would have

lim,, 00 |/14n|8
= lim;, 00 Z(p:t)e,un,tGNFs p
= limno0 D21 << Pi * 2 (pet)e (i menstenrs P
= D1<j<k P iMoo Z(PZt)E(IL'ZL)neN7tENFS p
= Z1§jgk pj - limy o0 1| s
= Z1§jgk pj-1

= Z1§jgk Dj
=1

which is a contradiction to our assumption that we have lim, o |tin]s < 1.
Therefore, we have at least one 1 < j < k such that (u?,),en converges with
probability < 1. a

Obviously, all of these observations also hold for iAST and for iIAST. We now
obtain the following corollary.

Corollary 43 (Characterizing AST with RSTs). Let S be a PTRS. Then
S is fAST (iAST/UAST) iff for all (innermost/leftmost-innermost) S-RSTs ¥
we have |T|Lear = 1.

Next, we prove all new results from Sect. 4. For this, we first recapitulate the
notion of a sub-rewrite sequence tree (sub-RST) from [30].

Definition 44 (Sub-RST). Let S be a PTRS and ¥ = (V,E,L) be an S-
RST. Let W C V' be non-empty, weakly connected, and for all x € W we have
cENW =2 oraENW = xFE. Then, we define the sub-rewrite sequence tree
(or sub-RST) T[W] by TW] = (W, EN (W x W), LW). Let w € W be the root
of T[W]. To ensure that the root of our sub-RST has the probability 1 again, we
use the labeling L' (z) = (i—g :12) for all nodes x € W.

The property of being non-empty and weakly connected ensures that the
resulting graph G*W1 = (W, EN (W x W)) is a tree again. The property that we
either have tENW = & or tE NW = zFE ensures that the sum of probabilities
for the successors of a node x is equal to the probability for the node x itself.

Theorem 17 (From iAST to fAST (1)). If a PTRS S is orthogonal and

right-linear (i.e., non-overlapping and linear), then:
S is fAST < S is iAST

Proof. We only have to prove the non-trivial direction “<=". Let S be a PTRS
that is non-overlapping and linear. Furthermore, assume that S is not fAST.
This means that there exists an RST ¥ such that |T|ear = ¢ for some 0 < ¢ < 1.
We create a new innermost RST (> such that |‘Z(°°)|Lcaf < |F|peat = ¢ < 1,
which shows that S is not 1AST either. W.1.0.G., at least one rewrite step in ¥ is
performed at some node x with a redex that is not an innermost redex (otherwise
we can use T(>) = T). The core steps of the proof are the following:
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1. We iteratively move innermost rewrite steps to a higher position in the tree
using a construction @(o). The limit of this iteration, namely T(°), is an
innermost S-RST that converges with probability at most ¢ < 1.

1.1. We formally define the construction (o) that replaces a certain subtree
% by a new subtree (%), by moving an innermost rewrite step to the
root.

1.2. We show |9(%,)|Leat < |Ta|Leat-

1.3. We show that ¢(%,) is indeed a valid RST.

1. We iteratively move innermost rewrite steps to a higher position.
In ¥ there exists at least one rewrite step performed at some node x, which
is not an innermost rewrite step. Furthermore, we can assume that this is the
first such rewrite step in the path from the root to the node x and that z is a
node of minimum depth with this property. Let T, be the sub-RST that starts
at node z, i.e., T, = T[xE*]. We then construct a new tree ¢(%,) such that
|P(T2)|Leat = |Fx|Leat, and where we use an innermost rewrite step at the root
node x instead of the old one (i.e., we pushed the first non-innermost rewrite step
deeper into the tree). This construction only works because S is non-overlapping
and linear.® Then, by replacing the subtree T, with the new tree (%) in ¥,
we get an S-RST T, with [TM)|pcar = |T|Leat, and where we use an innermost
rewrite step at node x instead of the old rewrite step, as desired. We can then
do such a replacement iteratively for every use of a non-innermost rewrite step,
i.e., we again replace the first non-innermost rewrite step in T to get T(?
with |‘I(2)|Leaf = |‘I(1)|Leaf, and so on. In the end, the limit of all these RST's
lim; o0 T@ is an innermost S-RST, that we denote by () and that converges
with probability at most ¢ < 1. So while the termination probability remains the
same in each step, it can decrease in the limit.® Hence, S is not iAST either.

To see that () is indeed a valid innermost S-RST, note that in every
iteration of the construction we turn a non-innermost rewrite step at minimum
depth into an innermost one. Hence, for every depth H of the tree, we eventually
turned every non-innermost rewrite step up to depth H into an innermost one
so that the construction will not change the tree above depth H anymore, i.e.,
there exists an my such that T(°) and T() are the same trees up to depth H
for all 4+ > my. This means that the sequence lim;_ (@) really converges into
an innermost S-RST.

Next, we want to prove that we have |‘I(°°)|Leaf < ¢. By induction on n
one can prove that “’S(i)ILeaf = cfor all 1 < i < n, since we have |T(i)|Leaf =
|TO=D | Lear for all i > 2 and |TM|Lear = [T|Lear = ¢. Assume for a contradiction
that T(>°) converges with probability greater than ¢, i.e., that \T(OO)|Leaf > c.
Then there exists a depth H € N such that ) > c.

wE€Leaf ™ (>, d‘:(w)(ac)ngz

® For the construction, non-overlappingness is essential (while a related construction
could also be defined without linearity). However, linearity is needed to ensure that
the probability of termination in the new tree is not larger than in the original one.

5 As an example, consider a tree ¥ which is just a finite path and its path length
increases in each iteration by one. Then the limit () is an infinite path and
converges with probability 0, while all the T, T ... converge with probability 1.
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Again, let my € N such that T(°°) and ‘E(mH are the same trees up to depth
H. But this would mean that |[T(m#)| ¢ > erLeaf’f( m gemi) g Pr =

erLeaf‘I(OC)7dz(oo)(x)Ssz > ¢, which is a contradiction to |S(mH)|Leaf =c.

1.1 Construction of &(o)
It remains to define the mentioned construction @(o). Let ¥, be an S-RST that
performs a non-innermost rewrite step at the root node x. This step has the
form ¥+ —g {pg1 tgl N } using the rule £ — {py : T1,..., Pk : T},
the substitution &, and the posmon 7 such that ¢t3#|; = £5. Then we have
tgj? = t¥=[F;5]x for all 1 < j < k. Instead of applying a non-innermost rewrite
step at the root x we want to directly apply an innermost rewrite step. Let 7 be
the position of some innermost redex in t>+ below 7.
The construction creates a new S-RST
&(%,) = (V',E', L") whose root is labeled with
(1 : tX+) such that |®(T,)|Leat = |Ta|Leat, and
that directly performs the first rewrite step at
position 7 in the original tree ¥, (which is an
innermost rewrite step) at the root of the tree,
by pushing it from the original nodes in the tree T, to the root of the new tree
&(T ;). (It could also be that this innermost redex was never reduced in ¥,.) This
can be seen in the diagram above. This push only results in the same termination
probability due to our restriction that S is linear.
In the figure below, we illustrate the effect of @, where the original tree ¥,
with & = vy is on the left and (%) is on the right.

Tuy B(T,)

(o] [l [

N

1.’115 1.’[)5

However, since we are allowed to rewrite above 7 in the original tree T, the
actual position of the innermost redex that was originally at position 7 might
change during the application of a rewrite step. Hence, we recursively define the
position ¢, (v) that contains precisely this redex for each node v in T, until we
rewrite at this position. Initially, we have ¢, (x) = 7. Whenever we have defined
¢-(v) for some node v, and we have t3= —g {pre : tr, ... ,pas : tyr } for the
direct successors vE = {w1,..., Wy}, using the rule £ = {p1 : r1,...,pm : "'m},
the substitution o, and the position 7, we do the following: If ¢, (v) = 7, meaning



From Innermost to Full AST of PTRSs 29

that we rewrite this innermost redex, then we set ¢, (w;) =L foralll1 <j<m
to indicate that we have rewritten the innermost redex. If we have . (v)Lm,
meaning that the rewrite step takes place on a position that is parallel to ¢, (v),
then we set ¢, (w;) = ¢-(v) for all 1 < j < m, as the position of the innermost
redex did not change. Otherwise, we have m < ¢, (v) (since we cannot rewrite
below ¢ (v) as it is an innermost redex), and thus there exists a x € N such
that 7m.x = ¢, (v). Since the rules of S are non-overlapping, the redex must be
completely “inside” the used substitution o, and we can find a position oy of a
variable ¢ in ¢ and another position § such that x = aq.8. Furthermore, since the
rule is linear, ¢ only occurs once in ¢ and at most once in 7; for all 1 < j < m.
If ¢ occurs in r; at a position pg, then we set ¢ (w;) = pg.ﬂ. Otherwise, we
set ¢, (w;) = T to indicate that the innermost redex was erased during the
computation. Finally, if ¢,(v) € {L, T}, then we set ¢, (w;) = ¢,(v) for all
1 < j < m as well. So to summarize, p,(v) is now either the position of the
innermost redex in t,, T to indicate that the redex was erased, or | to indicate
that we have rewritten the redex.

In the figure above, the circled nodes represent the nodes where we perform
a rewrite step at position ¢, (v). We now define the S-RST &(%,) whose root
¥ is labeled with (1 : t3=) and that directly performs the rewrite step t = =

B(T,) i R B(T, R B(T, . ; . .
@( =) —sr {D1: tl.(x ),...,ph : th.(x )}, with the rule ¢ — {p1 : #1,...,0n :

7r} € S, a substitution &, and the position 7, at the new root ¢. Here, we have
tf(‘zz)h = [6. Let Z be the set of all nodes z such that ¢, (z) # L, ie., at
node z we did not yet perform the rewrite step with the innermost redex. In the
example we have Z = {vg, ..., v} \ {va}. For each of these nodes z € Z and each
1 < e < h, we create a new node e.z € V'’ with edges as in T, for the nodes in
Z, e.g., for the node 1.v3 we create edges to 1.v5 and 1.vg. Furthermore, we add
the edges from the new root © to the nodes e.x for all 1 < e < h. Note that x
was the root in the tree ¥, and has to be contained in Z. For example, for the
node ¢ we create an edge to 1.v9. We define the labeling of the nodes in &(%,)
as follows for all nodes z in Z:

(T-1) tfgfm) = t{z£$ [fea']@r(z) if SDT(Z> € N* and tf.(z‘zm) = tz{/Im if pr(2)=T.
(T, N
(T-2) pe&) = pT= - e
Now, for a leaf e.z” € V' either 2’ € V is also a leaf (e.g., node vy in our example)
or we rewrite the innermost redex at position ¢, (z’) at node 2z’ in ¥, (e.g., node
vy in our example). In the latter case, due to non-overlappingness, the same rule

0 — {p1:71,...,Dn : 7} and the same substitution & were used. If we rewrite
L N v . v v el A (T-1)
tf,* —S.pr(z) 101 tii, R T tii}, then we have tiz = tff [Peble, 2y =
T-2 .
tf(;“') and pi”ﬁ (=) pff Pe = pf(f“. Thus, we can copy the rest of this subtree of

T, to our newly generated tree #(%,). In our example, v; has the only successor
v4, hence we can copy the subtree starting at node v4, which is only the node
itself, to the node 1.v7 in &(%,). For vs, we have the only successor v, hence
we can copy the subtree starting at node v7, which is the node itself together
with its successor vg, to the node 1.v5 in &(%,). So essentially, we just had to
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define how to construct ®(%,,) for the part of the tree before we reach nodes v
with ¢,(v) = L in T,. Now we have to show that |®(T;)|Lear = |Tz|Lear and
that @(%,) is indeed a valid S-RST (i.e., that the edges between nodes e.z with
z € Z and its successors correspond to rewrite steps with S).

1.2 We show |®(T,)|Leat = |Tz|Leat-

Let v be a leaf in ¢(%,). If v = €.z for some node z € Z that is a leaf in T, (e.g.,
node 1.vz), then also e.z must be a leaf in ¢(%,) for every 1 < e < h. Here, we

B(T,) (T-2) To o h T S Te 1 — T
get Zlgeghpﬂz = E1geghpz“ "Pe = D27 'Z1geghpe =p;7-1=p;*, and

thus
DRSS DI I DRIl I Sl

e.z€Leaf?(*=) z2€Leaf®= \1<e<h z€Leaf*®
2€Z,z€Leaf % z€Z 2€Z

If v = e.z for some node z € Z that is not a leaf in T, (e.g., node 1.v1), then
we know by construction that the e-th successor w, of z in ¥, is not contained

in Z and is a leaf of ¥,. Here, we get pf,(f“) () To P = pgz, and thus

DRENCISID DI I DR

e.z€Leaf?(%=) weELeaf*@ weELeaf *@
2€Z,2¢Leaf @ we=(2E)c,weEZ,2€7Z We=(2E)c,weZZ,2€Z

Here, we = (2F), denotes that w, is the e-th successor of z.
Finally, if v does not have the form v = e.z, then v is also a leaf in T, with

(T, .
pv( ) = pre and for both v and its predecessor u we have v,u ¢ Z, and thus
B(T,) _ D(T,) _ T
§ p2(Ee) — § p2(Ee) = 2 pe
veLeaf?(*) vELeaf*® vELeaf*®
vELeaf T veEuE ugZ veEuE ugZ

Note that these cases cover each leaf of T, exactly once. These three equations
imply:

‘Q(gzNLcaf
— D(Tz)
= E Pt
2€Leaf®?(Ta)
_ B(T,) B(T,) B(T,)
= E Pe.z "+ § Pez ©" + Py "
e.z€Leaf?(Ta) e.z€Leaf®(Tx) vELeaf?(Ta)
2€Z,z€Leaf = zGZ,zQLcaf‘I"; vELeaf T
T T
= E p* + E pwz + E Dy”
zE€Leaf Tz weeLeame vELeaf ¥
2€Z We=(2E)e,we¢Z,2€EZ vEuE, ugZ

Z pz*

z€Leaf%x

:‘(Iz ILeaf

1.3 We show that &(%,) is indeed a valid RST.
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Finally, we prove that ®(%,) is a valid S-RST. Here, we only need to show that
f,(fl') -5 {qu(i z) . f(fl ),...,pfﬁj) : tfﬁﬁ)} for all z € Z as all the other
edges and labehngs were already present in T, which is a valid S-RST, and we
have already seen that we have a valid innermost rewrite step at the new root v.

Let z € Z. In the following, we distinguish between two different cases for a

rewrite step at a node z of T:

(A) We rewrite at a position parallel to ¢,(z) or p,(z) = T.
(B) We rewrite at a position above ¢.(z). Note that this is the most interesting
case, where we need the properties L (i.e., linearity) and NO.

Let t¥= —s {pXs - p til, DI D tgfn}, with arule £ = {p1 :71,...,Dm :
rm} € S, a substltutlon o, and a position 7 such that tZ¢|, = fo. We have
t%; =t3[rjo], for all 1 < j < m.

(A) We start with the case where we have m Ly, (z) or ¢.(z) = T. By (T-1), we

get t005) = t32[Feb]p, (2 if or(2) € N* and 1 2(F) t¥+ if ¢, (2) = T. In both

cases, we can rewrite teg =) usmg the same rule, the same substitution, and the

same position, as we have to5 |,r = t37[fe6y, (2)lx = 37|z = Lo or directly
f(‘:.,)|ﬂ_ _ t‘zml = (0.

It remains to show that t@(3 =) — f,(f””)[rja]w for all 1 < j < m, i.e., that
the labeling we defined for @(Sx) corresponds to this rewrite step. Let 1 <
Jj < m.If p.(2) € N*, then we have 2 ‘)[ 0lr = t2°[Peblp, () [1j0)n i
tte [rj0]z[Feblp, (z) =t ?[Tea]%(z) = te_guj ) 1f ©r(2) = T, then tf_g’”)[rja]7r =

tre[rijo). = th = te. (w ). Finally, note that the probabilities of the labeling are
correct, as we are using the same rule with the same probabilities in both trees.

(B) If we have m < ¢,(2), then there exists a xy € NT such that 7.x = ¢, (2).
Since the rules of S are non-overlapping, the redex must be completely “inside”
the used substitution o, and we can find a position a4 of a variable ¢ in ¢ and
another position 8 such that x = o,.3. Furthermore, since the rule is linear, ¢ only

occurs once in £ and at most once in r; for all 1 < 7 < m. Let p7 be the position

(%)

of ¢ in r; if it exists. By (T-1), we get t;7[fe6], (2) = te.x . We can rewrite

2ta) using the same rule, the same substitution, and the same position, as we

have t65) | = 152 [76] . () ln = 137 | [F 3]y = Lo’ where o'(q) = o(q)[7<0]s
and ¢’(¢") = o(¢’) for all other varlables q #q.

It remains to show that t@(T =) — f,(z‘z””)[rja'],r for all 1 < j < m, i.e., that the

labeling we defined for (%) corresponds to this rewrite step. Let 1 < j < m. prg
exists, then we have t25 )[7"] e = t57[Febly, (2)[riolr = t37[Feblr.a,.81i0"]x =

t3e[riolx[fe 6], 15— =ty 2[Pebi, (2) = te. SU *)_ Otherwise, we erase the precise redex

and get t00" >[rj olr = tzf[rea]%(z) 10 )r = 15 [FeB)r.0y 10" 1w = 152 [rj0]n =
t‘f) = t(‘zs(T 2 Finally, note that the probabilities of the labeling are correct, as

we are using the same rule with the same probabilities in both trees. a
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Theorem 20 (From wAST to fAST). If a PTRS S is non-overlapping, linear,
and non-erasing, then

S is fAST <= S is wAST

Proof. We only have to prove the non-trivial direction “<=". Let S be a PTRS
that is non-overlapping, left-linear, and non-erasing. Furthermore, assume for a
contradiction that S is wAST but not fAST. This means that there exists an
RST ¥ such that |T|pear = ¢ for some 0 < ¢ < 1. Let t € T (X,V) such that
the root of ¥ is labeled with (1 :¢). Since S is wAST, there exists another RST
T = (V,E, L) such that |Z|rear = 1 and the root of ¥ is also labeled with (1 : t).
Hence, in T there is at least one rewrite step performed at some node = that
is different to the rewrite step performed in ¥. The core steps of the proof are
the same as for the proof of Thm. 17. We iteratively push the rewrite steps that
would be performed in % at node  to this node in . Then, the limit of this
construction is exactly ‘i which would mean that \’;’Z|Leaf < ¢ < 1, which is the
desired contradiction. For this, we have to adjust the construction @(o). The rest

of the proof remains completely the same.

1.1 Construction of &(o)

Let T, = T[xE*] be an S-RST that performs a rewrite step at position ¢
at the root node z, ie., tyr —sc {pyr  tyr,...,pys ¢ tyr} using the rule
= {p1: 71y Pk rk} and the substitution ¢ such that tT \4 = 05. Then

t‘zz = 12+ [7;5]¢ for all 1 < j < k. Furthermore, assume that T), = [z E*] rewrites

at position 7 (using a rule 0 — {p1:7%1,...,pn : 7} € S and the substitution &)
with 7 # ¢. (Note that if 7 = {, then by non-overlappingness the rewrite step
would be the same.) Instead of applying the rewrite step at position ¢ at the root
x we want to directly apply the rewrite step at position 7.

The construction creates a new RST &(T,) =
(V') E', L) such that |P(%,;)|Leat = [Tz |Leat, and
that directly performs a rewrite step at position
7 at the root of the tree, by pushing it from
the original nodes in the tree ¥, to the root.
This push only results in the same termination
probability due to our restriction that S is linear and non-erasing. We need the
non-erasing property now, because 7 may be above (, which was not possible in
the proof of Thm. 17.

Again, since we are allowed to rewrite above 7 in the original tree ¥, the
actual position of the redex that was originally at position 7 might change during
the application of a rewrite step. Hence, we recursively define the position ¢, (v)
that contains precisely this redex for each node v in T, until we rewrite at this
position. Compared to the proof of Thm. 17, since the rules in S are non-erasing,
we only have ¢, (v) € N* or ¢, (v) = L. The option ¢,(v) = T is not possible
anymore. Initially, we have ¢, (z) = 7. Whenever we have defined ¢, (v) for some
node v, and we have t>+ —g {pg ti;, RN pgjn : tgj‘n } for the direct successors
vE = {ws,...,wny}, using the rule £ — {p1 : r1,...,pm : "m}, the substitution
o, and position 7, we do the following: If ¢ (v) = 7, then we set ¢, (w;) = L
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for all 1 < j < m to indicate that we have rewritten the redex. If we have
o, (v) L7, meaning that the rewrite step takes place parallel to ¢, (v), then we
set o, (w;) = @-(v) for all 1 < j < m, as the position did not change. If we have
- (v) <, then we set ¢ (w;) = @-(v) for all 1 < j < m as well, as the position
did not change either. If we have m < ¢, (v), then there exists a x € NT such
that m.x = ¢, (v). Since the rules of S are non-overlapping, the redex must be
completely inside the used substitution ¢, and we can find a position oy of a
variable ¢ in ¢ and another position 8 such that x = ay.5. Furthermore, since
the rule is linear and non-erasing, ¢ only occurs once in ¢ and once in r; for all
1 < j < m. Let pJ be the position of ¢ in r;. Here, we set ¢, (w;) = pJ.5. Finally,
if ¢, (v) = L, then we set ¢, (w;) = ¢, (v) = L for all 1 < j <m as well.
Again, we now define the S-RST &(T,) whose root is labeled with (1 :¢X+)
such that |®(%;)|Leat = |Tz|Leat, and that directly performs the rewrite step

tre s, {1 : tf(f”), ce s Ph: tf.(f”)}, with the rule £ — {p1 : 71,...,Pp : 71} €
S, the substitution &, and the position 7, at the new root ¢. Here, we have
t%=|, = 06. Let Z be the set of all nodes v such that ¢, (v) # L. For each of
these nodes z € Z and each 1 < e < h, we create a new node e.z € V'’ with edges
as in €, for the nodes in Z. Furthermore, we add the edges from the new root v
to the nodes e.x for all 1 < e < h. Remember that x was the root in the tree ¥,
and has to be contained in Z. We define the labeling of the nodes in ¢(%,) as

follows for all nodes z in Z:

(T-1) £255) = 4% [7e0],. (- for the substitution § such that t¥=|,_(,) = £5
(T-2) et = pT+ - p

Now, for a leaf e.z’ € V' either 2’ € V is also a leaf or we rewrite at the position
: : : Ty To . 4% e
¢-(2') in node 2’ in T,. If we rewrite ;7 =g, (.1 {pw,1 : tw,l,...,pwa : twh}’

T-1
then we have t;zu',” = tf,m [7e0] g, (1) (Y tf(jm) for the substitution § such that

p T-2
tfﬂ”\%(z/) = {0 and piz (T2 pf,’” “Pe = pf(;x). Thus, we can copy the rest

of this subtree of T, in our newly generated tree @(T,). So essentially, we
just had to define how to construct ¢(%,) for the part of the tree before we
reach the nodes v with ¢,(v) = L in ¥,. As in the proof of Thm. 17, we get
|P(T2)|Leat = |Fa|Leat- We only need to show that ¢(%,) is a valid S-RST, i.e.,

that tf(fz) =S {pfﬁz) : tfg,i”), . ,pf_gj) : tfgj)} for all z € Z as in the proof
of Thm. 17.

1.3 We show that &(%,) is indeed a valid RST.
Let z € Z. In the following, we distinguish between three different cases for a
rewrite step at node z of T,:

(A) We rewrite at a position parallel to ¢, (z).
(B) We rewrite at a position above @, (z).
(C) We rewrite at a position below ¢, ().

The cases (A) and (B) are analogous as before but in Case (A) we cannot erase
the redex anymore. We only need to look at the new Case (C).
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(C) If we have t3° —gs {p;® - p1 : g, ..., p2" - Pm : tye }, then there is a
rule £ = {p1 : T1,...,Ppm : rm}t € S, a substitution o, and a position 7© with

t¥=|, = fo. Then tfjj =t;+[rjol], for all 1 < j < m. Additionally, we assume that
¢-(z) < m, and thus there exists a y € NT such that 7 = ¢, (2).x. By (T-1), we

get 127 [Feby (2) = #2C%%) for the substitution § such that oo (o) = 76. Since

the rules of S are non-overlapping, including the rule i — {p1:71,...,Dn:Tn}
that we use at the root of ¢(%,), the redex for the current rewrite step must be
completely “inside” the substitution J, and we can find a variable position oy of
a variable ¢ in ¢ and another position § such that x = ay.3. Furthermore, since
the rule is also linear and non-erasing, g occurs exactly once in 7 and exactly once
in7; for all 1 < j < m. Let pg be the position of ¢ in ;. We can rewrite tf,(f”
using the same rule, the same substitution, and the same position, as we have
tes e = 15 [Febly ) ln = Fedlx = 8(@)s = 57| o)l ls = 1371, (51008 =
T k q z lprlz).aq.

tg" ‘@T(z).x = tf” |l = Lo

It remains to show that tfﬁ.’”) = tfg‘r)[rjo’]ﬂ for all 1 < j < m, i.e., that the
labeling we defined for ¢(%,) corresponds to this rewrite step. Let 1 < j < m.
We have tf_gw)[rja]ﬂ = t27[Fed)p, (2)[riole = t27[Fed]p (o) = tf%”) for the
substitution ¢’ with §'(q) = d(q)[rjo]s and ¢’(¢') = §(¢’) for all other variables
q' # q. With this new substitution, we get ti? lor () = tle [7i0]p. (2).aq.8le.(2) =
2o () [ri0)ag.8 = (05) [ri0la,.5 = 8'. Finally, note that the probabilities of the
labeling are correct, as we are using the same rule with the same probabilities in
both trees. ad

Theorem 22 (From liAST to iAST). If a PTRS S is non-overlapping, then
S is iAST < S is iIAST

Proof. The idea and the construction of this proof are completely analogous to
the one of Thm. 17. We iteratively move leftmost innermost rewrite steps to a
higher position in the innermost RST. Hence, the resulting tree is a leftmost
innermost S-RST.

The construction of @(o) is also analogous to the one in Thm. 17. The only
difference to the proof of Thm. 17 is that the original tree ¥, is already an
innermost S-RST. This means that during our construction only Case (A) can
occur, as we cannot rewrite above a redex in an innermost S-RST. And for Case
(A), we only need the property of being non-overlapping. O

Next, we prove the new results from Sect. 5 regarding AST.

Theorem 27 (From iAST to fAST (2)). If a PTRS S is non-overlapping
and right-linear, then

S is fAST <= S is iAST w.r.t. —g

Proof. Once again, we use the idea and the construction of the proof for Thm. 17.
We iteratively move innermost rewrite steps to a higher position in the tree. But
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in this case, for moving these innermost rewrite steps, we also allow using rewrite
steps with s instead of —s. Hence, the resulting tree is an innermost S-RST
w.r.t. = g. The construction of ¢(o) also remains similar to the one in Thm. 17.

1.1 Construction of &(o)

Let ¥, be an S-RST that performs a non-innermost rewrite step at the root node
T, ie, tie =g {py1 ;i ,...,pyk tg;} using the rule ¢ — {py : 71,..., Pk : Tr},
the substitution &, and the position 7 such that ¢z = ¢5. Then we have
tif = t3=[F;5]= for all 1 < j < k. Instead of applying a non-innermost rewrite
step at the root x we want to directly apply an innermost rewrite step. Let 7 be
the position of some innermost redex in ¢, that is below 7.

The construction creates anew RST @(T,) = (V/, E’, L") such that |®(T,)|Lear =
|%s|Leat- In @(T,), directly at the root one performs the first rewrite step at
position 7 (which is an innermost rewrite step) and possibly simultaneously
at some other innermost positions using the relation » g, by pushing it from
the original nodes in the tree ¥, to the root. This push only works due to our
restriction that S is right-linear. We can now remove the left-linearity requirement
by using ~— s at the root instead of just —s.

Again, we recursively define the position @, (v) that contains precisely this
redex for each node v in ¥, until we rewrite at this position. This works exactly
as for Thm. 17, again, due to our restriction of right-linearity. So to recapitulate,
o, (v) for a node v is either the position of the redex in t,, T to indicate that
the redex was erased, or L to indicate that we have rewritten the redex. Also,
the construction of the tree is similar to the one for Thm. 17. Let Z be the set
of all nodes z such that ¢.(2) # L. For each of these nodes z € Z and each
1 < e < h, we create a new node e.z € V’/ with edges as in T, for the nodes in
Z. Furthermore, we add the edges from the new root ¥ to the nodes e.x for all
1<e<h.

Next, we define the labeling for each of the new nodes. This is the part
that differs compared to Thm. 17. Since § is non-overlapping, the position 7
must be completely “inside” the substitution &, and we can find a variable ¢
of ¢ such that 7 = T.aq.B for some variable position «, of ¢ in ¢ and some
other position 5. However, since the left-hand side ¢ may contain the same
variable several times (as & does not have to be left-linear), there may exist
multiple occurrences of ¢ in /. Let {ay,...,a,} be the set of all positions «
of ¢ such that f|, = ¢q. The root © of &(T,) is labeled with (1 : =), and

we perform the rewrite step t2= »—s r {p; : tf(i’”) o Ph (T )}, with the

xT )
rule £ — {py : 71,...,pp : 'n} € S, a substitution &, and the set of positions

I'={7.a1.0,...,7.ay.B8}, at the new root 0. Here, we have tf(%)|

~v € I' and get tf(f‘”) =13[Fe0lr.01.8 - [FeOlr.a,.p forall 1 <e < h.

After this rewrite step, we mirror the rewrite step from the root = at each
node e.z for all 1 < e < h. This is possible, since we have t. (f )|7T = (5’ using the
substitution " with &’(¢) = 7(q)[fed]s and 6’ (¢") = &(¢’) for all other variables
q' # q. Note that this is only possible because we have rewritten all occurrences
of the same redex at a position v € I" simultaneously. Otherwise, we would not

., = {5 for all
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be able to define &' like this, because the matching might fail in some cases (see

Ex. 18). With this definition of &' we really have (6’ = (G[FeGlay 5 - - - [FeOla, 5 =

tgz |z [FeC ]oq.,@ o [PeG ]anﬂ = tf [FeG ]T’r.mﬂ [Feblzan. Blfr = t(p(‘z )|7T~ Since § is

right-linear, we know that ¢ can occur at most once in every 7;. In this case, let ;
be the position of g in 7; for all 1 < j < k. Then initially, we have @, (1) = 7.4;.8
forall 1 <j <k. Now,foralll<e<handl<j<k,if ¢ exists in 7, then

we get te ) = (20 )[f ' =t [70)2 [0l y.5 = o [Pe]y, (r), and if g
does not exist in 7;, then we get te_(yj =) = 42 )[*f’]— qj(iz’”)[ 7o)z = t‘IT and

Py; (1) =T.

JThe rest of this construction is now completely analogous to the one for
Thm. 17. The labeling of the nodes e.z for z € Z with z # x is defined by:

(T-1) t25%) = t3+[7.6],. ) if - (2) € N* and £ =

(T-2) 'f.(z% =pre - Pe

=t3e if o, (2) =T.

Now, for a leaf e.2’ € V' either 2’ € V' is also a leaf or we rewrite the innermost
redex at position ¢, (2') at node 2’ in T,. If we rewrite t.” —S.p.(2) 101 :

. - « (T-1) ,o(%, -
tf}“, T t‘:’} then we have ti' = 37 [Fed],, () = teé, ) and pi;@‘ =
T, o~ (T-2) &(%,) . .
p.7 +De = P, . Thus, we can again copy the rest of this subtree of T,

to our newly generated tree $(%,). As for Thm. 17, one can now prove that
|P(T2)|Leat = |Fx|Leat, and that all other rewrite steps between a node e.z and
its successors are valid —g-rewrite steps. a

Theorem 33 (From iAST to fAST (3)). If a PTRS S is orthogonal and
spare, then

S is fAST on basic terms <= S is iAST on basic terms

Proof. We only consider the non-trivial direction “<=". Let & be iAST on basic
terms. Then we have to show that all S-RSTs that start with (1 : ¢) converge with
probability 1 if ¢ is a basic term. The proof for this part is completely analogous
to the one of Thm. 17. We iteratively move the innermost rewrite steps to a higher
position using the construction @(o). Note that since § is spare and left-linear,
in the construction of ®(o) and in the proof of Case (B), if the innermost redex
is below a redex fo that is reduced next via a rule £ — {p1 : r1,...,Pm : "m},
then the innermost redex is completely “inside” the used substitution o, and it
corresponds to a variable ¢ which occurs only once in £ and at most once in r; for
all 1 < j < m, due to spareness of S. Hence, we can use the same construction
as in Thm. 17. O

As mentioned in Sect. 5, iAST on basic terms is equivalent to iAST on
arbitrary terms. This is a consequence of the starting lemma (Lemma 53) from
[30].

For Lemma 35 we need some more auxiliary functions from [19] to decode a
basic term over X' U Yg s) into the original term over Y.
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Definition 45 (Constructor Variant, Basic Variant, Decoded Variant).
Let S be a PTRS over the signature X. For a term t € T (X,V), we define its
constructor variant cv(t) inductively as follows:

e cv(z)=2x forxz eV
o cv(f(ty,...,tn)) = flcv(tr),...,cv(tn)) for f € Xe
o cv(f(t1,...,ty)) =consp(cv(tr),...,cv(ty)) for f € Xp

For a term t € T (X,V) with t = f(t1,...,tn), we define its basic variant
bv(f(t1,...,tn)) = encg(cv(ty),...,cv(t,)). For a term t € T(EUEg( S) V),
we define its decoded variant dv(t) € T (X,V) as follows:

dv(z) =z forz €V
o dv(argenc(t)) = dv(¢)
o dv(f(t1,...,tn)) = g(dv(t1),...,dv(tn)) for f € {g,consy,ency} with g €
2p
o dAv(f(t1,...,tn)) = f(dv(t1),...,dv(ts)) for f € Xe

The only difference to the auxiliary functions from [19] is that dv now also
removes the argenc symbols from a term. This was handled differently in [19] in
order to ensure |dv(¢)| = |¢|, but this is irrelevant for our proofs regarding AST.
Here, |t| denotes the size of a term ¢ € T (X, V) and is recursively defined by

Lemma 35. A PTRS S is fAST iff SUG(S) is fAST on basic terms.

Proof.

“<:”

Assume that S is not fAST. Then there exists an S-RST T = (V, E, L) that
converges with probability < 1 whose root is labeled with (1 : ¢) for some
t €T (X,V). We construct an (SUG(S))-RST ¥’ = (V/, E’, L") whose root is
labeled with (1 : bv(¢)) and with |%'|pLear = |¥|Lear- Therefore, there exists an
(SUG(S))-RST T’ that converges with probability < 1 and starts with the basic
term bv(t), i.e., SUG(S) is not fAST on basic terms.

In [19] it was shown that {1 : bv(¢)} i;*g‘(s) {1 :t6;} ([19] did not consider
PTRSs but since all the probabilities in the rules of G(S) are trivial, the proof in
[19] directly translates to the probabilistic setting). Here, for any term ¢t € T (X, V)
the substitution d, is defined by d;(x) = argenc(z) if z € V(¢) and 0,(z) = =
otherwise. The (S U G(S))-RST ¥’ first performs these innermost rewrite steps
to get from bv(t) to td;, and then we can mirror the rewrite steps from ¥. To
be precise, we use the same underlying tree structure and an adjusted labeling
such that p = pT and t28;, = tT for all z € V. Since the tree structure and
the probabilities are the same, we then get |T|rcat = |T'|Leat- To be precise, the
set of leaves in ¥ is equal to the set of leaves in %', and they have the same
probabilities. Since |T|pear < 1, we thus have |T'|Lear < 1.
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“ ﬁ R

Let SUG(S) be not fAST on basic terms. Then there exists an (S UG(S))-RST
T = (V, E, L) that converges with probability < 1 whose root is labeled with (1 : ¢)
for some term ¢ € T (X U Xgs),V). We construct an S-RST T’ = (V/, E', L)
inductively such that for all leaves x of T’ during the construction there exists a
node ¢(x) of ¥ such that

= av(i3,) and pF = p) W

Here, ¢ is injective, i.e., every leaf z of ¥’ is mapped to a (unique) node ¢ (z)
of T. Furthermore, after this construction, if z is still a leaf in ¥/, then ¢(x) is
also a leaf in T. Hence, we get |T|Leat = Y pcroart Pa = Doweloat™ Y =% |Leat-
Since |T|rear < 1, we thus have |T'|pear < 1. This means that S is also not fAST.
We label the root of ¥ with (1:dv(t)). By letting ¢ map the root of ¥’ to
the root of ¥, the claim (1) is clearly satisfied. As long as there is still a node z in
%’ such that p(z) is not a leaf in ¥, we do the following. If we perform a rewrite
step with G(S) at node p(z), i.e., ti(x) —g(s) {1: t; } for the only successor y
of p(x), then we have dv(tz(w)) = dv(ty), i.e., we do nothing in T’ but simply
change the definition of ¢ such that ¢(z) is now y. To see why dv(t3,)) = dv(ty)
holds, note that we have dv(¢) = dv(r) for all rules £ — {1 : r} € G(S), since
dv(ency(z1,...,xn)) = f(z1,...,2,) = dv(f(argenc(z1),...,argenc(z,))), and
analogously dv(argenc(conss(z1,...,2,))) = f(z1,...,2n) = dv(f(argenc(z1),
...,argenc(x,))). This can then be lifted to arbitrary rewrite steps.

Otherwise, let o(z)E = {y1,...,yr} be the set of successors of p(z) in ¥,
T T

T p . 4T » . : T _ T
and we have ¢ —s {pii) Pty pi“’(i) : by, }. Since ty = dv(t;,) and
(Il
pr = pg(x) by the induction hypothesis, then we also have t¥ —s {%
</ ’
4 Dy, ’ ’ . ’ ’
tgl, e p%’% : tgk} for terms ti with ti = dv(ti_) and for pgj = pi Thus, when

defining op(y;) =y, for all 1 < j <k, (1) is satisfied for the new leaves y1,. .., yx
of T'. O
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Theorem 38 (From iAST to fAST (4)). If a PTRS S is non-overlapping
and spare, then

S is fAST on basic terms <= S is iAST w.r.t. — g on basic terms

Proof. The proof is completely analogous to the one of Thm. 27. We iteratively
move the innermost rewrite steps to a higher position using the construction
@(o). Note that since S is spare, in the construction of $(o) and in the proof of
Case (B) (i.e., rewriting at a position above . (z), see the proof of Thm. 17) and
the construction of the label at the nodes e.yy, ..., ey, (the second rewrite step
after the root), if the innermost redex is below a redex o that is reduced next
via arule £ = {p1 : r1,...,Pm : Tm}, then the innermost redex is completely
“inside” the used substitution o, and it corresponds to a variable ¢ which occurs
only once in £ and at most once in 7; for all 1 < j < m, due to spareness of S.
Hence, we can use the same construction as in Thm. 27. a

B PAST & SAST

In this section, we prove all our new contributions and observations regarding
PAST. But first, we define a stricter notion than PAST, namely strong almost-
sure termination [4, 18], which requires a finite bound on the expected derivation
lengths of all rewrite sequences with the same starting term in case of non-
determinism. Thus, for a term ¢, the expected derivation height edh(t) considers
all possible rewrite sequences that start with {1 : ¢}.

Definition 46 (edh, SAST). LetS be a PTRS, t € T (X,V) be a term, and
let s € {f,i,li} be a rewrite strategy where f, i, and li stand for full, inner-
most, and leftmost-innermost rewriting, respectively. By edhg(t) = sup{edl({) |
[ is a Sg-rewrite sequence with pg = {1 :t}} we denote the expected derivation
height of t. S is strongly almost-surely terminating (SAST) (innermost SAST
(iSAST) / leftmost-innermost SAST (liSAST)) if edhe(t) (edhi(t) / edhy(t)) is
finite for allt € T (X,V).

Note that in contrast to wAST and wPAST, we did not define any notion
of weak SAST. The reason is that the definition of weak forms of termination
always only requires the existence of some suitable rewrite sequence. But the
definition of SAST imposes a requirement on all rewrite sequences. Thus, it is
not clear how to obtain a useful definition for “weak SAST” that differs from
wPAST.

It is well known that SAST implies PAST [4]. However, even for PTRSs with
finitely many rules, SAST and PAST are not equivalent. A counterexample is
a PTRS with the rules f(z) — {/2 : f(s(x)),Y/2 : O}, f(x) — {1 : g(x)}, and
terminating non-probabilistic rules for g such that g(s"(Q)) needs least 4" — 1
steps. The PTRS is PAST. To see this, consider the possible derivations of
f(s™(O)). If we never use the rule from f to g, then the expected derivation length
is1-14+4-2+5-3+...=>:", & =2 and if we never use the probabilistic
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f-rule, then the derivation length is 47!, Otherwise, if we use the probabilistic
f-rule in the first step and the rule from f to g in the second step, then the
expected derivation length is 3 -1+ 1 .47+ = (Z;Zl L)+ 4;#. If we use the
probabilistic f-rule in the first two steps and the rule from f to g in the third step,
then the expected derivation length is £ -1+ 1.2+ 1.472 = (2?21 L)+ %
So to summarize, for any k > 1, if we use the probabilistic f-rule in the first &
steps and the rule from f to g in the (k + 1)-th step, then the expected derivation
length is (12, 50) + 15 = (Tiy ) + 227,

Thus, for every rewrite sequence, the expected derivation length is finite.
However, since k can be any number, for any k > 1, there is a rewrite sequence
starting with f(s”(0)) whose expected derivation length is (37, L)+ 427,‘% =
(Zle £) +22ntk > 22n+k In other words, although every rewrite sequence
starting with f(s"(O)) has finite expected derivation length, the supremum over
the lengths for all such rewrite sequences is infinite. Hence, this PTRS is not
SAST.

Now we present our new results when regarding PAST and SAST instead of
AST. So now we investigate restricted forms like iPAST, liPAST, etc. (and similar
for SAST). While the theorems are the same as for AST, except for Thm. 33
and 38, they need a slight change in their proofs as we now need to argue about
expected derivation length/height and not just about the termination probability.

We first show that PAST and SAST can also be formulated in terms of rewrite

sequence trees.

Theorem 47 (PAST via RSTs). LetS be a PTRS and ¥ be an S-RST. By

M= > m=) D o
x€V\Leaf n=0 xzeV\Leaf

d* (z)=n

we define the expected derivation length of T, where d*(x) again denotes the
depth of a node x in the tree T. Here, the root has depth 0. Then S is PAST
(tPAST / liPAST) iff edl() is finite for every (innermost / leftmost-innermost)
S-RST %. Similarly, S is wPAST iff for every term t there exists an S-RST ¥
whose root is labeled (1 : t) such that edl(T) is finite.

Theorem 48 (SAST via RSTs). Let S be a PTRS, ¥ be an S-RST, and
let s € {f,i,li} be a rewrite strategy. Then S is SAST (iSAST / liSAST) iff
sup{edl(%) | ¥ is an S-RST w.r.t. the strategy s whose root is labeled with (1 : t)}
is finite for allt € T (X,V) where s =1 (s=i /s=1i).

Both of these theorems are again easy to prove, similar to the characterization
of AST with RSTs in Cor. 43. First note that every infinite =2 g-rewrite sequence
i = (in)nen that begins with a single start term (i.e., ug = {1 : t}) can be
represented by an infinite S-RST T that is fully evaluated such that |T|pear = 1

and edl(ff) = Y07 (1 = [pnls) = Yone o Ywev\Leat Pa = edl(T) and vice versa,
d* (z)=n
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since whenever we reach a normal form after n steps, this is both a normal form
in p, and a leaf at depth n of the RST with the same probability, and otherwise,
if we have a term ¢ in Supp(p,) that is not in normal form, then there exists a
(unique) node in ¥ at depth n with the same probability that is also not a leaf.
So S is PAST for rewrite sequences that begin with a single start term iff all
fully evaluated S-RSTs have finite expected derivation lengths.

To show that this is equivalent to PAST, it remains to show that it suffices
to only regard =3-rewrite sequences that begin with a single start term. Hence,
the following lemma adapts Lemma 42 from AST to PAST.

Lemma 49 (Single Start Terms Suffice for PAST). Suppose that there
exists an infinite 2 s-rewrite sequence (fin)nen With infinite expected derivation
length. Then there is also an infinite = g-rewrite sequence (U, )nen with a single
start term, i.e., py = {1 : t}, that has infinite expected derivation length.

Proof. Let [ = (tn)nen be an =g-rewrite sequence that has infinite expected
derivation length. Suppose that we have g = {p1 : t1,...,px : ti}. Let @7 =
(1 )nen with u = {1 : t;} denote the infinite =g-rewrite sequence that uses
the same rules as (i )nen does on the term t; for every 1 < j < k. Assume for
a contradiction that for every 1 < j < k the =gs-rewrite sequence (p,)nen has
finite expected derivation length. Then we would have

edl(ii)
= Zf:o(l — |pnls) ‘
= Yo Z1§j§kpj (1- |M¥z|8)
= Zlgjgk bj - Z:Lo:o.(l — |1 ls)
= Zlgjgk pj - edl(i’)
< 00

which is a contradiction to our assumption that we have edl({) = co. Therefore,
we have at least one 1 < j < k such that edl(I’) = co. O

Thm. 48 is then a direct consequence of Thm. 47. Note that we do not need a
version of Lemma 49 for SAST, since SAST already considers single start terms
only.

Now we show that Thm. 17 also holds for PAST and SAST.

Theorem 17 (From iPAST/iSAST to fPAST/fSAST (1)). If a PTRS S
is orthogonal and right-linear (i.e., non-overlapping and linear), then:

S is fPAST <= S is iPAST
S is f[SAST <= S is iSAST

Proof. Again, we only prove the non-trivial direction “<=".

1. From iPAST to fPAST:
Let S be a PTRS that is non-overlapping and linear. Furthermore, assume that S
is not fPAST. This means that there exists an RST T such that edl(T) = co. We
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create a new innermost RST T(°°) using the same construction as in the proof
of Thm. 17 for AST. If we can show that this construction yields edl(¥(>)) >
ed]l(%) = oo, then this shows that S is also not iPAST.

Let x again be a topmost node in ¥ where a non-innermost step is performed
and let T T be defined via the transformation @ as in the proof of Thm. 17
for AST. So T results from replacing the subtree T, by #(%) = (V/, E', L’).
Our goal is to show that in the construction of the trees T T2 . every
leaf v of ¥ is turned into leaves of T T(2) . whose probabilities sum up to
p*(v), and whose depths are greater or equal than the original depth d*(v) of
v in . This then implies co = edl(T) < edl(TW) < edl(T?)) < ... From this
observation, we then conclude co = edl(T) < edl(T(>)).

1.1 We prove oo = edl(T) < edl(TW) < edl(T?) < ...

We start by considering how the leaves of T correspond to the leaves of T(1). Let

v be aleaf in X. If v & £F*, then v is also a leaf in T, labeled with the same

probability, and at the same depth. Otherwise, v € zE*, which means that either

v € Z, v & Z but its predecessor is in Z, or neither v nor its predecessor is in Z.
If v € Z (like, e.g., the node vy in the example of Step 1.1 in the proof of

Thm. 17 for AST), then also e.v must be a leaf in $(T ;) for every 1 < e < h. Here,

we get Zlgeghpf_(fz) = p* as in the proof of Thm. 17 for AST. In addition,

we also know that if e.v is at depth m in &(T,;), then v is at depth m — 1 in T,.

If v ¢ Z but v is the e-th successor of a node z € Z (like the node vg in the
example in the proof of Thm. 17 for AST), then e.z is a leaf in #(T;). Here, we
get pf,(f") = pr+ as in the proof of Thm. 17 for AST. In addition, we also know
that if e.z is at depth m in &(%,), then v is at depth m in T,.

Finally, if neither v nor its predecessor is in Z (like the node vg in the example
in the proof of Thm. 17 for AST), then v is also a leaf in (T, ) with pf(%) =pre
and at the same depth.

These cases cover each leaf of T(*) exactly once and all leaves in ¢(F,) are at
a depth greater or equal than the corresponding leaves in T, implying that for

each leaf u in T we can find a set of leaves 21 in T such that d*(u) < d*" (w)
for each w € 2,, 32, c o1 =" =p%, and Leaf™" = Wocrears 20

We can now use the same observation for each leaf w in the tree T in
order to get a new set Efu of leaves in () and define 95 = Uwerzl E?U. Again,
we get d* (u) < a=? (w) for each w € 22, 3 o pgm = pr, and Leaf™ =
Wacrears £22- We now do this for each i € N to define the set §2;, for each leaf u in
the original tree T. Overall, this implies co = ed](T) < edl(TW) < edl(TP) < ...
1.2 We prove co = edl(T) < edl(T(>).
From the construction of the 2! above, in the end, we get

(00) . ;
Leaf® = = L—ﬂ lim sup §2;,,
u€Leafs %

where limsup,_, . {2},

§2¢}. To see this, let v € Leaf™ ™. Remember that for every depth H of the tree,

=Nyen Uisy 125 = {w | w is contained in infinitely many
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there exists an my such that () and T() are the same trees up to depth H
for all i > my. This means that the node v must be contained in all trees T(™)
with m > m (e (0)° i.e., it is contained in (4, ¢y oaps imsup;_, ., £2;. The other
direction of the equality follows in the same manner.

Since the probabilities of the leaves in T always add up to the probabil-

ity of the corresponding leaf in ¥, we have > ; pg(m) < ps for

vElimsup,_, o, 2%
all u € Leaf*. We now show oo = edl(%) < edl(Z(>)) by considering the

(o)
two cases where Zvehmsupi%m Qi Py

(=) % T
> velim sup, .. 0 Py = Pu for all u € Leaf™.

< pr for some u € Leaf* and where

(o) .
If we have 0 Cjinup, i Py < P, for some u € Leaf®, then we obtain
11— 00 u

_ T
1= “I|Leaf (o0 - z:uGLeaLf{I 2 (o0
o) e
> ZueLcafg Zvelimsupi%w i Py - ZUGU-J 02i Py

(o0) u uw€Leaf¥ lim SUP; ;o0 424,
— Tl —
- ZUELeafT(m) Py - “I(Oo)|Lcaf

and from |T(°)|pcr < 1 we directly get edl(‘I(Oo)) = 00.

(?;herwise, we have > . sup,_, . 21 p:f(oo) =ps forallu € Leafi, and thus
we obtain
ed]l(%)
= 21010:0 z:ueV\Leaf‘I pg
- d¥ (u)=n

= Zn:()(l - zueLeaf‘I pg) (ZuEV\Leaf pg =1- Z u€Leaf pg)

d*(uw)<n - d~ (w)=n d*gu))ﬁn
= Z;.LO:O(]‘ - ZugLeafT z:velimsupiHOC 913 pg ) (pg = zzvélimsupiHoo (o3 pg )

d* (u)<n

(o0) . i < (o0)
< (1= hcLeat™ > velimsup, o pr ) (Yo € limsup,_, . 28 : d*(u) < d* (v))
clT<C><>> (v)<n (o)
= 21010:0(1 - Zvetﬂuemafg lim sup,_, o, £2¢, p% ) (Q; all dlSJOIHt)
dT(m)(v)ﬁn ()
(o0) g (oo . .

= Z;:O:O(l - ZveLeafT(m) pg ) (Leaf = &JuELeafT hIIl Supi—>oo Q;)

dT(M)(U)Sn (o0) (o0) (o0)
_ oo g(e0 EACONII (o0
o Z":O ZuGV\LeafT(OO) Pu (EuEV\LeafT(OQ) Py =1 ZUELeafx(OC) Py

d,i.(oo) (w)=n d-I(OO) (w)=n d(g(m) (v)<n

= edl(T())

and therefore, edl(T(*®)) > edl(T) = cc.

2. From iSAST to fSAST:

The proof for SAST is now a direct consequence of the proof for PAST. Let S be
a PTRS that is non-overlapping, linear, and not fSAST. If there exists a single
RST ¥ such that edl(¥) = oo, then we do the same as for PAST. Otherwise,
there exists an infinite sequence of RSTs (%;);en such that 4li>m edl(%;) = oco. For

each of these infinite RSTs we apply the construction as before such that we get

)
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an innermost RST T with edl(T\°)) > edl(T;) for all i € N. Thus, (T\°));en
(<)

proves that S is not iSAST either. a

is an infinite sequence of innermost RSTs such that lim edl(¥;”) = oo, which
1—00

Theorem 20 (From wPAST to fPAST). If a PTRS S is non-overlapping,
linear, and non-erasing, then

S is fPAST < S is wPAST

Proof. Same construction as in the proof of Thm. 20 for AST. Again, we also
get edl(T(°°)) > edl(¥), which we then use as in the proof of Thm. 17 regarding
PAST. O

Theorem 22 (From liPAST/liSAST to iPAST/iSAST). If a PTRS S is
non-overlapping, then

S is iPAST <= S is liPAST

S is iSAST < S is liSAST
Proof. Same construction as in the proof of Thm. 22 for AST. Again, we also

get edl(T()) > edl(T), which we then use as in the proof of Thm. 17 regarding
PAST/SAST. O

Theorem 27 (From iPAST/iSAST to fPAST/fSAST (2)). If a PTRS S
is mon-overlapping and right-linear, then

S is fPAST <= S is iPAST w.r.t. — g

S is fSAST <= S is iSAST w.r.t. —g
Proof. Same construction as in the proof of Thm. 27 for AST. Again, we also

get edl(T(>)) > edl(T), which we then use as in the proof of Thm. 17 regarding
PAST/SAST. 0

Theorem 33 (From iPAST/iSAST to fPAST/fSAST (3)). If a PTRS S
is orthogonal and spare, then

S is fPAST on basic terms <= S is iPAST on basic terms

S is fSAST on basic terms <= S is iSAST on basic terms
Proof. Same construction as in the proof of Thm. 33 for AST. Again, we also

get edl(T(°°)) > edl(¥), which we then use as in the proof of Thm. 17 regarding
PAST/SAST. O

Theorem 38 (From iPAST/iSAST to fPAST/fSAST (4)). If a PTRS S

is non-overlapping and spare, then

S is fPAST on basic terms <= S is iPAST w.r.t. — s on basic terms
S is fSAST on basic terms <= S is iISAST w.r.t. — s on basic terms
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Proof. Same construction as in the proof of Thm. 38 for AST. Again, we also
get edl(T(°°)) > edl(T), which we then use as in the proof of Thm. 17 regarding
PAST/SAST. O
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